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1. I n tro d u c t io n .  In the follow ing paper w e consider in itia l-boundary  value problem s for tw o dim ensional 
Kaw ahara equation:

Щ -  ( U-xxxx + ^УУУУ )x + ^ (^xx + ^yy )x + aux + (g (u ))x = f  ( t ,x ,y ) ,  (1)

posed on a dom ain П+ = (0, T ) X E+, w here E+ = R+ X (0, L) = { ( x ,y )  : x  > 0, 0 < у < L}  is a half-strip o f a given
w idth  L and T > 0 is arb itra ry  for equation  (1), w ith  the initial condition:

и (0, x , y ) = u0 (x , y ), (x , y ) e  E+  (2)

mailto:e.martynov@inbox.ru
mailto:e.martynov@inbox.ru


E. M a rtyn o v 13

and boundary  conditions:

и (t, 0, у ) = их (t, 0, у ) = 0, (t, у) € Вт = (0, Т ) X (0, L), (3)

and boundary  conditions for ( t , x ) € Qy,+ = (0, T ) X R+ of one of the following tw o types:

a). и ( t ,x ,  0) = и ( t ,x ,L )  = u yy( t,x ,  0) = u yy( t ,x ,L )  = 0, 

b) . u y ( t ,x ,  0) = u y ( t ,x ,L )  = и yyy(t,x ,  0) = U yyy(t,x ,L)  = 0.

The assum ptions on the function  g (u ) are specified later; a, b are a rb itra ry  real constants. Results on global 
existence are bases on estim ates w hich are the analogues of the following conservation laws for the initial value 
problem

/ /  u2d xdy  = const, / /  (u2xx + u 2„ + bu2x + bu2 — 2g*(u))dxdy = const,
JJ r2 JJ  R2

w here /» U
g*(u) = g (9)d9.

J  0

The equation (1) is a tw o-dim ensional version of the K aw ahara equation:

Ut — uxxxxx + buxxx + aux + uux = 0 .

O btained in  [10], it describes the p ropagation  o f  long non linear w aves in  w eakly  dispersive m edia. K aw ahara 
equation (also know n as fifth-order K ortew eg-de Vries equation) is a m odification of the w ell-know n K ortew eg-de 
Vries equation  (KdV):

Ut + uxxx + aux + uux = 0, 

w hich also has the tw o-dim ensional form, so called Zakharov -  K uznetsov equation:

Ut + uxxx + uXyy + aux + и ux — °.

In this paper we establish global existence and uniqueness of solutions to initial-boundary value problem s (1) -  (4) 
and large-tim e decay under small inpu t data.

T hrough  the years there w as a w ide varie ty  of investigations dedicated to  various aspects o f the K aw ahara 
equation  and som e o f its m odifications. The in itial value problem  and  in itia l-boundary  value problem s are 
considered, for instance, in  [ , 1 , , ] . However, tw o-d im ensional m odifications o f  K aw ahara equation  are 
studied considerably less. Kawahara equation has a another tw o-dim ensional m odification know n as Kawahara -  
Zakharov -  Kuznetsov:

Ut — uxxxxx + uxxx + uXyy + aux + uux = 0 .

For the first time an initial-boundary value problem  for this equation was considered in  [ ] . The author obtained 
global existence, un iqueness o f  regular solutions and large-tim e decay for the  sm all in itial data. T hose results 
w ere extended for the three-dim ensional case of the K aw ahara equation in  [ ] . Recently, in  [ ] author studied 
sm oothness properties of solutions of a tw o-dim ensional K aw ahara equation.

Our m ethods are sim ilar to those given in  [ ] , w here the au thor studied the initial-boundary  value problem s 
for the K aw ahara -  Zakharov -  Kuznetsov equation on a half-strip. Previously, the author also obtained similar 
resu lts for Z akharov -  K uznetsov equation  in  [ , , ] . However, in  our case w e stud ied  a different form  of 
tw o-dim ensional K aw ahara equation  given by (1).

Introduce function  spaces H+ tak ing  in to  account boundary  conditions (4). For any m ulti-index v = (v1, v2), 
let dv = dx dy and H+ = L2,+ for к > 1 the space H+ consists of functions q>(x) such tha t d v f  € L2,+ if  v 1 + v2 < к 
and in  case (a)

dl m<P\y=0 = dT<P\y=L = 0, Vm € [0, к /2),

and in  case (b)

дТ + 1(Р\y=0 = дТ + > \y=L = 0, Vm € [0, (k — 1 ) /2 ) .

Now, let us give the definition of the adm issible w eight function.
D e f in i t io n  1.1. The function  f  ( x ) is called admissible weight function i f  f  is an infinitely smooth positive 

function on R+, such that fo r  each j  € N  and Vx > 0

\ f (]]( x )| < с (j ) f ( x ).

Introduce the following
pT ГХ0+1 /*L

A+(u; T ) = sup  / и2dydxdt.  (5)
X0 >°^)° tf X0 v 0
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14 In itia l-boundary  value problem s fo r  tw o dim ensional K aw ahara  equation

We construc t so lu tions to the  considered problem s in  space X ^ f (x) (П+) for tw o cases for к = 0 (weak 
solutions), к = 2 (strong solutions) and for adm issible w eigh t f  ( x ) , such  th a t f  ' ( x ) are also adm issible w eigh t 
functions, consisting of functions и ( t ,x ,y ) ,  such tha t

и e Ca  ([0, T ] ; Н+ф (x) ) П L2 (0 ,T ; H+++U  ' (x)).

Further, w e denote X ^ f (x) (П+) as X ^ (x) (П+). In troduce the n o tion  o f w eak  solutions to  the considered 
problem s, define special function  spaces o f sm ooth  functions. Let 5(E+) be a space o f in fin itely  sm ooth  on E+ 
function  p ( x , y )  such th a t (1 + x ) n \да(р(x ,y ) \  < с(n ,a )  for any n, m ulti-index a , (x ,y )  e  E+ and  d2m(p\ =

dymv\y=L = 0 for case (a) and d2ym+1p \y=0 = d2m+1p \y=L = 0 for case (b) for any m.
D e f in i t io n  1.2. Let u0 e L2,+, f  e L1 (0/Г  ;L2+ ). The function и e L ^ ( 0 ,T  ;L2,+) is called a weak solution o f  

problem (1) -  (4), i f  fo r  any p  e C™([0,T  ] ;5 (  E )), such that p  \t=T = p \ = px \ = px x \x=0 = 0, the following
relation is satisfied:

JJJ*  (^ p t — upxxxxx — up yyyyX + bupxxx + bup yyX + aupx + g (u )px + f p ) d td x d y  + J J  ^ 0p \^=Qdxdy = °. (6)

N ow  let us in troduce the m ain  results. T he first tw o theorem s establish global existence and uniqueness of 
w eak and strong solutions respectably.

T h e o re m  1.1. L e tu 0 e  ) , f  e  L1 (0 ,T  ;L'2,^x )) for  certain admissible weight function f  ( x ), such t h a t f  ’( x ) is 
also an admissible weight function. Let д e С1 (R) and fo r  certain constants p  e  [0,4) and с > 0

\д’(и )\ < с \u\p Wu e  R, (7)

and i f p  > 1 the function f  fo r  certain constants n and с > 0 satisfies an inequality f  ( x ) < с(1 + x ) nf  ’( x ). Then 
there exists a weak solution to problem (1 )-  (4) и e x t , (x^ П ^ ) ;  moreover X+(uxx ; T ) + A+(uyy ; T ) < +ro. In addition, 
i f p  < 3 in (7) and fo r  certain positive c0

( f ( x ) ) p+1f p-1 (x) > C0 Wx > 0, (8)

then this solution is unique in x t _\(x) (П+).
R e m a rk  1.1. The exponential weight f  (x)  = e2ax Wa > 0 and the power weight f  (x) = (1 + x ) 2ax Wa > 1 (1 + 1 ), 

p  > 0, satisfy the hypothesis o f  the Theorem 1.1 (including uniqueness). I f  % e L2+ , f  e L1 (0 ,T ; L2,+), there exists a 
weak solution и e Ca ( [ 0, T ] ; L2,+), Л+(ихх) + Л+(иуу) < +ro.

T h e o r e m  1.2. Let щ  e  (x), f  e  L2 (0 ,T ; (x)) fo r  certain admissible weight function  f  (x), such that
f ’( x ) is also an admissible weight function,  % (0,y) = u0x (0 ,y) = 0. Let д e C2 (R) and verifies condition (8)
fo r  p  e  [0,4 ). Then there exists a strong solution to problem (1) -  (4) и e X ^ f ^  (П+); moreover A+(uxxxx; T ) +
Л+(и yyyy ; T ) + X+(uXXyy ; T ’) < +ro. In addition, i f  fo r  certain constants q > 0 and с > 0

\д’’(и )\ < с \u\q Wu e  R, (9)

and fo r  certain positive с 0 and r e ( 2,4]

f  ’( x ) r-2f rq+2( x ) > C0 Wx > 0, (10)

then this solution is unique in x l f (x) (П+).
R e m a rk  1.2. The exponential weight f  ( x ) = e2ax Wa > 0 and the power weight f  ( x ) = (1 + x ) 2ax Wa > 0, 

satisfy the hypothesis o f  the Theorem 1.2 (including uniqueness). I f  % e H f  % (0, y) = u0x (0, у ) = 0, f  e  L2 (0 ,T ; H+), 
there exists a weak solution и e Ca ( [ 0, T ]; H +), X+(uxxxx) + Л+(и уУуу) + Л+(иххуу ; T ’) < +ro.

Next, we introduce tw o theorem s on large-tim e decay of w eak and strong solutions.
T h e o re m  1.3. Let the function д e С 1 (R) satisfies inequality (7) fo r  p  e (0, 3]. Then there exists L0 > 0, a0 > 0 

and e0 > 0 such that fo r  any  L e  (0,L0], a  e  (0 ,a 0] and f  = x 4/ ( 8L4), such that i f  u0 e L?,+x , \\щ | | l 2+ < e0, f  = 0, 

the corresponding unique solution и ( t ,x ,y )  to problem (1) -  (4) in the case a). from  the space X ^ ax (П+) WT > 0 
satisfies an inequality:

\\eaxu(t, ■, -)||? < e-«P*\\еахщ ||? Wt > 0. (11)\ l 2,+ < c ^  “0ul2,+

T h e o re m  1.4. Let the function д e  C2 (R) satisfies inequality (7) fo r  p  e  [1,4] and inequality (9) fo r  q = p  -  1. 
Then there exists L0 > 0, a0 > 0 and e0 > 0, such that fo r  any L e (0, L0], a  e  (0, a 0] and f  = л 4 /  (8L4), such that i f  
щ  e H 1,e+ax for  a  e  (0 ,a 0] , \\u0 | | l2+ < e0, u0 (0 ,y) = ux0 (0 ,y) = 0, f  = 0 the corresponding unique solution и ( t , x ,y )  

to problem (1) -  (4) in the case a). from  the space X f e (П +),WT > 0 satisfies an inequality

\\eaxu(t, ■, ■)\\2Hl < с(11%\\H2,e2ax, a , f ) e -afit Wt > 0. (12)
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2. P re p a ra tio n s . In this section we establish some prelim inary results. First, introduce the following notations: 
let у ( x ) be a cutoff function, у is an infinitely sm ooth non-decreasing function on R such tha t у ( x ) = 0 for x  < 0 , 
у (x) = 1 for x  > 1, у ( x ) + у (1 -  x ) = 1; le t Sexp (E+) be a space o f  in fin itely  sm ooth  functions f ( x ,  y)  on  E+, 
such th a t enxldvf ( x ,  y)l < с (n, v) for any n, m ulti-index v,(x, у) е  E+; le t Sexp(E+) be a subspace o f  Sexp(E + ) , 
consisting  o f functions, on the boundaries у = 0,y = L verify ing the  sam e conditions as in  the definition o f the 
space Sexp (E+). This space is dense in  H+.

Further, we drop limits of in tegration in  integrals w ith  respect to x  and у  over the whole half-strip E+ and and 
w ith  respect to  x  over the half-line R+. The follow ing in terpo lating  inequalities are very  im portan t for our next 
steps.

L e m m a  2.1. Let f 1 (x  ) , f 2 ( x ) be two admissible weight functions, q е [2, +ж ]

S = S0(q) = ~ -  — ,
0(H) 4 2q

then for  every function satisfying ( I f xx | + I f  yy | + I f  \ ) f \ /2 ( x ) е L2+, f ( x ) е  L2+, f  (0, y) = 0, f  (x, 0 ) f y (x, 0) =
f  ( x , L ) f  y (x ,L)  = 0, the following inequality holds:

\ \ f f s1f l / 2- s Wiq,+ < сW(Ifx x I + IfyyI + I f  \ ) f \ /2 IIl2+ I I # 2Wl-2 , (13)

where the constant с depends on L, q and the properties o f  the functions f l; if, in addition, f  | = 0 or f  \y=L = 0 then
this constant is uniform with respect to L.
P ro o f. W ithout loss o f generality, assume that f  is a smooth, decaying at + ж  function (for example f  е  Sexp (E+)). 

First, uniform ly w ith  respect to L we establish the following:

J J  ((pl + V2y ) f \ /2f 2 2dxdy  < с ( J J  ( f 2xx + f  y y + f  2) f 1d x d y ) 1/2 ( J J  f  2f 2d x d y )1/2. (14)

In fact, boundary  conditions on the function f  yield that

J J  ( v l  + <P I ) f \ /2f 2 2d xd y  = -  J J  ( f xx + f y y  ) f l / 2f f l /2d xdy  -  J J  f f x ( f ^ f ^ f d x d y .

Since f t  are adm issible w eight functions, w e get

J J  ( v l  + V2y ) f l /2f 12/2dxdy  < ^ 2 ( J J  ( f l x + f 2y y ) f 1d x d y ) 1/2 ( J J  f  2f 2d x d y ) 1/2

+c (J J  f x f l | 2f l | 2d x d y ) 1|2 ( J J  f 2f 1d x d y ) 1/4 ( J J  f 2f 2d x d y )1/4,

w hence (14) follows.
Next, we use the following in terpolating  inequality  from  [1] in  the case of the dom ain Q = E+

W f  lli„,(fi) < c (W fxx  Ilb1 (Q) + W fy y  Ilb1 (Q) + II f  11̂1 (Q)), (15)

and apply it to the function  f  = f  2f ' il /2f ' ^ 2, then

W f f l /4f 2 4 W2^ )  < С J J  [ I ( f  2f l / 2f2>/2)xx I + I ( f  2f \ / 2f l /2)yy | + f  2f l / 2f l /2]dxdy.  (16)

Here,
( f  2f l / 2f2>/2)xx = 2 ( f f xx + f l  ) f l /2f 2 2 + 4 f f x ( $ \ /2$ г 2)' + f 2 ( f l / 2f l /2) ' ' ,

J J  I f f  XX I f \ /2f l /2dxdy  < ( J J  f l x f 1d x d y ) 1/2 ( J J  f  2f 2dxdy  )1/2,

and since f t  are adm issible w eight functions

J J  I f f x  ( f l /2f 2>/2) 'Idxdy  < с ( J J  f l f l / 2f 2:,/ 2d x d y ) 4/2 ( J J  f  2^ 1d xd y ) 1/4

( J J  ^  2^ 2d x d y )1/4,

J J  f 2 I ( f l l 2f l l2) ' 'Idxdy < с J J  f  2f \ l 2f l 12 < с ( J J  f  2f 1d x d y ) 1/2

ISSN 2687 0959 Прикладная математика&Физика, 2023, том 55, №  1
Applied Mathematics &Physics, 2023, Volume 55, No 1



16 In itia l-boundary  value problem s fo r  tw o dim ensional K aw ahara  equation

(JJ p2f2dxdy)1/2.
O ther term s in  the right-hand side of (16) are estim ated in  a similar w ay and w ith the use of (14) inequality (13) in 
the case q = + ^  follows.

If q € (2, +«>), then  w ith  the use of the (14) for q = + ^

WpiH'1\/2—Sh q,+ = (JJ \v \q—2J ^  Ц —p 2Jx dxdy)1/q < W p ^ 4^ 4\\(Lq~+ 2)/qW f f l 12\\2l q+

< с W(\vxX \ + Wyy \ + Vp \ ) J \ /2 W ^+ W vfi2 Wl—2 .

Finlay, if, for instance, (p \ y=L = (p \ = 0, extend the function tp by zero to the quarte r-p la te  R+ X R+ and carry
ou t the sam e argum ent w ith  the use o f  (15) for Q = R+ X R+ and (14) for L = + ^ ,  th en  estim ate (13) becom es 
uniform  w ith  respect to ! .□

Further w e also use an interpolating inequality, following from  the one in  [4] .
L em m a 2.2. Let J 1 ( x ), J 2 ( x ) be two admissible weight functions, such that J 1 ( x ) < с 0f 2 ( x ), Vx > 0 fo r  certain 

constant c0 > 0, q € [2, +ro)

s = S1 (q) = — — — , (17)
1 (H) 2 2q v '

then there exists a constant с > 0, such that fo r  any function (p (x, y) verifying (pxx j \ /2 ( x ), (pyy j12 ( x ) € L2 (E+), 
12p f 21 (x) € L2 (E+), i f \ v  \ = 1 the following inequality holds:

W d vf f sl f 2 2—s WL2t+ < с W(\pxx \ + \(pyy D f J 2 W2l 2+ X W\(pfl/2 W1̂ 2  + с Ц р ^ 2 Wl2+ . (18)

We use next tw o lem m as from  [3] .
L em m a 2.3. Let J  ( x ) be an admissible weight function, then there exists a constant с depending on the properties 

o f  the function J ,  such that fo r  any function p  (x, у ) verifying pxx, p  € L2+ ) the following inequalities hold:

J J  < с [ J J  <ylx ipdxdy  1 ' 1 /[ J J  1 ' /x + (19)

J o V ^ x ^ d x d y  < с [ J J  p ^ J d x d y ] 2/4 [ J J  (p 2J d x d y ] 1/4 + с J J  (p 2Jd x d y .  (20)

In troduce anisotropic Sobolev spaces w ith  sm oothness p roperties only w ith  respect to  x . Let H+k’0  be a
J p  € L2+ for j  < к  endow ed w ith  the n a tu ra l norm  UpWHospace o f functions p  (x ,y )  € L2+ such th a t dJx p  € L2+ for j  < к  endow ed w ith  the n a tu ra l norm  Up||„(m) =n+

( 2 Wd jp  Wi2 + ) 1/2. Let H+—m = {(p(x,y) = P j(x ,y )  : V(pj € L2,+ ], endow ed w ith  the na tu ra l norm

Wp llH( - 0) = & ^  Wpj W l J 1/2.

L e m m a  2.4. I f  p  € H+H0 , d’Xp € H+~m’0  fo r  n > к + m, dj+1f €Lx,+ and fo r  certain constant с = с (к, m, n)

Wdkx+1pWlx,+ < с(Wd j p + WpŴ-ĉ ,0)). (21)

For the large-tim e decay results we need the Steklov inequality  in  the following form:

Г L L2 Г L
f 2(y)dy  < —  ( f ’(u ))2dy. (22)

Л  n 2 J0

w here f  € H1 (0,L).
Let Ji ( y ), I € N, be the o rthonorm al in  L2 (0, L) system  of the eigenfunctions for the operator ( - J ")  on the 

segm ent [0, L] w ith  corresponding boundary  conditions J (0) = J (L )  = 0 in  the case (a) and J '(0) = J ' (L )  = 0 in 
the case (b), A[ be the corresponding eigenvalues. Such systems are well know n and can be w ritten  in  trigonom etric 
functions.

Besides equation (1) w e consider a linear equation:

Ut — (uxxxx + Uyyyy)x + b (uxx + Uyy)x + aux = J ( t, x, y  f  (23)

w ith  initial and boundary conditions (2) -  (4). W eak solutions to this problem  are understood sim ilarly to Definition 

1.2.
L e m m a  2.5. Let u0 € Sexp (E+), f  € CTC([0 ,T  ] ;Sexp (E+)) . Set Ф0 (x ,y )  = u0 (x ,y )  and fo r  j  > 1

H- = d]t —1 f  (0,x, y) + (d5x + dxdfy — bdj — bdxd2y — adx) H —1 (x, y), (24)
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and let Ф;-(0,y) = HjX(0,y) = 0 fo r  a ny  j.Then there exists a unique solution to problem (23), (2) -  (4) и e
C“ ([0 ,T ]; Sexp(E+)). ___
P ro o f . C onsider the corresponding  in itial value problem . Let E = R X (0,L)  and 5(E)) be a space o f infin itely  
sm ooth  on E functions ф (x, y) such th a t (1 + \x \)n \ da p  (x, y)\ < с (n, a) for any  n, m u lti- in d ex a , (x, y) e E and 
on the boundaries у = 0, у = L verifying the sam e conditions as in  the definition if  the space S ( E+). Extend the 
functions u0 and  f  to the  w hole strip  such th a t u 0 e  S (E), f  e С ([0, T ]; S (E)) and consider problem  (23) (in 
П т = (0, T ) X E), (2) (in E), (4) (in QT = (0, T ) X R). T hen w ith  the use of the Fourier transform  for the variable x  
and the Fourier series for the variable у  a solution to problem  (23), (2) -  (4) can be w ritten  as the following:

и ( t ,x ,y )  = — j  ( у ) й (t ,^ , l)d^ ,

w here

й (t,Z ,l)  = u0 (%,1)Ф (? +̂ 2i +b? + W i-а&  + f  ф(т,^,1)е1 - a^)(t- r)dT,

Щ(& 1) = JJ e- l ^ ( у ) щ (x ,y )dxdy ,  (25)

f  (t,%,l) = J j ^  e - l^X^ i (У)f  ( t ,x ,y )d x d y .

According to the properties of the u0 and f  th is solution и e  CTC([0 ,T  ] ; S(E)).
Next, le t v = dlyu for som e k, I. T hen  the function  v satisfies an equation  of (23) type, w here  f  is replaced 

by ^ dly f  . Let m > 5, ф( x ) = x m (note tha t th is function  is not an adm issible w eight function). M ultiplying this 
equation by  2v(t,x ,  у )ф ( x ) and in tegrating  over E+, w e get

w here

— J  v2^ d x d y  + J J ( 5 o ^ x + о2у)ф' dxdy  + b J J ( 3 v ^  + v2y)ф' dxdy  

J J  5о2хф’’’dxdy  + J J (-Ф  ̂  + ^Ф ’’’ + аф')v 2d xdy  + 2 J J  dx dfy fvф dxdy ,

JJ о2х ф’dxdy  = -  JJ vxxоф’d xdy  + 1  JJ v 2ф’’’dxdy,

JJ о2уф’d xd y  = -  JJ v yyЮФ’dxdy,

U  4 *  ’" ы ,  = -  U  » „  „ф - m ,  -  U , 4 "  M y .

(26)

Note, tha t ф’’’ < V вф’ф(5) , ф4 < л/2ф’ф(5). 
From the equality above we get

-3b JJ пх ф’dxdy  < JJ о'2ххф’dxdy  + JJ v 2Ф’d xdy  + J  JJ v 2Ф’’’dxdy,

- ^  Л ’dxd̂ < JJv2y ’dxdy+ J JJv2 ’̂d xd y '

JJ v2J'"d xd y  < JJ v2xJ ’d xd y  + 8 If v 2ф (5)dxdy.

Equally (26) yields

J J  о 2фdxdy < с (a ,b ) JJ (ф(5  + ф ’’’ + ф ’)v2 d xdy  + 2 JJ dx dfy fvф dxdy .  (27)

Fix a  > 0 and let n > 5. For any m e  [5, n] m ultip ly ing the corresponding  inequality  (27) by  (2a )m/ (m!) and 
sum m ing by m w e obtain th a t for

^  m!m=0

due to the special choice of the function ф, inequalities

z'n( t ) <  czn (t) + c, z n( 0 ) < c,
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18 In itia l-boundary  value problem s fo r  tw o dim ensional K aw ahara  equation

hold uniform ly w ith  respect to n, w hence it follows tha t

sup e2axv2dxdy  < ж.
t e[0,T ] JJ

Thus, и e Сж ([0, T ] ;Sexp (E+)). We w ill use the follow ing no ta tion  a  ( t ,x ,  y)  for the constructed  solu tion of the 
initial value problem .

Let p 0(t, y) = - a ( t ,  0, у ), p i (t, y) = - a x (t, 0, y). N ote th a t the functions pj e  C™(Bk ) and satisfy boundary  
conditions (4), and the com patibility conditions from  the hypothesis o f the lem m a ensure th a t d \p j(0, y) = 0, VI. 
Consider in  П+ an initial-boundary  value problem:

У-t -  (Mxxxx + Uyyyy)x + Ь (UXX + Uyy)x + aux — °, (28)

u \t—0 — 0 ,u \x—o — № ( t, y ) , ux \x—0 — Pi ̂ y f  (29)

w ith  boundary  conditions (4).
Let T  ( t , x ,y )  = p 0 ( t ,y ) y  (1 - x ) + p i  ( t , y ) x y  ( i - x ) ,  F ( t , x ,y )  = - T t + (Yxxxx+ Yyyyy )x - b  (Tx x +T yy )x - a T x — 0,

U ( t ,x ,y )  = и ( t , x , y ) -  T ( t , x , y ) ,  th en  the problem  (28), (29), (4) is equ ivalen t to problem  (23), (2) -  (4) for the
function  U , u0 = 0, f  = F . It is obvious, tha t F e Сж ([0, T] ;Sexp (E+)) and dltF(0,x, y) = 0, VI.

A pply the  G alerkin m ethod. Let [ f j  ( x ) : j  — 1, 2 ,3...} be a se t o f linearly  independen t functions com plete 
in  the space { f  e  H 5 (R+) : f  (0) — q>'(0) — 0}. Seek an  approxim ate solu tion  o f the  last problem  in  the form  
Uk ( t ,x ,y )  — £ kj l —i ckj[ ( t ) (p j (x ) f i (y ) via conditions:

И (Ukt -  (Ukxxxx + Ukyyyy)x + b (Ukxx + Uk yy)x + aUkx)(pi(x (y )d x d y  
JJ (30)

-  F f i f md xdy  — 0, i ,m  — i , . . . ,k ,  t e  [0 ,T],ckj i (0) — 0.

M ultiplying (30) by 2ckim( t ) and sum m ing w ith  respect to i, m, w e find that

d "  r L
dJ f  U2k d xdy  + J o U2kxx\x—0dy — 2 / /  FUkdxdy,  (31)

thus
\\Uk 11^(0,т-,L2,+) ^  ll-Fllbi(0,t -,L2,+). (32)

M ultiplying (30) by  c'kim (0), pu tting  t — 0 and sum m ing w ith  respect to i,m,  w e ob ta in  th a t Ukt \ . T hen
differentiating (30) w ith  respect to t , m ultiplying by 2c'kim( t ) and summ ing w ith  respect to i, m, we find (similar to 
(32)) th a t lm

\\Ufk\\Lm(0,T-,L2,+) ^  \ F llbi(0,T;L2,+). (33)

Since f l f n) (y) — ( - X m)nf m (y)  it follows from  (30) tha t for any n and I sim ilary to (32) and (33)

IIdltdyUk \\Ьж(0,Т;Ь2+) < IIд\dyF\\Li (0,T;L2,+ ) . (34)

Estim ate (34) provides existence o f  a w eak  solution U ( t ,x ,y )  to the considered problem  such th a t dltdyU e 
С ( [ 0, T ]; L2+), for all I, n in  the sense of the corresponding integral equality of the corresponding integral equality 
of (6) type for g = 0, f  = F , u0 = 0. Note, tha t the traces of the function U satisfy conditions (2) for u0 = 0 and (4). 

It follows from  the corresponding equality o f (6) type tha t since

Uxxxxx — Uf -  UyyyyX + b (UXX + Uyy ̂ X + aUx -  F, (35)

d\ dyUxxxxx e С ([0 ,T  ] ;H+~3’0))V l ,n  therefore, the application of inequality (21) (for (p = d\ dyU, к — 0,m — 3)yields 
th a t dltd"Ux e С ([0, T ]; L2+), VI, n th en  the application  tw ice o f  (35) and (21) (for к — i , m  — 2 and к — 2,m  — 1) 
yields that dft dfUxxx e С ([0 ,T  ]; L2,+), VI, n. A nd again from  (35) follows tha t dlt dfUxxxxx e С ([0 ,T  ] ;L2+), VI, n, the 
function U satisfies (23) in  П+ and its traces satisfy (2). For any natural m differentiating corresponding equation 
(23) 5(m -  1) tim es and using induction w ith  respect to m, we derive tha t dltdxmdyU e С ([0, T] ;L2,+).

As a result, the solution to the problem  (28), (29), (4) is constructed such tha t dlt d f  dnyu e С ([0, T ]; L2,+), VI, m, n. 
From now  on in  the p roo f w e use no ta tion  v ( t ,x ,  y) for this solution.

The function и ( t ,x ,y )  + v ( t ,x ,  y)  is the solution to problem  (23), (2) -  (4) such tha t dltd f  d"u e С ([0, T ]; L2+), 
VI, m, n. Let u ( t ,x ,  y)y  (x  -  1). The function  S  solves an  in itial value problem  in  the strip  E o f  (23), (2), (4) type, 
where the functions f , u0 are substituted by corresponding functions f ,  u0 from  the same classes and the obtained 
resu lt a t the beg inning  of the p roof for the in itial value problem  together w ith  the obvious uniqueness provide
th a t u e C” ([0 ,T ] ; Sexp (E+)) and so и e C™([0,T]; Sexp (£+)).□
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L e m m a  2.6. A  generalized solution to problem (23), (2) -  (4) is unique in the space L2(П+).
P ro o f . This lem m a is a corollary of the follow ing resu lt on existence o f sm ooth  solutions to the corresponding 
adjoint problem . □

In П+ consider an in itial-boundary  value problem  for an equation:

Ut + (Uxxxx + Uyyyy)x -  Ь(UXx + Uyy^x -  UUX — f  ( t, X, у ), (36)

w ith  initial condition (2), boundary  conditions: (4) and boundary  conditions

и \ „ — ux \ = uxx \ „ — 0. (37)\x—0 x \x— 0 x x \x—0 v '

L e m m a  2.7. Let u0 e S (E+), f  e  Сте([0, T ]; S(E+)) and  Ф7-(0, у) — Ф7-х (0, у) = 0 fo r  any  j , where here in the 
definition o f  the corresponding functions Фj in comparison with (24) the sign before the second term in the right-hand 
side is changed. Then there exists a unique solution to problem (36), (2), (37), (4), и e  С ̂ ( [ 0 , T  ]; S(E+)).
P ro o f. Extend the functions u0 and f  to the w hole strip and consider problem  (36), (2), (4), construct its solution 
a  e Сте([0, T ]; S(E +)) in  a sim ilar w ay  w ith  the only obvious difference in  (25).

Let y 0 (t, y) = -со(t, 0, у ), y i = -cox (t, 0, y), y 2 = -® xx(t ,  0, y). Note that the functions y j  e  Сx (Вт) and satisfy 
b oundary  conditions (4). M oreover,the com patib ility  conditions form  the  hypothesis o f the lem m a ensure th a t 
dlty j (0, y) = 0, VI. In П +. Consider an in itial-boundary  value problem:

Ut + (UXXXX + Uyyyy )x — b (UXx + Uyy )x — aux — 0, (38)

U\t—0 — 0,U\X—0 — ( t , y ) , Ux \x— 0 — Pi ( t , y ) , Uxx \x—0 — У2 ̂ y l  (39)

and w ith  boundary  conditions (4).
Let T  ( t ,X ,y )  = y 0 ( t ,y ) y  (1 -  x)  + Pi ( t , y ) x y  (1 -  X) + ( t , y ) x 2y (1 -  x ) /2 ,  F ( t ,X ,y )  = - T XXxxx -  TXXxxy +

bTXXx + bTxyy + aTx -  T t, U (t ,x ,  у ) = и (t ,x ,  у) -  T ( t , x ,  y), then  problem  (38), (39), (4) is equivalent to problem
(36), (2), (37), (4) for the function U , u0 = 0, f  = F . Obviously F e Сте([0, T ] ; S (E+)) and dltF(0,x, y) = 0, VI.

Let [ f j  (x) : j  — 1,2,3,.. .}  be the sam e set o f  functions as in  the p ro o f o f Lem m a 2.5. Seek an  approxim ate 
solution in  the form  Uk(t,x,  y) — 2 k-l—i C k j i ( t ) f j ( x ) f i ( y )  via conditions:

//[Utk f i f m  -  Uk ( f if ) fm  + <p(i4)fr„ -  b(p'i"fm -  b(p'i'fm -  a f i f m ])dxdy
(40)

-  F f i f mdxdy  — 0 , i ,m  — 1, 2, 3,..., k , t  e  [0, T  ],

Ckji(0) — 0. M ultiplying (40) by 2скш( t ) and sum m ing w ith  respect to i, m, we derive equality (31), w hich implies 
estimate (32). Similarly we get (34), w hich provide existence of a w eak solution U (t ,x ,  у ) to the considered problem 
such that dltd y u  e С ([0, T ] ; L2+), VI, n > 0 in  the following sense: for any function ф e L ^ ( 0 ,T ;H+.), such tha t , 

фххххх, Фуууух e L ^ ( 0 , T ;L2+), ф\t—T — ф\x—0 — фх \x—0 — 0 the following equality is satisfied:

J [ fn_ [U (фt + (Фхххх + Фyyyy)x -  Ъ(фХХ + Фyy)x -  афх) + Рф]dxdyd t  — 0 .

T hen  also sim ilarly  to the p ro o f o f  Lem m a 2.5 w e obta in  a solu tion  to problem  (38), (39), (4) v such th a t 
dltd f  dyvC([0, T ]; L2+), VI, m, n.

Similar to Lemma 2.5 we show  tha t the function  и = w  + v is the desired solution. □
R e m a rk  2.1. In further lemmas o f  this section we first  consider smooth solutions constructed in Lemma 2.5 and  

then pass to the limit on the basis of obtained estimates.
L e m m a  2.8. Let ф ( x ) be admissible weight function, such that f ' ( x )  is also an admissible weight function, 

u0 e L p *), f  = f 0 + f ix , where f 0 e L i (0 ,T ;L f ^ ) ,  f i e  L4j3 (0 ,T ; l2(+ (x')(^  (x')') ). Then there exist a unique weak
solution to problem (23), (2 ) - (4) fo rm  the space (x ) (П+) and a function y 2 e L2 (Вт) such that fo r  any function  

ф e L ^ ( 0 , T ; H+), Ф1 , фххххх, Фуууух e L ^ ( 0 , T ; L2+) ф\t—T — ф\x—0 — фх \x—0 — 0 the following equality holds:

JJJ* (ыФ1 -  ифххххх -  ифуууух + Ьифххх + Ьифуух + аифх + фоф -  &фх)d tdxdy

+ и0ф\t—0dxdy  -  У2фхх\x—0dy dt — 0 .
JJE+ JJBt

Moreover, fo r  a.e. t e  (0; T ]
Wu \\хФ М(п+) + У № Wi2 (Bt ) ^  с (T ), (42)
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and fo r  a. e. t e  (0;T ] 

d JJ u2f d x d y  + f  (0) J  $ \х = ^ У  + JJ [5u^x + u y у + 3bu2 + bu2y -  au 2] f ’dxdy  

JJ [5u2 + bu 2] f (3) dxdy  + JJ u 2f  (5)d xd y  = 2 JJ f 0u f d x d y  -  JJ 2f1 ( u f ) x dxdy,

(44)

i f f 1 = 0 , then in equality (43) one can p u t  f  = 1.
P ro o f . M ultiplying (23) by  2 u ( x , y , t ) f ( x ) and  in teg rating  over E+, th u s w e obtain  (43) w ith  y 2 = ux 
According to (20) for arb itra ry  e > 0

\ JJ /1 ( u f ) x dxdy\ < с \\(\ux \ + \ u \ ) ( f ) 1/4f 1/4 112+1M 3/4 ( f ) - 1/4 1112,+

< C1 [\\(\uxx + u yy \ ) ( f ) 1/ 2 l l ^ + I M 1/2\ \ Z  + \\u ^ 1/21к + ] \ h l 3/4 ( f ) ~ 1/4 lk+

< e f f (u™ + U2yy)^ ’dxdy  + c(e)W& ^ w w w r w  (f f  u2^ dxdy ) 1/3

+C1W f 111̂ 3/2 ̂ r ^ ))-12 (JJ u 2f d x d y ) 1/2,

and according to (19)

I I " ’ (* '  + ' * ' " ' )d^  < ‘ I I + d o f f  ( « )

Moreover,

JJ u2yf  ’dxdy  = -  JJ u u y y f  ’dxdy  < £ JJ и 2yyf  ’dxdy  + с (e) JJ и 2 f  dxdy.  (46)

It follows from  (43) -  (45), tha t for sm ooth  solutions

Wu Wxf(x>(П+) + Wux x \\и (BT) < °. (47)

The end of the p roo f is standard. □
L e m m a  2.9. Let f  ( x ) be admissible weight function, such that f ’(x) is also an admissible weight function, 

u0 e  (x), u0(0, y) = u0x (0, y) = 0, f  = f 0 + f 1, where f 0 e  H+’̂ (x), f 1 e  L2(0 ,T ; Ь^+( x ( x ) ). Then there exist a
strong solution и e X 2̂ (x) (П+) to problem (23), (2) -  (4) and a function y 4 e  L2 (Вт) such that fo r  any t e (0, T )

\\u llx2̂ ) ^ )  + \\И4 Wu (fit) < с (T ) {\\щ Whw (x) + \ fa (0,t (x)) + \ f 1 \\^  (0 tLf 2. (x)/f(x))),

and fo r  a. e. t e  ( 0, T )

J J J (u lx + u2yy + bu2 + bu2y)f d x d y  + J  (u ^ xx f  + 4uxxxxuхххф + X̂ -XXXX̂ XX
Ф 2buxxxx Мххф

- 3^xxx$  -  XuxxxUxxФ + 4 buXxx^xxJ' + ( ) -  4 Ь^хх^  + (Ь + &)UXXJ ') \x_0^y
ГГ

+ J J  ( 5„ f i ,  + + S b u f i  + b h f i , + „ l , „  + +

+(3b2 -  a)u2xx + 4b2u 2xy -  abu2x + (b2 -  a)u2 y ) f ’dxdy

+ JJ( - 5 u 2xx -  6buxx -  5û Xyy -  bu2yy -  b2u l  -  5bu2 y -  b2u2y) f  dxdy

+ JJ (игхх + u2yy + bu2X + bu2y ) f (5  dxdy  

= i f f  + Т „ и „  + Ь Т а  + Ъ Т ,и ,  W i x i y

~ 2 f (f ,  ( W-xx Ф )x fyx^  XX I  ) \x=0dy

+2 JJ(f 1 [(Uxxf  )xx + u y y y y f  -  b (ux f  )x -  b uyy f] )dxdy ,

i f f 1 = 0 then in equality (48) one can p u t  f  ( x ) = 1.

ISSN 2687 0959 Прикладная математика&Физика, 2023, том 55, №  1
Applied Mathematics &Physics, 2023, Volume 55, No 1

(48)



E. M a rtyn o v 21

P ro o f . M ultiplying (23) by 2(uxxp ( x ) ) xx + 2uyyy y p (x ) -  2b(uxp ( x ) ) x -  2buyyp ( x )  w here e ither p  = f  (x)  or 
p (x )  = 1 and in teg rating  over E+ w e ge t equality  (48) for p4 = uxxxx\x=0, w here  ф is substitu ted  by  p . H ere 
according to (20) for an arb itra ry  e > 0

J o uxxx\x=0^У < ? J J  u lxxxf  ’dxdy  + с(£) J J  u'Xx фdxdy, (49)

sim ilarly to (45) and (46)

/ o 4 , + t „ + - L , )t ' Ы ч  < ' J J (« L „ + u ‘„ „ + « и , )* ' t e d y + сe + « I , № » .  (»>

and

\ JJ f 1 [(Uxxf)xx + u yyy y f]dxdy\ < e JJ (u2xxxx + u lyyy  + u 2xx) f d x d y  + С (£) JJfij/2 ( f  ’) 1dxdy.  (51)

Inequalities (47), (49) -  (51) and equality (48) im ply tha t for sm ooth solutions

\\u\\x2t(*)  (П +)  + \\Uxxxx ^  WLx (BT) < С ( T  ) ( \ \ щ \ \^2,t(x) + || f a \| ^  ( ^ J S ^ M )  + 11/1I I ^  ^  t .Lf 2 (x)/ f (x)))  . (52)

□
L em m a2 .10 . Let the hypothesis o f  Lemma 2.9 be satisfied for  ф (x) = e2ax forcertain a  > 0.Let g e С 1 (R), g (0 ) = 

0. Consider the strong solution и e  X 2̂ (x ) (П + ) to problem (23), (2) -  (4). Then fo r  a.e. t e  (0, T )

d_
dt

JJ g*(u)pdxdy + JJ g’(u)ux (uxxxx -  buxx + u yyyy -  buyy)pdxdy+

JJ g (u )(uxxxx -  buxx + Uyyyy -  buyy) p  'd x d y  -  a JJ g*(u) p  'd x d y  = JJ g ( u ) fp d x d y .
(53)

where either p  ( x ) = 1 or p  ( x ) is an admissible weight function such that p  ( x ) < сф ( x ) Wx > 0.
P ro o f. In the sm ooth case equality (53) is obtained via m ultiplication of (23) by  д ( и (t, x, y ) ) p ( x ) and subsequent 
in teg ration  and in  the general case via closure, w hich  here is easily justified  since X 2̂ (x) (П+) e  L^(n^+) and 
ф ~ ф'. □

3. E x is te n c e  o f  so lu tio n s . The following is the appropriate text. In this section we p roof of the existence of 
the solutions in  the first tw o theorem s.

L e m m a  3.1. Let д e С 1 (R), д (0) = 0. \д '(и)\ < с Wu e  R. f  ( x ) = e2ax fo r  certain a  > 0, u0 e  L2 <+x),

f  e  L 1 ( 0 ,T ; iXj +*) ) . Then problem (1) -  (4) has a unique weak solution и e X ^ (x) (П+).

P r o o f  . We apply the con traction  principle. For t0 e  (0 ,T ] define a m apping  Л  on  X ^ (x) (П+) as follows: 
и = Ли e X * (x)(П+) is a w eak solution to  a linear problem :

У-t -  (uxxxx + UyyyyX + b (uxx + UyyX + aux = f  ( t, x, у ) -  (g (v ,

in  П+ and boundary  conditions (2) -  (4).
Note tha t ф3/ 2(ф ' ) ~ 1/2 < c f ,  \g(v)\ < с \v\ thus, Lemma 3.1 provides tha t the m apping Л  exists. Moreover, for 

functions v, 5  e X ^ (x) (П+о) according to inequality  (42)

11Л° llx^(х)(П+0) < c(T ) ( \ \щ \\Lf(x) + Wf ||L1 (0 ,T.Lf (*)) + t0/ ||o llx^H n+^X
,+ 3 4 ,+ (54)

||Ло - Л н \\x f (x)(п+о) < c(T ) t° | |o -  5 \х^(х)(п+о) .

w hence first the local result succeeds. Next, since the constant in  the righ t-hand  side in  the above inequalities is
uniform  w ith  respect to u0 and f ,  one can extend the solution to the w hole tim e segm ent [0, T ] by the standard
argum ent. □
P ro o f  o f  E x is te n c e  P a r t  o f  T h e o re m  1.1. For h e (0; 1] consider a set o f in itial-boundary  value problems:

(.Mxxxx + Myyyy )x + b (UXx + Myy )x + aux + g'h(u )ux = f  ( t ,x ,y ) ,  (55)

w ith  an initial condition: \
u \t=0 = Щи ( x ), (56)

w ith  boundary  conditions (3) and (4), w here

fh ( t , X, y ) = f  ( t , x , y ) y (1 /h  -  X), U0h (x , y) = Щ (x  X  (1 /h  -  x ),
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22 In itia l-boundary  value problem s fo r  tw o dim ensional K aw ahara  equation

/» U
g'h(u) =  g ' ( u ) y (2 -  h \u |), g h(u) = / g'h( 6 )dd.

0

Note, that gh (u) — g (u) if  \u \ < i /h ,  g'h(u) — 0 if  \u \ > 2/h, \g'h(u)\ < с (h) Vu and the function gh satisfy inequality 
(7) uniform ly w ith  respect to h.

Lemma 3.1 implies tha t there exists a unique solution to this problem  uh e X e ax (П+) for any a  > 0.
Next, establish appropriate estim ates for functions uh uniform  w ith  respect to h (we drop the subscript h in 

interm ediate steps for simplicity). First, note tha t g '(u  )ux e L i (0 ,T ; (x)) and so the hypothesis of Lemma 3.1 is
satisfied (for f i — f 2 = 0). T hen  equality (43) provides tha t for bo th  for p  ( x ) = i  and p  ( x ) = ф:

•L

dt II  ** ’ I Г2 \Х=0™У II L-^xx 1 “ yy •
(57)

J J  u2p d x d y  + p (0) J  g\\x=0dy + J J  [5u%x + u2yy + 3Ъи2х + bu2 -  au2]p 'd xd y

-  J J  [5ux + bu2] p (3) dxdy  + J J  u2p (5)dxdy  — 2 J J  f u p d x d y  + J J ( g ' ( u ) u ) * p 'd x d y .

Choosing p  = i  w ith  respect to h and to L w e get

\\uh lie([0, T];L2,+ ) < C. (58)

Let p  = ф. N ote th a t uniform ly w ith  respect to h

\(g'h(u)u)*\ < с \u\p+2. (59)

'2(i- q£)
Let q — p  + 2, s — s0(q) from  (17), f i (x) = Ф'(х ), f 2( x ) = ( f h( x ) ) (qs — p /4  < i). A pplying (18), w e obtain 
tha t

_s),JJ \u\p+2J/' dxdy  — J J  \u \Р+2^ Т ^ 2 (i/2 S)dxdy

< с ( f f  (u2xx + и2 + и2) ^ i d x d y )qs( f f  u2^ 2d xd y ) q(i/2 s)
J J  J J  (60)

—° (J! (u^x + u2yy+ u 2) * id x d y  ) qs (J! (u 2^ h) ч(1-2) u ч(1-2) ^  )q >' i/2 s)

< ° (J! (u^x + U yy+ u 2)M x d y )p/4 (J!u 2* hdxdy) (4 p ')/4 (J!u 2d x d y )pl2.
Since the norm  of the functions uh in  the space L2,+ is already estim ated in  (58) it follows from  (57), (59) and (60), 
th a t uniform ly w ith  respect to h

\\uh\\x^(x)(W+.) < °. (61)

W rite the analogue of (55) w here p  is substituted by p 0 (x  -  x 0) for any x 0 > 0 T hen  it easily follows (5), that

J+(uhxx; T ) + A+(uhyy) < c. (62)

Let En — (0, n) X (0, L). It follows from  (62) and interpolating inequality from  [1] (where Qn — (n ,n  + i)  X (0, L)):

IIf  h m(Qn) < c ( l ) (JjQ (f™  + f i y  + f 2)dxdy )i/4(JJQ f 2dxdУ)l|i,

th a t uniform ly w ith  respect to h
\Wh Ilb4(0,T;Lm(En)) < d

and
Wgh (Uh ) \\Li/p (0,T-J2 (E „)) < C.

T hen from  equation (1) itself it follows, th a t uniform ly w ith  respect to  h

\\uht I k  (0,T;H-5 (E„)) < C. (63)

Since the em bedding H i (En) <z L2(En) is com pact, it follow s from  [15] th a t the se t uh is relatively com pact in 
Lq(0, T ; L2(En)) for q < +ж .

Extract a sub-sequence of the functions uh, again denoted as uh, such th a t as h ^  +0
uh ^  и * -w eaklyin  L,x (0 ,T ;

U-hxx,U-hyy * U-xx,^yy w eakly in  L2 (0, T ; d,2 + ) ;
Uh ^  U strongly  in  Lmax(2,4/ (4- p ) ) (0 ,T ;L2(En))V n .

Let ф is a test function from  D efinition 1.2 w ith  supptp e En. Then, since

\gh(uh) -  gh(u)\ < с(\uh\p + \u\p )\uh -  и \,

ISSN 2687 0959 Прикладная математика&Физика, 2023, том 55, №  1
Applied Mathematics &Physics, 2023, Volume 55, No 1



E. M a rtyn o v 23

w ith  the use of (63), w e obtain, tha t the lim it function и verifies (6).
Now, note tha t g (и)фх e L ^ ( 0 , T ;L iy+) if  p < 1. In case p  > 1

Wg (и)ф 11 Li (П +) < c j  \\u ( f  ) 1/4ф1/4 W L j  W *  \ ( f  )~pj4f  ~pj4dxdyd t

< °1 Jo  ̂Л(U*x + и2уУ + U2)̂ ' d x d y)P/4 (JJ u2̂d x d y)(p+2̂j4 (64)

(JJ ф1 (ф' )~р/2ф ~(i+p )j2d x d y ) ij2 ]d t  < ж.

since (ф' )~pj2f  ~(i+p )j2 < с (1 + x  )pnj4 by v irtue of the additional property  of the function ф. A pproxim ating any 
test function from  D efinition 1.2 by the com pactly supported ones and passing to the lim it we obtain equality (1) 
in  the general case. □

L e m m a  3.2. L e tg  e С2(R), g (0) — 0, lg' (u)l, lg' ' ( и )| < с Vu e  R. ф( x ) = e2ax fo r  certain a  > 0, u0 e H+’̂ ), 
u0 (0, y) — u0y (0, y) — 0, f  e  L2(0 ,T ; (x)). Then there exists t0 e (0, T ) such that the problem (1) -  (4) has a 
unique strong solution и e  X 2̂ (x) (П +).
P ro o f . Sim ilarly to  the p roo f o f Lem m a 3.1 w e construct the desired solu tion  as a fixed p o in t o f the m ap Л bu t 
defined on the space X 2’̂ (x) (П +). Here ф21ф' ~  ф and Lemma 2.9 w here f 0 = f ,  f i = g '(v )vx ensures tha t such a 
m ap exists. Moreover, for functions v, e  X 2̂ (x) (П +) according to inequality  (48)

||Ля ||X2,̂ -(x) < с (T ) ( \\u0 WH2,f(x) + \ f  \\u  (0T.js2-  ̂(x'>) + 11° Wx2̂  (x)),

and, since lg '(v)vx -  g '(H )H \ < с(lvx | + \HX\)\o - H + с \vx -  H |,

112
\\Лб -  (x) < С (T ) t0' (Wo W\X2,.t(x) + WHWX2,t (*))||o -  vWX2,t (x),

w hence the assertion  of the lem m a succeeds. H ere for convenience w e denoted X 2^ (x) (П+) as X 2^ (x). □

P ro o f  o f  E x is te n c e  P a r t  o f  T h e o r e m  1.2. We w ill proof, th a t if  X 2elax (П+), a  > 0 is a so lu tion  to  problem
(1) -  (4) for som e T ' e (0 ,T ], w here  the  function  g e С2(R)  verifies (7), th en  for any adm issible function  ф( x ), 
such tha t ф' is also adm issible and ф( x ) < ce2ax, Vx > 0,

\\u \\x2P (Wn+P < c(T, WU0wh 2î x), Wf  Wi 2(o,T;H2p(x’)) . (65)

Using (57), w here p2 — ux x \x—0 w e obtain

IIм\\хФ(х)(П+.,) + \\uxx\x—0 Wl2 (Bt ,) < C. (66)

Next, since the hypotheses of Lemma 2.9 and Lemma 2.10 are satisfied, w rite dow n the corresponding analogues
of equalities (48) and (53) and sub trac t from  the first one the doubled second one, th en  w ith  the use of (49) and
(50) for sufficiently small e w e get

d
f J I  ̂  + u2yy + bu2x + bu2y -  2g*(u)) p d x d y  + I  (uIxxxP ) \x—0dy + JJ (5ulxxx + 6ulxyy  + U\yyy  ) P ' dxdy

< JJ 2У(^ ) ( ^xxxx -  buxx + У-yyyy -  bUyy)p d xdy  -  2u JJ g (u )p  dxdy

+p J  ^xxxx\x—0dy + P(p) J  ux x \x—0,dy + p J J (uxxxx + uXXyy + Uyyyy)p dxdy

+c (e) U (Uxx+ иУу) p d x d y  + ° U (^x x + f yy + ^ 2)p d xd y

+2 JJ(g '(u )ux [2uxxxp ’ + uxxp ' ' -  buxp '] )d x d y  -  2 JJ g ( u ) fp d x d y  -  2 JJ (g '(u )g(u))*p 'dxdy.

(67)
Choose p  = 1. Note, th a t (7) w ith  (66) im ply that

JJ \g*(u)\dxdy < с \\uWPL^+\\uWl 2,+ < Ci(JJ (u lx + u2yy + и 2)dxdy )pj4, (68)

//g (u )f d x d y  < с \\u\\PLmJ \ u h ^ W f  \\l2,+ .

Thus, from  (67) we get
\\uxx \\Ьж(0,Т';Ь2,+ ) + \\Uyy \\Ьж(0,Т';Ь2,+ ) < С.
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In particular
\\uxx 1 1 (П+') < C. (69)

Now, in  (67) chose p ( x ) = f  ( x ). By v irtue of (69) \g(u)\ < с\u\ and then  estim ate (65) easily follows.
Note, th a t from  (67) (where p  ( x ) = p 0 (x  -  x 0) for any x 0 > 0) follows

A+(uxxxx; T ' ) + A+(uxxyy; T ' ) + A+(u yyyy; T ' ) < c.

To finish the proof consider the set o f initial-boundary value problems (55), (56), (3), (4). Lemma 3.2 imply that 
for any  h e ( 0 ,1] there exists a so lu tion  to  such a problem  uh e X 2,A(x) (n + (h)). T hen  w ith  the use o f  estim ate 
(65) w e first extend th is solution  to  the w hole tim e segm ent [0, T] and th en  sim ilarly to  the end of the p roo f of 
the previous theorem  pass to  the lim it as h ^  + ^  and construct the desired solution. Note, tha t here due to (69) 
g (и)фх e L1 (П+) Wp w ithout any additional assum ptions on the w eight function f .□

4. U n iq u e n e ss  o f  s o lu tio n s . The following is the appropriate text. In the following section we give p roof of 
the uniqueness of the solutions in  the first two theorem s.

T h e o re m  4.1. Let p  e  [0,3] in (7), f  ( x ) be an admissible weight function, such that f  ' ( x ) is also an admissible 
weight function and inequality (8) be verified. Then fo r  any  T > 0 and M  > 0 there exists a constant с = с(T, M ), 
such that fo r  any two weak solutions и ( t , x ,y )  and u ( t , x , y )  to problem (1) -  (4), satisfying \\u |L ^ w , ||S|| < M

with corresponding data u0, H  e  ), f , f  e  L 1 ( 0 ,T ; ) ) the following inequality holds:

Wu - u\\x 4-(x) < с( \\щ - Щ\\Lt(x) + \ \ f  -  f \ \ L10 T.Lt(x))). (70)

P r o o f . Let a  = и -  S, = u0 - u 0, F = f  -  f .  For the function  a  apply  Lem m a 3.1, w here  f 1 = 0. N ote th a t
inequality  (8) implies th a t ( f / f ' ) 1/4 < с( f ' ) p/4f p/4, thus

( J J  \u\2pu 2xf d x d y ) 1/2 < \\\u\p ( f / f ) 1/4 I ^ U  u2x ( f ' f ) 1/2d xd y ] 1/2

< с \ \ u ( f ' ) 1/4f 1/4\ \ l j u ( f ' ) 1/4f 1 / 4 (71) 

< C1 ( f f  (u2x + u2yy + U2) ^ ' dxdy)P/4+1/4( J f  u 2f d x d y ) p/4+1/4,

so g '(u )ux e L 1 ( 0 ,T ; L'J+f) ), since p  < 3.
As a result, w e derive from  (43) th a t for t e  (0 ,T ]

l r  tJJ a>2 f  dxdy  + f  (0) J  + Ĵ JJ [5d ^ x + o> 2yy + 3bai2 + o 2y -  a a  2] f ’d xd y d r

< JJ to2 f  d xdy  + c j  JJ a> 2f d x d y d r  + 2 Ĵ  JJ (F - ( g ’(u)ux -  g ’(u)ux ) )a ifdxd tdT .

(72)

W here

2\ J  JJ(d’(u ) - g ’(u)ux )a>fdxdt\ = 2\ I  u  ( g ( u ) - g ( u ) ( o i f ) x dxdt\ < с JJ(\u\p + \u\p )\w ( a f ) x \dxdy, (73) 

w here sim ilarly to (71)

JJ \u\p \a a x \ f d x d y  < \\\u\p ( f / f ) 1/4 Hi^dJJ d f  ( f ) 1/ 2f 1/ 2d x d y ) 1/2 (JJ a 2f d x d y ) 1/2 

< с (JJ (u^x + u2yy + u 2 ) f  dxdy )p/4 (JJ и 2f d x d y ) p /4 (JJ (o ^ x + a> 2yy + a> 2) f ’d x d y ) 1/4 (JJ a> 2f d x d y ) 3/4

< £ U ( a 2x + to2yy+ to2) ^  ’dxdy

+ U x f f A  + „ I ,  + u - ) i ' d x W ' f j  Ч Ы у ,

w here e > 0 can be chosen arbitrarily  small. T hen  inequalities (72), (74) provide the desired resu lt.□
The next theorem  provides the uniqueness p art of Theorem  1.2.
T h e o re m  4.2. Let the function g e С2 (R) verifies condition (9). Let f  ( x ) be an admissible weight function, such 

that f ’(x) is also an admissible weight function and condition (10) holds. Then fo r  any T > 0 and M  > 0 there exists 
a constant с = с (T, M ), such that fo r  any two strong solutions и ( t ,x ,  y) and u(t, x, y) to problem (1) -  (4), satisfying
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\\u\\ 2,t (x), + v \\s\\ zt (x) m +, < M, with the corresponding data u0, u0 e  , f ,  f  e  L 1 ( 0 ,T ; L f ^ )  inequality (70)(П +) Х-Ы (П +) ’ ’
holds.
P ro o f . The p ro o f m ostly  repeats the p ro o f o f  T heorem  4.1. N ote th a t here obviously g’(u)ux, g’(u)ux e 
Lc„(0,T; ht, ^ )), thus equality (72) holds. The difference is related only to the nonlinear term . In com parison w ith  
(73) we estim ate it in  the following way: since

g '(u )ux -  g ’(u)ux = (g '(u ) -  g (u))ux + g ’(u)tox , 2 \ JJ (g '(u )ux -  g’(u)ux )a>^dxdy\

= 12 f f  ( 4 ( u ) - А Ъ М М У  ~ f f  - J J  7  (H)toV  Ы I (7 4

< с JJ (\u\q + \u\q)(\ux \q + \ux \q)to2 f  d xdy  + с JJ to2 f  dxdy.

By virtue of (10) ф < сф (9+1)/2 ( f ’) (r ~2)/(2r (r+2)/(2r)

JJ \u\q\ux \to 2f d x d y  < с JJ \u\qf q/2 \ux \ф 1/2to2 ( f ’)2s° f  ̂ ^ d x d y  

< \\u f 1/2Ill \\Uxf 1/ 2 I k ^  + Htoa T f  1/2- S0\ \ l +J-/rn,+ 2,+ J-'r,+

< с \\u + to 2yy + to 2) f d x d y ) 2s° (JJ to 2f d x d y ) 1~2s°

< e JJ (tojx + to2 y + to 2) f  'd x d y  + с (£) JJ to2 f  dxdy,

w here s0(r ) = 4 -  24 < 1 and 2 < < +“ . The desired result obtained from  (72) and (75). □
T h e o re m  4.3. Let the function g e С2 (R) verifies condition (9). Let f  ( x ) be an admissible weight function, such 

that f  ’( x ) is also an admissible weight function and fo r  certain positive constant

f ’( x ) f q( x ) > c0 Wx > 0. (76)

Then fo r  any  T > 0 and M  > 0 there exists constant с = с (T, M ) such that fo r  any two strong solutions и (t, x, y) 
and u ( t , x , y )  to problem (1) -  (4), satisfying \\u\\x 2,f(x), \ \ u \ < M, with corresponding data u0, H  e (x),

f , f  e  L2 (0 ,T ; (x)), u0 (0, y) = u0 (0, y) = 0, the following inequality holds:

\\U - H 1 xXf<x}(П+) < ° ( l I U0 - u ^  \ <x} +^ \ f  -  H 1 \ L2 (0,T,H2* <x})) .

P ro o f. First o f all note th a t the hypothesis of T heorem  4.2 is satisfied and, consequently, inequality  (70) holds. 
Let g \ ( u ) = g ’(u) -  g’(0), th en  according to (9)

\g’1( u ) \<  с \u\q+1. (77)

Adjoin the term  g’(0)ux to the linear term  aux and consider an equation of (1) type, w here g’ is substituted by g [ . 
C ondition (76) implies that

^  (X) < сфq+2 ( x ). (78)
f  ’( x )

In particular it means that g[ (u)ux , g\ (u)ux e L (0, T ; (x)). W rite corresponding analog of (48) for to = и - u
and f 1 = g \(u )u x -  g[(u)ux , then

J J (to2x + tol У + bto/J + btoI ) f d x d y  + Ĵ  J J (5u^xxx + 6u^xyy + u2yyyy) f 'd x d y d r

< I I ' (to x̂x + to2°yy + b<  + b<  ) ^ d xdV + c f 0 J J  (g1(u)Ux -  ^ u f i x ) 2 J -  d xdydr

£ Jo JJ( х̂хх + + to2yyyy ’̂dxdydT + c(£) J 1JJ  (4, + ^  + to 2) fd x d y d r

+° Jo JJ^ + р2уу + F2) ^ dxdydT,

To estim ate the integral w ith  the nonlinear term  apply (77), (78) and the corresponding analogue of (75)

JJ (g[(u)ux -  g\ ( H u  )2 J -  )dxdyd  < с JJ (\u\2q + \u\2q )ux to 2f q+2d xdy  + с JJ \li\2q+2to'^fq+2dxdy,  (79)
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w here

JJ \u\2qu l a 2f q+2d xdy  < \ \ u f4j2\\LmJ \ ux f lj2\\ь6,+ \\^Фlj2\\lx+

< c\w l i p , , , U  (4>- + » I ,  + Ь 4  + b ^ y - S S  "  2r + ‘o*<iy

< \ \ u f ij2\\2̂ +2 JJ a ^ f d x d y .

The statem ent o f the theorem  follows from  inequality  (79). □

5. L a rg e - tim e  d e c a y  o f  s o lu t io n s .  Now, w e p ro o f last tw o theorem s and establish  large-tim e decay of 
solutions.
P ro o f  o f  T h e o r e m  1.3. Let f ( x ) = e2ax for a  e  (0, a0] , w ill be specified later, u0 e L2+ ), f  = 0. C onsider the 

unique solution to problem  (1) -  (4) from  the space x t ,  (x) (П+) V T .

N ote tha t according to (71) g '(u )ux e L i (0 ,T ;L2 +x)).
A pply Lemma 3.1, w here f 0 = g '(u )u x , f i = 0, th en  equality (57) for p  = i  provides, tha t

\\U( t, ■, ■) \\12,+ < \ \ щ \\Lz+ Vt > 0 .

Equality (57) for p  — f  implies that

d f f  f L f f
—  J J  u2f d x d y  + J  p^dy + 2a  J J  [5uxx + u2yy + (3b + 4a2)u2 + bu2y + (4a2b + i 6a 4 -  a)u2] f d x d y

2a JJ (g '(u  )u)* f d x d y

(80)

W ith  the  use o f inequalities (59) and (60) w e derive th a t uniform ly w ith  respect to L for certain  constan t с * 
depending on the properties of the function  g,

2 J J (g ' (u )u )* fd x d  < с ( J J (u^x + u2yy + u 2) f d x d y ) pj4( JJ u2f d x d y ) ('4 p)j4\\u0W

< (n™ + u2y у )̂ d xd y  + с*(\\щ\\(i ^ j{i~P) + \\u0 WPl2J  JJ u 2 f d x d y .

It follows from  (22) that

JJ и2 f  d xdy  < ~2 JJ u2yf d x d y  < ^  (JJ u 2f d x d y ) ij2 (JJ u2yyf d x d y ) ij2,

(81)

and, so

In particular
/V*

2a J J  и

Moreover,

\3b + 4 a 2\ J

2 \b\ l (

JJ u 2f d x d y  < JJ u2y yf d x d y .  (82)

, ж4а  f f  2 l a  f f  2
dy > —— и f d x d y  + u yydxdy. (83)

u l f d x d y  < ' '  -,2 1 - /г- ~ 4 4  - 2''uxx f d x d y  + с(b ,a 0) J J  и f d x d y ,  (84)

' + ° ( ^ ) Л U2^ d xd t  (85)

Com bining (80) -  (85) w e find tha t

J  JJ и2f d x d y  + Ĵ  g ld y

+a Л (Û x + u2y, )^ dxdy  + a [ -  C(b ,a, ao) -  c*(\\uoWip2j+(4 P) +Wuo\\P2 )] Л  U2^ ^ x dy < 0.

(86)

Choose L0, a 0 and e0, such tha t > с*(eipj('4 p) + ep ), > c(b, a, a0). T hen  it follows from  (86) that

JJ и2 f d x d y  + Ĵ  g2>dy + a  JJ (и^x + u2yy )dxdy  + a P JJ u2d xdy  < 0. (87)

Прикладная математика&Физика, 2023, том 55, № 1
ISSN 2687 0959 Applied Mathematics &Physics, 2023, Volume 55, No 1

2



E. M a rtyn o v 27

4
w here ft = 8— . □
P r o o f  o f  T h e o r e m  1.4. Let the values L0, a0, e0, ft be the sam e as as in  the p ro o f o f the previous theorem , 

f  ( x ) = e2ax for certain  a  e (0; a0] , u0 e (x^, u0(0,y) = u0x(0,y) = 0, \\u0\\l2i+ < e0. C onsider the unique

solution  to problem  (1) -  (4) и e ^ (x) (П+), V T . Since g '(u  )ux e  Lc„(0,T; + ) ). R epeat the p roo f of T heorem
1.3 and obtain (86). Besides (11), it follows from  (87) that

/»L /у»
eafiT [J  u2x x \x=0dy + a  J J  [u2xx + ftu2yy \ f d x d y \ d v  < \\щ \\Lt ( V . (88)

Similarly to (67), from  (48) and (53) w e get (for p  = 0)

J J J  (ul x  + u ly  + bul  + bul  -  2g*(u ))p d x d y  < c l  u2xx \x=0dy,

w hence w ith  the use of (68) and (88) follows tha t uniform ly w ith  respect to t > 0

IIUxx \ IL2,+ + W^yy Wb2,+ < С

and

In (67) let p  = f

\\uI li ^ n *) < c. (89)

! / /  ( ^ + u2yy + bu2x + bu2y -  2 g * (u )) fd x d y  + I  (^XXXX ) \x=ody 

+2& I !  (5 ̂ xxxx + 6^xxyy + u2yyyy ) f d x d y  

< 2a JJ 2g (u)(uxxxx -  buxx + u yyyy -  buyy ) f d x d y  -  4aa JJ g*(u ) f d x d y

+£ J  ^XXXX:\x=0dy + £(e) J  ux x \x=0dy + 2ea J J (uxxxx + uxxyy + U y y y y d x d y  

+ac (£) JJ (uxx + u2yy ) f d x d y  + 2 JJ (g '(u )ux [4auxxx + 4aXuxx -  2abux \ f ) d x d y

- 4 a J J  ( s ' (“ )9(“ ) r * ix i!> .

Inequality (12) follows from  (88) and (89). □
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