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Abstract—The method for calculation of the characteristic functions Q(—i\) and A € R of random
value defined by quadratic functionals J[z] on the space L]0, T] of trajectories z(t) of gaussian
random processes is proposed. The functional representing the convolution of the function x(#)
on the segment [0, 7] is under consideration. The general formula for the Fredholm determinant
corresponding such characteristic functions is found. By the generalization of the reconstruction
method, the calculation of the function Q(—i)) connected with the convolution functional J[z] is
fulfilled. In a result, in the case when {(t); t € [0,T]} is the Ornstein—Uhlenbeck process, the
formula of Q(—iA\) is obtained.
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1. INTRODUCTION

In problems of statistical radio-physics [1] and quantum optics [2] connected with signal registration
when it is necessary to account some natural random noise, the necessity of calculation of the special
probability distribution of random values arises. Such distributions connected with values of functionals
J[z + o] where functions are represent the sum of suitable random process {x(t);t € R} realization and
the function ¢(t) being not random. Herewith, the expectation Ex(t) of the process is equal ro zero.
For mathematical definiteness, we will consider that both terms are measurable and locally quadratically
integrated functions. Therefore, they are elements of spaces L2[0, 7], T > 0.

As a rule, functionals J[-], that represent an interest for problems setting in statistical radio-physics
and quantum optics, are the quadratic ones. It is connected with that the registration of electromagnetic
irradiation realized by its energy absorbing which depends quadratically on the radiation amplitude.
Random processes {z(t);t € R}, in terms of which the problems are set in pointed out scientific areas,
as a rule, are gaussian (see, for example, [3]). Modeling of the noise component by a gaussian process is
caused its smallness in physical meaning.

For the first time, the described approach to solving of some problems of statistical radio-physics has
been realized in [4]. At this moment, its solving may be realized in two cases. In first case, the functional
J[-] is represented in the form

T
Ja] = / V(a(t))dt
0
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5710 VIRCHENKO, MAZMANISHVILI

with the piecewise continuous function V(-) and the markovian random process {x(t¢);¢ € [0,T7]}.
Calculation of the function Q(—i)) is realized by the solving of the suitable parabolic equation of the
Schrédinger type for a supplement function that is connected with conditional probabilities density of
transition of the expanded random process {(x(t), V (z(t)));t € [0,T]}. Firstly, such an approach was
proposed in M. Kac works (see, for example, [5] (see also [6]).

In second case, for which the method of solving the problem may be realized, the functional J[-] is
quadratic and the random process is gaussian. If integral kernel in such problems belongs L[0, 7] x
1[0, T}, methods of analysis in the Gilbert space are used for calculation of corresponding functional
integral on the trajectories space.

Such an approach has been developed by several authors [7—9]. During of solving, it is calculated the
Fredholm determinant of integral operator with the kernel (V K)(t, s), where K (t, s) is the correlation
function of the random process {z(t);t € R}. This operator determines the characteristic function of
random value Jz]. The modification of such a method has been proposed in [10]. Further, we will
significantly use the results of this work. For the determination of the characteristic function of the total
random process {z(t) + ¢(t);t € [0, 7]} on the finite segment [0, 7] it is necessary to solve an integral
Fredholm equation of second kind with the kernel (VK)(t, s).

In the present work, the characteristic function Q(—iA) is calculated for the functional J[-] that is the
self-convolution of function from Lo[0, T,

T

Ja] = / 2(O)2(T — t)dt. (1)
0

[t corresponds to the second case of the above-mentioned ones. At the first time, in the case of the
Wiener process, such a problem has been studied in[11] and [12].

As concerns applications of this problem in statistical theory of signal transmission, it may be
connected with the producing theory of such devices which is named the convolvers [13]. At present
work we pose the results of the characteristic function calculating of the functional (1) defined on
trajectories of the markovian gaussian stationary process {x(¢); ¢ € R} named the Ornstein—Uhlenbeck
one[14]. The importance of problem solving just for such a random process is caused the fact that it has
fundamental meaning for mathematical modelling of various natural noises acting on physical systems.
In [15], it has been given communication about solving of this problem in the case when the signal
function p(t) is absent in the case when the signal function ¢(t) is absent. Here, we give all details
of calculation and mathematically rigorous justification of the used solving method that is based on the
work [10]. Sections 2 and 3 are devoted general theory of characteristic functions of quadratic functionals
values which are depend on trajectories of gaussian processes, Section 4 is devoted the pointed out main
result of present work.

2. GAUSSIAN RANDOM PROCESSES

Let {z(t);t € [0,T]} be a random process in [0, 7] such that its expectation Exz(t) is equal to zero.
Here and after the functional E on trajectories of random process under consideration represent the
expectation on the measure of this process. Despite the fact that the setting of the solving problem has
a probabilistic origin, we, further, will try do not use concepts and symbols of the probability theory.
One reason of such a presentation of the material is the fact that purely probabilistic constructions and
methods of proving are practically not used when gaussian processes studying. Therefore, when we
say about the random process, we keep in mind the functional space with defined the measurability
structure on it. This structure is provided with a finite measure normalized by one. In our case, such
functional space is the space LL2[0, 7] above the numeric field R, i.e., the space of measurable, quadrat-

ically integrated real-valued functions on [0, 7] with the scalar production (x,y) = f(;f x(t)y(t)dt. The
measure P[-] on this space and, correspondingly, the “functional” integral f]L2 0 T}(-)P[d:r] is completely
defined by characteristic functional

Ulu] = / exp (2(u,x))P[dw] = Eexp (z(u,x)),

L2[0,T]
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CHARACTERISTIC FUNCTION OF QUADRATIC CONVOLUTION 5711

where u € Lo[0,T]. Keeping in mind the aim of present work, we give here the following definition of
gaussian process.

Definition 1. The random process {z(t);t € [0,T]} with zero expectation
Ex(t) = / 2(t)Pldz] = 0
H—AQ([OvT})

is named the gaussian one, if its characteristic functional is defined by the formula
T

Ulu| = exp —; /u(t)K(t, s)u(s)dtds | = exp ( — (u, Ku)/2),
0

where Kis the integral operator

T
= /K(t, s)x(s)ds
0

with the kernel K(t, s), which is named the correlation function

K(t,s) = Ex(t)z(s) = / x(t)z(s)P[dx]. (2)

L2[0,7T]

According to its definition (1), the function K(¢,s) is symmetric and, moreover, it is defined by
nonnegative way since the following equalities

/ K(t, syu(t)u(s)dtds — 0/ / 2(s)Plda] | w(t)u(s)dtds

L»[0,T]
T
/ac t)dt| Pldx] >
0

are correct for any function u(t) € L]0, T]. It follows from this that the operator K, which is named the
correlation one, is self-adjoint and nonnegative.

L2[0,7]

Further, we pose that the measure P is such that the continuous functions z(t) form the set of full
measure in Ly [0, T']. In this case, the function K (¢, s) is continuous over the pair (¢, s) and, consequently,
it is bounded on [0, T)2. Therefore, the operator K possesses a finite ¢race,

TrK = / ||z|[*P[dz] = /K(t,t)dt < o0,
L2[0,7T]
i.e., it is the nuclear operator[16].

[t means that the sequence (s,;n € N) of real nonnegative eigenvalues of the operator K is sum-
mated. Therefore, it follows that this sequence is quadratically summated and, therefore the operator K
is the Gilbert—Schmidt [16] one, i.e., it has the finite norm

IIK||? = TrKKT = /K2(t,s)dtds

in the space operators acting in Ly[0, 7] and the function K (¢, s) belongs L2 [0, T'] x L2 [0, T].
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3. CHARACTERISTIC FUNCTIONS OF QUADRATIC FUNCTIONALS

In the work [10], the general formula for characteristic function

Q(—iN) = / exp (iMJ[a] ) Pl 3)

L2[0,T7]

of the quadratic functional J[z] = (z,Vz) in L0, T] is obtained. It is calculated over the measure of the
gaussian random process {x(t ) te [0 T]} with zero expectation in the case when the operator V is the
integral operator (Vz)( fo s)ds with the kernel V (¢, s) which is continuous over the pair
(t,s) variables on [0, T] Here we generallze this result on the case of bounded operators V of more
general kind. Let V. be an operator-function on e > 0. Its values are bounded integral operators

T

Ve)(®) = [ Vit s)a(s)ds. (4)

0

They act in L3[0, 7] and are defined by functions V; (¢, s) being continuous on [0, 7]2. We pose that this
function tends to the bounded operator V in the space L]0, T'] in the sense of operator norm at e — +0.

Therefore, there is the limit bounded bilinear functional (x,Vy) = lim._,¢(z,V.y) and, con-
sequently, there exists the limit quadratic functional J[z] = (z,Vz) = lim._,4¢ J[x], where J.[z] =
(z,Vex) [16].

Since ‘ exp(i)\JE[:c])‘ < 1at A € R, the function exp(iAJ:[z]) is bounded by the function integrated

on Lebesgue. Using the Lebesgue theorem [17] about transition to the limit under the sign of abstract
Lebesgue integral to the integral on the measure P[], we find that there is the limit

Q(—i)) = / exp (iAJ[x])P[dm] — lim exp (i)\Jg[x])P[dx] = lim Q.(=iN.  (5)

e—=+0
Lo [OvT] Lo [OvT]

Since in right-hand side of the equality, under the limit sign, the characteristic functions obtained by

the measure P[-] are located, taking into account that the limit of characteristic functions is also the
characteristic function [18], we obtain that it is fulfilled the following statement

Theorem 1. The characteristic function Q(—i\) of the quadratic functional Jx] = (x, Vx) on
the space 1.5]0,T), calculated by the neasure P[], which is defined by the bounded operator V is
the limit at e — +0 in sense of the operator norm for the operator-function V. represented (4). It
is the limit of characteristic functions Q< (—i\).

Calculation of the characteristic function Q(—i\) of the functional (1) is greatly simplified by the
complexification of the random process {z(t);t € [0,T]}, i.e., by means of its replace with the
complex-valued random process {z(t) = x(t) + iy(t);t € [0,T]} with processes {z(t);t € [0,T]} and
{y(t);t € [0, 7]}, which are independent and equivalent [10]. It means that the measure P[dz] is equal
to the production of two equivalent measures, P[dz] = P[dz]P[dy] in the Gilbert space ]Lgc) [0, T with
numeric field C. In this case, the integral in (3) is replaced by the integral

T
/ exp (iM[2))Pldz], U] = (2.V2) = / V(t, 5)2(t)2* (s)dtds (6)
]Léc) [O,T} 0

with real-valued continuous on [0, T)? function V (¢, s). In the work [10], it is proved that this integral

is equal Q%(—i)). And in the case when the integral operator V is the self-adjoint one, the integral (6)
is the characteristic function of random value, defined by the functional J[z] at A € R, since it is real on

the set of full measure in ]Lgc) [0, T]. In this connection, we generalize this assertion for the function on A
defined by the integral (6).
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CHARACTERISTIC FUNCTION OF QUADRATIC CONVOLUTION 5713
Theorem 2. Let the bounded operator Von the space L§C> [0,T7] is represented in the form of the
limit V= 1lim._, o V. in sense of the operator norm for operator-function
T
(Vo2)(t) = / Vo(t, 5)2(s)ds,
0
defined by bounded self-adjoint integral operators. Then, there is the limit function

lim / exp (i)\JE[ZD P[dz] = Q2(—i)), (7)

e—+0
L$710,T]

where Jz| = (z, Vz) is the quadratic functional on ]Lg:) [0,T] with values in R.
The limiting function is the characteristic one for random variable defined by functional J|z|,
2(t) € LY(0, T] on the measure P[] at X € R.

Proof. The functional J[z] is defined everywhere on ]L(;) [0,T] as it is in the proof of Theorem 1.
Therefore, the functionals J.[z] take values on the set of the full measure in ]Lg:) [0, T7.

Replacement of variables in integrals (7), namely, the changing places of the processes {z(t);t €
[0,7]} and {y(t);t € [0,T]} does not lead to the change of measure and the integration domain, since
the processes {x(t);¢ € [0,T]} and {y(t);t € [0,T]} are independent and equivalent. At the same time,
the operators V. are self-adjoint and such a replacements does not lead to the change of their values,
because ReJ.[z] does not changed and ImJ.[z] transforms into —ImJ[z]. Thus,

/ exp (i)\JE[z]) Pldz] = / exp (i)\Rng[z]) Pldz].
L [0,7] LS [0,7]

Due to this reason, the subintegral function is modulo bounded by the unit, and at the same time the
integral is bounded at any € > 0,

/ exp (i)\Jg[zDP[dz] <1.
10,7]

Therefore, it is permitted the transition to the limit ¢ — +0 under the sign of integral as in (5). At last,
the equivalence of the limit expression of the function Q?(—i\) follows due to

/ exp (iA:[2] ) Pldz] = Q2(~i),
LY (0.7

according to Lemma 5.1 in the work [10]. 0

In the work [10] (Theorem 5.2), it is proved that, in the case when the operator V is the integral one
with continuous kernel, the function Q*(—i)) is meromorphic. Its poles are the imaginary ones. At the
same time, it represents the Fredholm determinant Q=2(—i)\) = det(1 — 2iAVK) of the integral operator
VK. Because of the nuclear property of the operator VK, the series Y >7, || of their eigenvalues

{pn;n € N} is summated, i.e., this operator is the nuclear one [16]. In this case, if Ker VK = {0}, the
Hadamard decomposition

Q2(-in =[] (1 . mun) (8)

n

takes place for the entire function Q=2(—i\). It means (see, for example, [19]), that this function has the
order less than 1.
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Now, we show that such a situation is retained for self-adjoint bounded V which commute with K and
may be approximated as accurate as you like by bounded integral operators with continuous kernels. It
is correct the following assertion.

Theorem 3. Let V be a bounded self-adjoint operator in the space Lgc) [0,T), which is the
limit one, in the sense of operator’s norm, for the operator-function V., the images of which
belong to a set of self-adjoint integral operators with continuous kernels. At this time, it is
fulfilled Ker VK = {0} and KV. = V.K. Further, let Jz] = (z, Vz) be the quadratic functional

on ]L(QC) [0,T), 2(t) € ]L(QC) [0,T] and Q*(—i]) is its characteristic function, A € C on the measure
Pldz] = P|dz|Pldy] of gaussian random process {z(t) = x(t) +iy(t);t € [0, T]}, 2(¢t) € L§C> [0,T]
with processes {z(t);t € [0,T]}, {y(t);t € [0,T]} being independent and equivalent to each other.
The correlation integral operator Kwith continuous kernel on [0, T)? corresponds to each of them.
The function Q*(—i)) is meromorphic on C. At this time, an entire function Q~2(—il\) has the

Hadamard decomposition (8) with imaginary zeroes (—i/2uy,), @where p,, are eigenvalues of the
operator VK.

Proof. The operator K is the nuclear and nonnegative one. The operator VK is also the nuclear one,
since [20] there is the orthogonal basis {e,;n € N} of eigenvectors of the operator K, where, due to its
nonnegativity, the following series absolutely converges

TIVK = (en, VKey) = > sn(en, Vey) < [V 36, = [|V[|TrK. (9)

It means that the series ) |uy| is summated. In turns, it leads to convergence of infinite production
in (8) to the entire analytic function on A € C. This infinite production represents its Hadamard
decomposition.

Since for the spectrum {u, (), n € N} of each operator V., the infinite production [ [, (1 — 2iApn(€))
converges at all A € C, there exists the entire analytic function

Q2(-in =] (1 _ 2¢Aun(5)). (10)

Therefore, for proof of the theorem, it is necessary to prove that the sequence (10) of the entire
analytic functions Q-2(—i)) tends to the entire analytic function Q=2(—4\) at ¢ — +0, for which the
decomposition (8) takes place, if V. — V. At this time, for each € > 0 the collection {p,(¢);n € N}
represents eigenvalues of the operator V.. We will divide the proof of this fact into two parts.

I. Since the operators V. and K commute, they have the common orthogonal basis of eigenvectors
(en(e);n € N) with eigenvalues (1 (g);n € N).

This basis composes the complete collection of eigenvectors for the operator VK with the collection of
eigenvalues (u,;n € N). At this time, the following limit relationship p,, = lim._, ¢ uy(g) takes place.

This is established by passing to a strong limit in the sense of a norm in the space Lgc) [0,T7]. The last one,
in turns, is possible due to the limit relationship lim._, o Ve = V on the operator norm. The eigenvalues
tn and g, (g), n € N are real-valued.

The following estimate of the sum takes place

S ) = Y [(en Veken(@))| < 3 snlens Veew)| < VIS s, (11)

n>N n>N n>N n>N

and also, passing to the limit e — +0, it takes place the analogous estimate

S il < VIS 5

n>N n>N

On the basis of these estimates we find the restriction from above for the the infinite production

Q3 =in] =TT |1 = 200un(@)| < TT (1 + 20l ()]) < exp <2w > \un@)r) ,

n>N n>N n>N
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because for any € > 0 the inequality 1 4+ ¢ < ef. Exactly the same, the restriction from below

@2 = T | = 20| = TT (-2l = s (—w 3 w)

n>N n>N n>N

takes place at 2|\||un| < v, Where  is the unique solution of the equation 1 — v =e™7, v € (0, 1), due
to convexity of the function e™7.

Il. Now, we will show that the limit of the ratio Q-2(—i)\)/Q~2(—i)) is equal to 1 at & — +0.
Consider this ratio in closed circle on the plane C with an arbitrary radius M. We choose the sufficiently
large number N that 2M max{|un(€)|, ||} < v atalln > N and, moreover, in order that it is fulfilled

exp <2M > [lmal + we)r}) < exp <2N[Hvu IVl S %n> — 1<y,

n>N n>N
Therefore,
N
Q=2(—i\) anl (1 — 2iMa, (e Hn_ (1 — 2\ (e H (1 — 2\, (¢))
Q73(—iA) anl (1 — 21)\un _ 1 - 21)\un 1 - 22/\Mn)
N
11 (1 — 2iMin(e))
< On nivl .
[T, (1 2iwu)
Firstly, passing to the limit e — 40 in both parts of the inequality
Q=*(—iA)
li -1l <4
o Q2(—in) | SOV
and after that passing N — oo, we get the required. Due to the arbitrariness of the radius M of circle
such a limit relationship is fulfilled everywhere on C. 0

Corollary 1. /f the integral operator Vis bounded in the space C[0,T) of continuous functions
on [0,T] and it is represented in the form of the limit of integral operators V. at ¢ — 40, in the
sense of the norm of operator in this space, the theorem assertion is correct when all other its
conditions are fulfilled.

Proof. Since the kernel K (t,s) is continuous on [0, T)?, its eigenfunctions ey (t), k € N are also
continuous, that it follows from their definition

(Key)(t) = / K(t, s)en(s)ds = spen(t).
At these conditions, the following estimate is used in (9) and (11)
[(er, Veer |</|el |dt/\ (¢, 5)] Jer(s)[ds < T2V,

where the norm of operator is understood in the sense of the space C[0, T, and, further, in such a sense,
it is used, during the estimation process, when the estimate ||V — V¢|| < € of the operator difference
(V — V,) is found. O

Theorem 4. For any nuclear operator Ain the Gilbert space such that Ker A = {0}, there is the
Fredholm determinant. It is the entire function on A with the order less than I and it is represented
in the form of the Hadamard decomposition

det(1+2A) =] (l—i—)\an), (12)
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where {ay;n € N} is the eigenvalues collection of the operator A.

Proof. For any Gilbert—Schmidt operator, the biorthogonal expansion takes place [16, 17], which
has the form A=} «,P,, il the operator A is self-adjoint, where {P,;n € N} are the projectors
on its eigne-subspaces and {a,;n € N} are the corresponding eigenvalues. Therefore, such an
operator (10) may be approximate by the finite dimensional operator Ay = fo:l o, Py, in the sense
of the Gilbert—Schmidt norm N*(A — Ay) = >7%_; [((Ax — A)ey, €;)|* < &2 in the operator space.
In particular, such a property have nuclear operators. Therefore, for each such Nth approximation,
there is the determinant det(1 + Ay ), A € C. According to to definition of the Fredholm determinant,
corresponding to the operator A, it is such an analytic function on on the parameter A € C which the
limit Iim v — 00 det(l + )\AN).

For finite matrices, it takes place (see, for example, [22])

00 _1)»
det(1 + MAy) = exp (Trln(l + )\AN)) — exp(\Tr Ay ) exp (— 3 (=1) TrA%1> . (13)
n
n=2
For the nuclear operator A there is the limit limy_, o, TrAxy = A and, in the sense of the Gilbert—
Schmidt norm, there is the limit of each summand of the series in (13) at N — oo. It is correct due to
Tr|A]" = N2(JA["/?) < 00,1 € N\ {1}, if Ais Gilbert—Schmidt operator.
At last, calculating the operator traces, which define coefficients of summands of power series (13),

using the basis consisting of eigenvectors of the operator A, we find that, in the circle with sufficiently
small radius on the parameter A complex plane, there is the limit

Jim_det(1+My) = i (_A,)Lnl TrA™ = exp (zn: In(1+ Aan)> =11 (1 + Aan)'

n=1 n

The proof finishes by the analytic continuation on A over the plane C. 0

As a result of the research conducted in this section, we can conclude that for the characteristic
function (3) of the quadratic functional J[z] = (x,Vz) of any gaussian (real-valued) process {z(t);t €
[0, T]} with null expectation Ez(t) = 0 and with non-degenerate correlation operator K, in the case when
the operator V is represented by the limit of integral operators V. with continuous kernels such that the
operator VK is non-degenerate, the following formula is fulfilled

Q(—i)) = (det(l - QMVK))A/Q. (14)

4. FREDHOLM’S DETERMINANT CALCULATION

Let the operator V on L{?[0,T] be defined by the equality Vz(t) = 2(T — z), z(t) € L]0, T].
Therefore, the equality Vz(t) = 0 it follows that z(T'—z) =0, z(t) =0, i.e., this operator has not
eigenvalue equal to zero.

Operator V, obviously, is seli-adjoint on ]L(;) [0, 77, since for any two functions 21 () and z2(t), from
this space it takes place

T T
(21, V) = / (BT — t)dt = / (T = )5 ()t = (22,V1)".
0 0
The operator V is bounded |[Vz(t)|| = ||z(¢)]], ||V]| = 1, since (Vz,Vz) = (z, z).

At last, one may be represent it as the integral operator with the kernel in the form of the generalized
Dirac ¢-function,

T
(V2)(#) = 2(T — 1) = / 5(s +t — T)=(s)ds.
0
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By matching the §-function with the corresponding sequence of functions {V;,(t);n € N} where
Vi (t) = (n/2m)"/? exp ( — nt?/2), we obtain the presentation of the operator V action on an arbitrary

function z(¢) € ]Lg:) [0, 77 in the form of the limit

T
(V2)(t) = 2(T —t) = lim (;;)UQ /exp ( _ ; S)Q)Z(s)ds

n—00
0

of the sequence of bounded integral operators V. with kernels Vz(¢,s) = V.(T' —t — s). At this time it is
fulfilled

Lemma 1. The estimate ||V — Vy || < 0 of the operator Vin the sense of the norm in the space
C[0,T) takes place.

Proof. Let z(t) be a continuous function on [0,7]. We transform the function (V.z)(t) by the
following way

T
(Vo2)(t) = (27;)1/2 /z(s) exp (—n(T — t — 5)2/2)ds

0
T—t

_<2:Lr)1/2/z(T—t—s)eXp(—ns2/2)d8

“t
(T—t)nt/2
1
= V2 / Z(T—t—n_l/Qs)eXp(—82/2)ds
s

—tnl/2

Let us write down an estimate for the difference

[(V2)(t) — (Vez) ()]

o0 (T*t)nl/g
1
= / 2(T — t)e_Sst - / 2(T —t—n""%s)exp (- 52/2)d5
\/27T
o0 —tn1/2
/2
782/2d
< lamon e [ )
(T— tn1/2 —00
(T—t)nt/2
+ / |2(T —t —n~2s) — 2(T — t)‘€782/2d8 . (15)

,tnl/Q

We estimate second integral by two summands

(T—t)n'/2 _gn1/4

2 max [(1)| + / /24

t€[0,T)]

(T—t)nt/4  —tnl/2
(T—t)n'/4
+ / |2(T —t —n~Y2s) — 2(T — t)|€782/2d8. (16)
—inl/4
Since
lim max |2(T —t — nil/Qs) —2(T —-t)] =0,

n— o0 tE[ftnl/‘l,(Tft)nl/‘l]
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the last summand in (16) is estimated
(T—t)nt/*
/ |2(T =t —n~s) — 2(T —t)]e”* ds < 5(1/n max (t)] / e ds

—tnl/4

with the suitable sequence {0(1/n);n € N} tending to zero at n — oco. Due to the tending to zero of

two supplementary integrals in (15), (16), each of them may be estimate from above by the same value.

Therefore, we obtain the estimate HE(?T(} |(V2)(t) = (Vez)(t)| < 6(1/n) maxyep,7y [2(t)| which proves the
telo,

lemma statement. O

Thus, for calculation of the characteristic function @Q(—iX) on the measure P[] of any gaussian
process {z(t);t € [0,T]} with null expectation Ex(t) = 0, according to Corollary 1, it is valid the formula
(14). For solving of such a problem, we use the principe which is named the reconstruction method in
the work [10]. It is connected with determination of any entire analytic function @=2(\) which has
the order less than unity and the collection of all its zeroes coincides with the collection {\,;n € N} of
characteristic values of the integral operator VK. According to this principle, it is sufficient to construct
anything function satisfying these conditions. Such a function determines, according the Hadamard
decomposition C'[],,(1 — A/A,), the problem solution up to a constant multiplier C. Therefore, the

reconstruction of “genuine” Fredholm determinant finishes on the basis of the condition Q~1(0) = 1
which should be satisfied.

In present work, we present the calculation of the function @Q(—i)) in the case when the process
{z(t);t € [0,T]} is so-called the Ornstein—Uhlenbeck one. It has expectation equal to zero and its
trajectories satisfy stochastic differential equation

dx(t) + va(t)dt = odw(t)
where v > 0 and {w(t);t € [0,T)} is the standard Wiener process, Ew(t)w*(t) = min(¢,t'), which is the
gaussian one and it has the expectation Ew(¢) = 0.
For the gaussian random process under consideration, the correlation function is defined by the

formula Ex(t)x(s) = (02 /2v) exp(—v|t — s|) (see, for example, [2]). Correspondingly, for the complex-
valued random process {z(t) = z(t) + iy(t); t € [0, T}, the correlation function doubles

0.2
K(t,s) = B(z(t) +iy(t))(a(s) —y(s)) = exp(=v|t - s]),

due to independence of processes {z(t);t € [0,T]} and {y(t);t € [0,T]}.
We note two circumstances which are necessary for further calculations. The operator V is the invo-
lution in Lo[0, 77, i.e., V2 = 1. Therefore, its eigenvalues are equal +1. At this time, since the operator

is self-adjoint, the splitting of the space ]L(;) [0, T] occurs into the straight sum L3[0,7] @ L5 ([0, 7))
of two mutually orthogonal subspaces L3 ([0,77]) and Ly ([0, T]). They consist, correspondingly, even
z4(t) and odd z_(t) functions relative to the replacing of variable sign with the opposite one, when
operation ¢t — T' — t is done, namely, 2z (T' — t) = 24 (t), 2 (T — t) = —z_(t).
The operator V commute with the operator K, since for any function z(¢) € L(C) [0, T it is fulfilled
T T T

2 2
VKz)(t) =V e_'/|t_8‘z s)ds = g e_V‘T_t—5| dS — —1/|s t\ — $)ds
(
v
0

0 0
0_2
=7 / K(t, 5)Vz(s)ds = (KVz)(t).
0

In connection with this fact, these operators have the orthogonal basis, consisting of eigenvectors being
common for them. Therefore, the Fredholm determinant Q~2(\) nay be represented in the form of
production Q72(\) = Q7*(A\)QZ*()\) where Q7%(\) are Fredholm’s determinants of the operator VK,
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correspondingly, in spaces L3 [0, T]. We will build functions Q%()\), alternately, in these spaces, using
the reconstruction method.

Let us find eigenvectors of the operator VK in the L3 [0, T]. The solving of this problem is reduced
to the solving of such a problem for the case when V =1 (see, for example, [2]). Let z4(t) be the
eigenfunction with eigenvalue u = A7%, 2, (t) = A(VKz,)(t). Let us represent it in the form 2z, (t) =
p(t) + ¢(t), where functions

T—t T
p(t) = 2 (s)e T =slds, q(t) = | dszp(s)e V1Tt 5lds (17)
/ /

satisfy the system of differential equations with “inverted variable”
p(t) = vp(t) —w(p(T —t) + (T 1)), q(t) = —vq(t) +w(p(T —t) +q(T ~ 1)),  (18)

w=Ao?/v. At the same time, since 2, (T —t) = 2, (t), p(T —t) + q(T —t) = p(t) + q(t), and,
therefore, the system is transformed to the equivalent form

o)
o0

Functions p(t) and ¢(t) should be satisfy, according to its definition, boundary conditions p(7") = ¢(0) =
0. The general solution of the linear system has the form

(pu)) e (#H) <p<o>) |
at) 4(0)

exp (tH(w)) = cosh(ryt) + ri H(w)sinh(ryt), r = (V2 — 2vw)V2

with 2x2-matrix

where

Then, taking into account the boundary conditions, we obtain the system of linear equations relative to
coefficients defining the eigenfunction function 2z (¢),

0 = p(0) [cosh(rT) + V;wsinh(an)], q(T) = p(0) * sinh(r.T). (19)

We notice, first of all, that ry # 0, since in this case p(t) = (1 + (v — w)t)p(0), q(t) = wtp(0),
z4+(t) = const. Such a situation is impossible, as it is seeing from (17). Then, in order that z; (¢) # 0, it
is necessary and sufficient the fulfilment only the condition

cosh(r4T) + (v — w)sinh(r4 1) /ry = 0. (20)
Second equation in (19) is unimportant, since r4 # 0 and at sh(r,T") = 0 from first equation we obtain

ch(ryT) =0, z-(t) = 0. The equation (20) defines the characteristic values A, of the integral operator
VK in the space L3 [0, T. Since ry # 0, it transform to the following

(v+ry)e Tt = (v—ry)?e T,
where there is the extra root 7y = 0. Thus, Q7%(\) = Cri' (v +ry)?%e™T — (v —ry)2e ™+T), where

the multiplier rjrl is added in order that to prevent the existence of the root r; = 0 in the equation
Qf()\) = 0. The value C is found from the condition @4 (0) = 1. Finally, we obtain

2y = T — v e

21
4V2€I/T ( )
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Let us study the spectral problem for the operator VK in the space L [0, 7. Its solving is reduced
to already above-solved. Representing the eigenfunction z_(¢) with the eigenvalue y = A=! in the form
z_(t) = p(t) + q(t), where summands are defined (17), we notice that the equation system (18) for p(t)

and ¢(t), due to the condition z_ (7" — t) = —z_(t), is transformed on the equivalent equation system
(t t
50\ _ i (70
q(t) q(t)

Therefore, for calculation the Fredholm determinant Q~2()), it is necessary to change the sign of the
parameter w in all transformations at the calculating of Qf()\). In a result, we obtain

(v+r_)2e-T —(v—r_)2e T
4V2€I/T ?

QT*(N) = (22)

where r_ = (12 4 2vw)"/2.

At last, for the proof completion of the formula for the Fredholm determinant @~2(\) according to
the reconstruction method, we must make sure that both entire functions Q2%(\) on X € C posses the
order p less than 1. This characteristics is defined [21] by the formula

o Inlnmax{|Qz*(N)|; [Al = g}
p = limsup .

PSS Ing
First of all, we note that
1 1 In |2 F 202 1
lim sup nre| = _limsup n " F 20°A] = . (23)
Ao AL 27350 In |Al 2

Therefore, it is sufficient to calcalate the limits limsup,_, . InInmax{|Q+(A)[; |r+| = ¢}/Ing. We
show now that they are equal to unity. It is sufficient to calculate such a limit for the function
Q+(\) = (Ry — R_)/4v%e’T where Ry = (v £ r)%e*™+ T Itis obvious that

Jimsup InInmax{|Q]; |r4| =q} _ Jim sup Inln max{(|R4| + |R_|); |[r+| = ¢}
q—00 Ing q—o0 Ing
and, at the same time,

Inlnmax{|Ry|;|r+| = ¢} InIn max{|v £ ry [2etTRe+: |y | = ¢}

lim sup = lim sup
q—00 hlq q—o0 hlq
Inl 2 . Tq
R |

g—00 Ing

Thus, due to (23), we obtain that p = 1/2.

Taking into account the connection formula of the characteristic function Q(—i\) =
Q+(—iN)Q—(—i\) with expressions (21) and (22), we formulate the following statement.

Theorem 5. Characteristic function Q(—i\) = Eexp(iXJ[x]) of the quadratic functional Jz] =
(x, Vx) in the space 12[0,T], which is defined by the operator (Vx)(t) = (T —t) on the set
of trajectories of the gaussian Ornsten—Uhlenbeck random process {x(t);t € [0,T]} with zero
expectation Ex(t) =0 and the correlation [unction K(t,s) = (02/2v)exp(—v|t —s|), v >0, is
represented by the formula
41% exp(vT)

(v +ry)2e+T — (v —ry)2er+T) 1/2((1/ +r_)2em-T — (v —r_)2er-T) 2’

Q(~i) =

where r+ = (V2 £ 2i\a?)1/2.
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5. CONCLUSIONS

The main announced result of our work has been formulated in Theorem 5. However, from our
opinion, it is more important that some assertions have been proved, which give the opportunity
to produce correct calculations of characteristic functions of quadratic functionals on a measure of
gaussian random processes in that case when the operator V is already not an integral operator with
a continuous kernel V' (¢,s) as it is done in [10]. On the contrary, we have considered the case when
this operator is bounded seli-adjoint of a rather general kind. Such statements have been formulated in
Theorem 3 and Corollary 1.

In further, it is preferable to generalize our theory on the operators V of more wider class. It is caused
by necessity of applications for some statistical problems of mathematical physics. At first, it is necessary
to abandon the self-conjugate condition of the operator V. Just it is exactly needed for characteristic
function calculation of quadratic “correlation” functional

T
J[z(t)] = / 2(t)z(t + A)dt, A > 0.
0

Calculation of such a characteristic function is important in connection with the use of such electronic
devices as corelometers.
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