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Abstract—The article solves a boundary value problem for a stationary system of equations of gas
dynamics (a velocity-linearized system of Navier—Stokes equations, convective equations of heat
and mass transfer), which allows us to study the motion of an evaporating spherical droplet in
the field of electromagnetic radiation. Convective heat and mass transfer equations are solved by
the method of spliced asymptotic expansions. The solution of the problem allows us to evaluate
the effects of the reactive, thermodiffusion and Stephan effects on the rate of photophoresis of an
evaporating droplet.
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1. INTRODUCTION

The phenomenon of photophoresis in a gas consists in the movement of particles in the field of
electromagnetic radiation. A particle located in the field of directional radiation absorbs electromagnetic
energy, which is converted into heat and causes inhomogeneous heating of its surface. The gas,
interacting with an inhomogeneously heated surface, begins to move along the surface in the direction
of increasing temperature. This phenomenon is called thermal slip and it causes the appearance of a
photophoretic force. Under the influence of this force, the drop begins to move. When the magnitude of
the photophoretic force becomes equal in magnitude to the viscous drag force of the medium, the drop
begins to move uniformly. The rate of uniform motion of the droplet is called the photophoretic velocity.

Despite the fact that this phenomenon was discovered at the beginning of the 20th century [1],
interest in it does not weaken, but only grows. New fields of application of photophoresis are opening
up, for example, this is a global problem of combating air pollution with aerosols of both artificial and
natural origin (particle capture and levitation); numerous technological applications require information
about the behavior of dispersed media in various conditions. Such problems are relevant for industries
using particle deposition processes in channels; during fine cleaning of small volumes of gas; aerosol
sampling; application of a given thickness of special coatings, etc.
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2. MATHEMATICAL FORMULATION OF THE PROBLEM

From a mathematical point of view, photophoresis is a complex task consisting of an electrodynamic
problem (calculation of the characteristics of the absorbed electromagnetic field in the volume of a
particle), a thermal problem (calculation of temperature fields in the volume and on the surface of a
particle) and a gas kinetic problem (description of heat and mass transfer in the gas phase, calculation
of fields of forces, pressures, velocities, etc.).

Consider a spherical large (Kn < 0.01, Kn is Knudsen number [2]) evaporating drop of radius R
suspended in a temperature-homogeneous binary gas mixture with temperature T, density p., thermal
conductivity A¢, diffusion D1s, and viscosity je.

A binary gas mixture is described by the relative numerical concentrations of the components Cy
and Cy. Here Cy = ny/ne, Cy = na/ne, ne = nq + ng is the total number of molecules per unit volume
of the mixture, p. = p1 + p2, p1 = n1Mm1, p2 = name, m1,n1, and me, no are mass and the numerical
concentration of molecules of the first and second components of the mixture. The first component
(' coincides in its physics—chemical composition with the substance of a liquid drop. The second

“w " [T522]

component is considered the main one (carrier). Here and further, the indices “e” and *“i” we will refer
to the gas and the drop, the index “s” denotes the values of physical quantities taken at the average
temperature of the drop surface Ts, and the index “c0” denotes the average values of physical quantities,
characterizing the binary gas environment away from the droplet.

The diffusion mode of droplet evaporation is assumed (C7 < 1). The main influence on the process
of heat and mass transfer in the vicinity of a drop is determined by molecular diffusion. The radius of
the droplet is considered unchanged (the time of noticeable change in the radius of the droplet is much
longer than the relaxation time of diffusion and thermal inhomogeneities nearit). When moving, the drop
retains its spherical shape, i.e., the surface tension forces are much greater than the viscous drag force.
Due to the short time of thermal and diffusive relaxation, the process of heat and mass transfer in the
particle—gas system proceeds quasi-stationary, and free convection is neglected (the Grashof number
is small). The problem is solved by the hydrodynamic method, i.e., the equations of hydrodynamics and
heat and mass transfer with appropriate boundary conditions are solved.

We will describe the motion of the drop in a spherical coordinate system (y = /R, 0, ), the begin-
ning of which coincides with the center of mass of the drop. With this choice of reference frame, the task
is reduced to analyzing the flow of an evaporating droplet by an infinite plane-parallel flow in the positive
direction of the Oz axis, the velocity of which U is to be determined (U ||Oz, Uso = —Upp, Upy, is
the photophoretic velocity).

The distributions of velocities, pressures, temperatures, and relative concentrations of the first
component of the binary gas mixture (due to the symmetry of the problem) depend only on the radial
coordinate y and the polar angle 6.

The problem is considered with small relative temperature differences in the vicinity of the droplet,
the molecular transfer coefficients (viscosity, thermal conductivity, and diffusion) and the density of the
binary gas mixture are considered constant.

The article solved the following stationary system of equations of gas dynamics [3—5]

ueAU, = VP, div(p.Ue) =0, p.AU; =VPFE;, div(p;U;) =0, (1)
PeCp (UNV) T, = A\ AT,, (UV)Cie = D12ACH, (2)
qi
AT, = — 7.
== (3)

Here U.(r) and U;(r), P.(r) and P;(r) are the mass velocity and pressure outside and inside the
evaporating droplet, C(r) is the numerical concentration of the first component of the binary gas
mixture and T,(r), T;(r) are the temperature fields outside and inside the evaporating droplet.

The stationary system of equations of gas dynamics (1)—(3) was solved with the following boundary
conditions:

lim U (y,0) = U cos, lim U (y,0) = —Uso sin 6, lim To(y,0) = Tne,

Y—00 Y—00 Y—00
lim Cl(yve) = C(), lim Pe(yve) = P007 U = ‘Uoo’7 (4>
yA)OO yHOO
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35% Pi(y,0) = P, ;gr%) [Ui(y, 0)| # oo, Z}ig(l)ﬂ(yﬁ) # 00, (5)
Lirq(nlUﬁe) — D12n§m2 [8;3’/1 . K£D %Zﬂ) _ }ngl (mz‘Uﬁi))’ (6)
fm U = I (K” w o I ) = im ®

. 8Te 8T . n2m1m2 301 KTD 8Te 4
1 —Ae Ai =1 L° D — —-T 9
lm< Ay " 5y> lm( e 12[311 o 31/} 7001 R (T3 )> )

(e) © , i CE0
hm(ue[azj@ R ]+aaan>_h (MZPU@ IR D (10)

y=1 dy y 00 Y oT; 00 y=1 Oy y 00 Y
lim €y = lim (¢ + C1,0m)) - ¢, = L ony,) (11)
y=1 1= y=1 1s 1s 7 ) 1s — Ne 8TZ Ti:TS'

At infinity at y — oo and the finiteness of the physical quantities characterizing the drop at y — 0
are taken into account in the boundary conditions (4), (5), and on the boundary surface, i.e., at y =1,

the boundary conditions (6)—(11). Uﬁe) and U;e) are components of the mass velocity U, in a spherical
coordinate system and similarly for U;, o is the coefficient of surface tension of a drop, L is the specific

heat of evaporation of a liquid, oy is the Stefan—Boltzmann constant, oy is the integral degree of

blackness, v, is the kinematic viscosity, ngf) is the saturated concentration of molecules of the first

component of the binary gas mixture, depending on the average temperature of the droplet surface 7,
Krp is the coefficient of thermal diffusion [3], n1; is the numerical concentration of molecules of the drop

substance Kg%, and K' g is the coefficients of thermal and diffusion slip. Note that the gas kinetic
slip coefficients included in the boundary conditions are determined from the solution of the kinetic
Boltzmann equation [6] and with energy and tangential momentum accommodation coefficients equal

to one Ki(pog = 1.161 and K g = 0.3[6]. Undisturbed parameters (T, and P, ) observed at the location

of the geometric center of the evaporating droplet in its absence (the value of Cj is determined by the
4
numerical concentrations of ny and ne gas molecules), ¢; = an\ak Iy By, is the volumetric density of
NsAQ
internal heat sources inhomogeneously distributed inside the droplet, my = ny + iax is the complex
refractive index of the droplet, ng is the refractive index of the medium, Iy, Ag is the wavelength and
intensity of incident radiation, By, is the coordinate function calculated according to the theory of Mi[7],

and §T; is determined by from the boundary conditions on the surface of the evaporating droplet.

In boundary conditions on the surface of the evaporating droplet, the following are taken into account:
the continuity of the radial flow for the first component of the binary gas mixture and the impermeability
of the droplet surface for the second component are taken into account in (6) and (7). The left parts
represent the sums of convective, diffusive and thermodiffusion flows; the following boundary condition
(8) reflects the well-known phenomenon of thermal and diffusive sliding, proportional respectively to

the coefficients K;OL% and Kgg and the equality of temperatures on drop surface; condition (9) reflects
the continuity of the radial heat flow, taking into account the heat going to the phase transition of the
liquid droplet into steam, taking into account thermal diffusion and radiation, in the boundary condition
(10), the continuity of the tangential components of the stress tensor is taken into account, taking into
account the dependence of the surface tension coefficient of the droplet on temperature, the numerical
relative concentration of molecules of the first (testing phase transition) of the component of the external
mixture C1 = C15(T5s) at the surface of the droplet in a linear approximation by temperature perturbation
0T; must satisfy the condition (11).

Let’s move on to the mathematical formulation of the problem
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Problem: A viscous binary gas mixture occupies an unlimited area Q. = R3\ Q; (x € €. ), where

Q; is a spherical region centered at zero in Euclidean space R3. It is required to find the photophoretic
velocity Uyp(x), which satisfies the system of differential equations (1)—(3) and boundary conditions

(4)—(11).

3. SOLUTIONS OF EQUATIONS OF HYDRODYNAMICS AND CONVECTIVE
EQUATIONS OF HEAT AND MASS TRANSFERS

To solve the problem formulated above, it is necessary to know the distributions of velocity, pressure
and temperature fields in the vicinity of the evaporating droplet.

Based on the type of boundary conditions for the components of the mass velocity away from the
evaporating droplet, the solution of the equations of hydrodynamics (1) for an axisymmetric Stokes
flow in spherical coordinates is sought in the form of a series expansion by Legendre polynomials of
the first kind and Gegenbauer polynomials of the first kind [8]. Due to the orthogonality conditions of
these polynomials, only the first terms of these positions contribute to the total force acting on the drop.
Therefore, we can write

Uﬁe)(y,e) = UxG(y) cos b, Ug(e)(y,é?) = —Uxg(y)siné, (12)

where the functions G(y) and g(y) are defined by setting (12) into the equations (1).

Solving these equations in a spherical coordinate system by separating variables, we find the
functions G(y) and g(y):
Ar | A Ar | Ag
Thus, we have the following expressions for the mass velocity and pressure components that satisfy the
boundary conditions away from the drop (y — oo)

Gly) =1+

A A A A
(e) — 1 1 2 e) _ 1 1 2 .
U (y,0) = Uso < + r + y )cos 6, Uy’ (y,0) Uso ( 218 + % sin 6,
P.(y,0) :poo—l—cosH;yZAQ. (13)

The general solution of the equation of the system of equations describing the velocity and pressure
field inside the evaporating droplet is determined in a similar way and has the form

UD(y,0) = Uso (A3 + Agy?) cos,  US(y,0) = —Uso (Az + 244y°) sin 6,
Pi(y,0) = Py + 10cos9‘gA4y2. (14)

Here the constant integrations are Ay, As, A3, and Ay included in equations (13) and (14) are uniquely
determined from the boundary conditions on the surface of the drop y = 1.

In the mathematical problem formulated above, there is a small parameter, the role of which is played
by the Reynolds number e = Re = Uy Rp./pe < 1. Proudman and Pearson [9] for the hydrodynamic
problem showed that, far from the sphere, the inertial terms become of the same order as the terms of
molecular transport. Therefore, the usual method of finding a solution to the Navier—Stokes equations in
the form of a small parameter expansion gives a known error, since already in the second approximation
it does not strictly satisfy the boundary conditions at infinity and obtain an accurate uniform solution
that is uniformly valid for the entire flow region.

Taking into account the above, solutions to the convective equations of thermal conductivity and
diffusion (2) will be sought by the method of spliced asymptotic expansions [10, 11].

We show the application of the method of spliced asymptotic expansions by the example of solving
the convective heat equation. To do this, in the equation (2), let’s move on to dimensionless variables by
entering the dimensionless temperature t. = T, /T and velocity V. = U, /U and then in the spherical
coordinate system it takes the following form

Ote(u,0) | Vs (4,0) dtelv, e))

ebr (Vr(e) (. 9) 0y y 00
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10 9 0te(y,0) 1 0 . Ot(y,0)
Y20y (y oy +y2sin98«9 sinf 00 ’ (12)

Here Pr = piecp/Ae is the thermal Prandtl number [3].
The internal and external asymptotic expansions of a dimensionless temperature are represented as

}:h ten(y,0), fole) =1, (16)
§jf e)tin(€,0), (17)
where £ = ey is the “compressed” radial coordinate [10, 11]. In this case, it is required that
fn+1 1
;g% £, — 0, ;g% fr — 0.

The missing boundary conditions for internal and external decompositions follow from the condition
of identity of asymptotic extensions of both into some intermediate domain

te(y — 00,0) =t.(£ — 0,0). (18)

Taking into account the compressed radial coordinate, we have the following equation for finding the
temperature ¢}

aPr<vf(&9)8ﬁé§9)%_V?(ﬂe)ﬁﬁﬁzﬂ))

3
10 [ ,0t5(8,0) 1 o0 (. ,0ti&0)
_Q%G oc ) T esmoon "0 a9 ) (19)
with boundary conditions
lim t2(&,0) — 1,

<§m—n+wV“<§m

Here n, is a unit vector in the direction of the Oz axis.

The construction of the solution begins with the definition of the zero term of the external decompo-
sition (17). In this case, obviously, the mathematical problem is satisfied by the solution

c0(8,0) =1
Let’s find the zero term of the internal decomposition of (16). For e = 0 we have the equation
Ateo(y,0) = 0. (20)

The general solution of the equation (20) has the form [5]
teo(y,0) = Do + +Z( ni1 T Dny" >Pn(cos<9). (21)

Here Dy, D,,, Iy, and I',, are constant integrations, P, (cos 6) are Legendre polynomials.

The constant integrations Dy, D,, I'g, and I';, must be determined from the splice condition (18).
The external solution should be laid out in a row by £. Then, the value of the constants is set from the
requirement of matching the behavior of the members of the resulting series at £ — 0 and the members
of the decomposition (21) at y — oco. For zero approximations, splicing is trivial. We get Dy =1,
D,=T,=0(n=1,2,...). Therefore,

T
teO(yve) =1+ yo‘
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Let’s find the first approximation for the external decomposition of (17), which has the following form

te(§,0) = 1+ fi(e)te (€, 0). (22)

[t can be seen from (22) that in order to find the first approximation of the external decomposition, it
is first necessary to determine the explicit form of the coefficient f;(¢). To do this, in the solution (21),
let’s move on to the external variable. Thus, f{(¢) = € and

t:(§7‘9) =1 +5(5) :1(579)' (23)
Substituting (23) into the equation (19) and holding the terms of the order ¢, we get

Pr <x8t:1(§,x) n 1— 22 82521({,:0))

0§ 3 Oz
_ 10 [00(8 1) 1o 9,0t (& @) B
C£20¢ <5 o€ ) + €2 O [(1 z”) O ], T = cos b, (24)

with a boundary condition

glg{r)lo try — 0.

Go to(24) to the new variable z = Pr&. We are looking for a solution to the resulting equation in the
form

1
te1(z,2) = G(z,x) exp { 22:1:} ,
and as a result of transformations, it reduces to the Helmholtz equation [5, 8]

1G(z,:c) = 0. (25)

AG(z,z) — 4

We are looking for the solution of the equation (25) in the form

Z ®(2) P, (cos f). (26)

Substituting (26) into (25) we obtain the equation for modified spherical Bessel functions of half-integer

™ z
order [8]: \/ ntl and \/ZKnJré (2)

A . . . 7r z T z
Considering the mathematical properties of the functions \/zI”Jré ( ) , \/ K L (2) and the

boundary condition for the function ¢};, we get
. B 1 > 0 Pr¢
n(e0) =exn {Prec St/ e e (555 )rato

Arbitrary constants L,, must be determined as a result of splicing, which in this case consists in
comparing the behavior of the function ¢}(&, ) for € — 0 and the functions ¢.(y, ) for y — oo. It is not
difficult to establish that Ly = I'gPr/m, L, = 0(n = 1,2, ...). Therefore,

L Ty (1
a6 = e {,pree -} (27)

Let’s find the first approximation for the internal decomposition. From (27) we see that fi(¢) = e.
Thus, we have the following binomial internal decomposition

tel(ya 0) = teO(y) + eler (yv 0) (28)
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Let’s define the behavior of the function t.1(y — o0, 8). To do this, we combine the binomial internal
and external decompositions, we get

te1(y — 00,0) = (; (cosf —1), w= Prly. (29)
Substituting (28) into (15), we obtain the equation for finding the function t¢;:
Prv,(y, H)at(g);y) = Ater(y, 0), (30)
with boundary condition (29). Here t.o = 1 + PO, v,(© (y,0) = (1 + A31 + AQ).
Yy Y Y

We are looking for the solution of the equation (30) in the form
tel(ya 0) = T(y) cos 6.

[t can be seen that the variables are separated, we obtain an inhomogeneous ordinary equation for
finding the function 7. Thus, we have the following expression for the function .3

_ wo I wo Ay Ay
te1(y,0) = 2 (N1 —y) +cos€[y2 + (1 + y 2y3>]'
The convective diffusion equation is solved similarly. We have
Cy (ya 0) - CIO(y) + €Cll(y7 0)7 Cik (5 0) = CTO(&) + Ecikl (&7 0)7

_ MO _ Wod W()d A2 A1
Clo(y) = Co + y , Cn(y,ﬂ) = 2y (NQ )+ COS¢9|:y 9 (1 + Y 2y3 N

M, 1
Cio = Co, C11(&,0) = 50 eXP{QP"”(D)f (cosf — 1)}7 wog = ProMy, Prg = pe/(Di2pe).

Here Prg is the Prandtl diffusion number[3].
The asymptotic decomposition of the solution inside the droplet, as shown by the boundary conditions
on the surface of the particle, should be sought in a form similar to (16). Thus, we have

t<(y, 9) = tiO( ) + €ti1(y, 9),

+1
¢0 2/ R2J0
) — B _ ) Hy =
tio(y) 0+ /¢0dy+/ dy, oly) = 2)\T y* | qide, Ho AT
~1
y
finly) = Ny +cos0 d By + 0 4 1 /wld 1/¢d Jl/-dV
i1\Yy) = IN3 + CO8 1Y y? 331 ygny yyiay ) 0=/ qiaV,
1%
+1
?/)()_—3 s 2/ jxdr, Hp = 1 V_47TR3 J—l/ izdV, z=rcosl
1Y) = 2)\1Tooy qi ; 1= SAZTOO’ - 3 ) 1= 1% qi ) - )
-1 \%4

where [i, gizdV is the dipole moment of the density of thermal sources [11, 12]. Integration is carried
out over the entire volume of the evaporating droplet.

The average value of the drop surface temperature T;g = t;s7T is determined from solving the
following system of equations

{tes =tis, tes=1+To, My= Cf?’ — Co,
nQ'mlmg KTD R2J0 nQ'mlmg RT4 4

t 1+L° D - LDy ¢ Do My — o (4 1),
s =1 [ I e e N R W P W
which is obtained by setting the expressions t.o(y), tio(y), and Cio(y) to boundary conditions on the
surface of an evaporating droplet. Here t.g = teo(y = 1), tis = tio(y = 1).

[t should be noted that the constant integrations I'g, Iy, N1, A1, Ao, etc. are uniquely determined
from the boundary conditions on the surface of the evaporating droplet (y = 1).
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4. PHOTOPHORETIC VELOCITY. ANALYSIS OF THE RESULTS OBTAINED

After calculating the integration constants I'g, I'y, Ny, A1, Ao, etc., the total force acting on the
drop is determined by integrating the stress tensor over the surface of the particle [3]. Since the droplet
moves uniformly, equating this force to zero, we obtain an expression for the photophoretic velocity of an
evaporating droplet in a binary gas mixture in the field of electromagnetic radiation

2 1 3 n? Krp(tes +1)
U, = — 2dV Qo + D12 ¢ | CieT, Q
3 2 A
wD QQ |:2Lnem1m2 Dngo — D12 fte (CLO +2 e> Ql:|
Aipel oo n9 i
3wt Ae n2mims Krp
Q| (2 2L ° D Q
" 16 2|:( )‘i * )\ipeToo 2 tes 0
2
s [ Ae Krp Aetes — 1
2 " OF¢T — Q
* N2 ( A T g (ao * Ai tes o
2
RT.. 0o 2 m e
Q=K () “ +KpsDip+ |7, = + 1<1+2Me>, Qp=2-— litz’
tes 3u; OT; Ny Pe i 14 Fe
Hi
3
ag =1+ 4ogo; )\oot?sa w="T9gPr, wyg=MyPrd, z=rcosb,
1
Ae n? mimso n? mimso Krp tes — 1
0= 2 2L ¢ D1xCf 2L ¢ D 1— . 31
WEEN T g TETS TR N, T2 g ( 2tes 1)

Thus, as a result of the conducted research, the following theorem is proved.

Theorem. A general expression of the photophoretic velocity of an evaporating droplet in
an electromagnetic radiation field satisfying a system of differential equations (1)—(3) and
boundary conditions (4)—(11) has the form (31).

Consider the consequences of the theorem formulated above. It can be seen from the expression
(31) that the photophoretic velocity of an evaporating droplet is the sum of three velocities: “purely,”
photophoretic velocity, which is proportional to the dipole moment of the density of thermal sources
| gizdV'; photophoretic velocity due to convective heat exchange, proportional to the coefficient wy and
v
photophoretic velocity due to convective mass transfer and proportional to the coefficient wpy. Each

speed, in turn, consists of the sum of four terms: the first term, which is proportional to the coefficient of

thermal slip Kgg and, due to which the evaporating drop tends to move towards a drop in temperature

along its unevenly heated surface, i.e., from an area with a higher temperature to an area with a lower

temperature; due to the second term (diffusion sliding, which is proportional to the coefficient K(O) <), the
drop can move both in the direction of growth and in the direction of temperature drop, dependmg on
the masses of the components of the binary gas mixture. If the mass of the molecules of the component
of the external mixture undergoing a phase transition on the surface of the droplet is m1 < mo, then

K}()o; > 0. Otherwise, K](DO; < 0. The third term is due to the variable interphase surface tension on
the surface of the droplet. For most liquids, the surface tension decreases with increasing temperature
0o
oT;
the last term is due to the influence of reactive (evaporation-related), thermodiffusion effects and internal
currents.

[f in the formula (31) we go to the limit at y; — oo, 0 — 0 and ny; — 0, then, using the formula (31),
we can estimate the photophoresis rate of a highly viscous droplet in the field of electromagnetic radiation
and at C{g — 0, the formula (31) turns into formulas known in the literature for the photophoresis rate
of a spherical solid particle, for example, [13].

< 0, therefore, the third term contributes to the velocity directed towards temperature increase and
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