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Abstract—In this paper, we study a multi-dimensional generalized integral transformation. The
functional and compositional properties of the integral transformation in spaces of summable
functions are investigated. The scheme of study is similar to the process of constructing the theory
of the H-transformation, in which the central place is given to the questions of bounded and one-
to-one action of the corresponding integral operator in spaces of integrable functions with weight
concentrated at zero and at infinity. Theory of the considered integral transformation in weighted
spaces of summable functions is constructed.
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1. INTRODUCTION

First introduce general multi-dimensional integral transform

(Kf)(x) = Exl—@“”ﬁdix@“)/ﬁ / k[xt]f(t)dt (x> 0); (1)
X
0
here (see [1], Section 28.4; [2], Ch. [; [3]) x = (z1,22,....,xy) € R™; t = (t1,t2,...,t,) € R", R"
be the n-dimensional Euclidean space; x-¢ = >""_, xnt, denotes their scalar product; in particular,
x-1=3"_ xy,forl =(1,1,...,1). The expression x > ¢ means that z1 > t1, 22 > to, ...,z > ¢y, the
nonstrict inequality > has similar meaning ; [5° = [5° [o~ - Jo : by N = {1,2,...} we denote the set
of positive integers, Ng = N |J {0}, Ny = Nog x Ng x ... x No; k = (k1, ko, ..., kn) € Nj = Ng x ... x Ny
(ki € Ng, i =1,2,...,n) is a multi-index with k! = kq!--- k! and |k| = k1 + ko + ... + kp;

"= {xeR", x>0} forl=(ly,ly,....I,) € R? D! = % dt = dty - dts - - dty;

tl = thtl2 ...t f(t) = f(t1,ta, ..., tn). Let C™ (n € N) be the n-dimensional space of n complex
numbers z = (21,22, -+ ,2n) (25 €C, j=1,2,--+ ,n); A= (A1, A2, oy \p) € C" b= (hy, ha, ..., hy),
hj e R\ {0}, =1,2,...,m; % = m. We introduce the function in the kernel k[xt] = k[x1t1] -

k[zata] - - - K[xyty], which is the product of some one type special functions.
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MULTI-DIMENSIONAL GENERALIZED INTEGRAL 1409

Our paper is devoted to the study of tranform (1) Kf in the weighted spaces £ 5 summabe functions
f(x) = f(z1,22,...,2,) on R, such that

1/2
1fllnz = / Pl / 22 / 2N o) Pdar)des § - Yda b < oo
R\ R\ RL
(2=1(2,2,...,2), 7= (v1,v9,...,0p) ER" 11 =15 = ... = 1).

In this work, to study transformations of type (1), we use the technique of the multidimensional Mellin

transformation
= / f(t)ts~1dt.
0

Note that a very important class of transforms under consideration is a class of Buschman—Erdélyi
operators, they have many important properties and applications, cf. [3—8]. And topic of this paper is
also in a very tight connection with transmutation theory, ci. [9—13].

For transformations of type (1) there is an analogue of the multidimensional Parseval equality in the
form

(o) c1+1i00 ca+i00 Cn+100

1 —s
[t = [ [ e [ @@ - s, 2)
0 €1 —100 €3 —100 Cn—100

where infinite integration contours (¢ — ioco, ¢, +i00) (k =1,2,...,n) start at points ¢ —ico (k =
1,2,...,n) and end at points ¢, +ioco (k=1,2,...,n), respectively, with some real ¢y € R (k=
1,2,...,n). The Mellin transform of kernels of hypergeometric type is the ratio of the products of the
Euler gamma functions 1(z), the asymptotics of which, in accordance with the Stirling formula, has a
power-exponential character. This allows us to study the given class of integral transformations in the
weighted spaces of summable functions and obtain inversion formulas directly from equality (2) and the
convolution structure of the class of transformations (1)[14, 15].

The results obtained generalize those obtained earlier for the corresponding one-dimensional trans-
formation (see [16], Ch. 3).

2. PRELIMINARIES

Denote by [X, Y] a set of bounded linear operators acting from a Banach space X into a Banach space
Y. Forv=(v,1n,....,vn) €R", T=(r1,re,....,7,) € R" (1 <7 < 00) by £y 7 denote the weighted
space of integrable functions f(x) = f(x1,x2,...,2,) on R}, for which

fllp7 = /xfl"'rn—l{... /x52'T2—1

RY RY
. 1/rn
ro/T1 T3/r2
X /m’l’l'”_l\f(ml, ey Tp)| My dxs YT, < o0,
R
For f(x) = f(x1,22,....2n) € Lo 7 (V= (11,V2,...,0n) ER" V1 =10 = ... = 1,1 <T < 2) then-
dimensional Mellin transform (9t f)(s) is defined by
o)) = [ Fenear, (3)
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1410 SITNIK et al.

s=v+it,v= (1/1, V2, ..., I/n), t = (tl, to, ...y tn) e R".
If fefyrLy1 then (3) coincides with the classical multidimensional Mellin transform of

the function f(x) = f(x1,22,...,2n) (x = (®1, 22, ...,7,) € RY) defined by the formula ([2], formula
1.4.42):

o)) = [ foeat Rels) =7,
0
s = (51,52,..,5n),5; € C" (j = 1,2,...n).
The inverse Mellin transform is given for x € R’} by the formula ([2], formula 1.4.43)

1 Y1 +100 Y2 +100 Yn+ico
)60 =M g = e [ [ [ xatsas

Y1 —100 Y2 —100 Yn, —100

with 75 = Re(s;) (j = 1,--- ,n). The theory for these multidimensional Mellin transforms appears in
the book by Brychkov[17], see also ([2], Ch. I).

We need the following spaces. By Lz(R™), as usual, we denote the space of functions f(x) =
f(x1,xa, ..., xy,), for which

1/p
||f||ﬁ = {R/ f(X)de} < 00, ﬁ = (p17p27 "'7pn)7 1 < ﬁ < 0.

For p = oo, the space Lo (R") is introduced as the collection of all measurable functions with a finite
norm

[ f]lLo (rm) = esssup|f(x)], (4)

where esssup| f(x)| is the essential supremum of the function | f(x)| [18].

Based on Statement 3.1 (see [16]) directly verify the validity of the following properties of the Mellin
transform (3).

Lemma 1. The following properties of the Mellin transform (3) are valid:
(a) Transformation (3) is a unitary mapping of the space £, 5 (Vv = (v1,v9, .., vp) €ER™, 1y =
vy = ... = Up) onto the space Lz(R").
(b) For f € £,5 (V= (v1,v2,....,vp) € R", v1 = v2 = ... = 1), there holds
v1+iR vo+iR vn+iR
100 = G dim [ [ o [ mpeces,

(27‘(’1)" R—oo
v1—iR v9—iR Un—iR

where the limit is taken in the topology of the space £ 5 T = (v,vayeyp) ERM V1 =19 = ... =

vp) and where, if F(U +it) = Fi(v1 +ity) - Fp(vn +ity), Fj(vj +itj) € Li(—=R,R), j = N,
then
vi+iRvo+iR vn+iR R R R
/ F(s)ds = z"/ / /F(?—Fz’t)dt.
v1—iRva—1iR vn—1iR —R—-R —R
(¢) For functions f € £ 3 and g € £ 53 (7= (v1,v9,..,0n) ER", 11 =19 = ... =1, the
following equality holds
oo 1 TU+ioco
[ gexyix = S | an@ e - sxis (5)
0 U—100
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Let W (see, for example, [2], formula (1.3.6); [16], formula (3.3.12)) be elementary operator

(Wif)o) = 1(3 ). xR 6= (5100adn) € R, (6)
[t is known that the Mellin transform (3) of the transformation Wy is equal ([2], formula (1.4.47))
(MW f)(s) = *(Mf)(s) (Re(s) =D). (7)

Taking into account Lemma 3.1 [16], equality (7), Lemma 2.1 [19—21], it is directly verified that the
operator Wy has the following properties.

Lemma 2. Let U = (v1,v9,...,vp) € R"
isomorphism of £y onto itself, and if f e

(v =uvp,) and 1 <7 <oo. Wy is bounded
(MW f)(s) = 6°(M

v =vy=.
vr(1 <7< 2) then
Of)(s)  (Re(s) =D).

3. £52-THEORY FOR THE MULTI-DIMENSIONAL K-TRANSFORM

In this section we consider multi-dimensional generalized integral transform (1):
oo
(Kf)(x) = Exl—@H)/ﬁdix@“)/ﬁ / K[xt]f(t)dt (x> 0),
X

where kernel k € 21—§,§’X = (A1, A2y, A) € C"and h = (hy, ha, ..., hy), hj € R\ {0}, =1,2,..,n
Theorem 1. (a) Let the transformation operator (1) satisfy the condition K € [£,3,£, 3],
then the kernel on the right side of (1) k € £, 5. I] we set for vy # 1 — (Re(A) + 1)/h1,v2 #

1= (Re(A2) + 1) /Ras ooy vm £ 1 — (Re(An) + 1)/l (1 = 9 = oo = 1)
Lo o(t)
B V+Zt)_X+1—(1—v+z't)E ®)
almost everywhere, then Junction 0 € L(R"), and for f € £;5 there holds the relation
(MKf)(L =7 +it) = 0(t)(Mf)(V — it) (9)

almost everywhere.

(b) Conversely, for given function 6 € Lo(R"), 7 = (v1,v2,...,vn) ER" (11 =12 =...=1y),
h = (h1,h,...,hn) € RY, there is a transform K € [£;3,£, 3] so that the equality (9) holds for
f S 2;75. Moreover, lf 141 75 1-— (R@(}\l) + 1)/]11, 1) 75 1-— (R@(}\g) + 1)/]12, O 75 1— (Re()\n) +
1)/hy (11 =19 = ... = vy), then transformation Kf is representable in the form (1) with the kernel
k definite by (8).

(c) Under the hypotheses of (a) or (b) with 6 # 0, K is one-to-one transformation from the
space £, 3 into the space £, 53, and if in addition 1/ € Lo(R"), then K maps £,5 onto £, 5,
and for functions f, g € £;,5 the relation

/ f(x)(Kg)(x /
0
is valid.

Proof. (a) Let K is given by (1) and K€ [£;, 5, &1 ;35], v1 #1 — (Re(\1) +1)/ha,yvn #1 =
(Re(\p) + 1) /hy, (11 = ... = vp).
First we consider the case v; > 1 — (Re(A1) +1)/h1,...,vp > 1 — (Re(Ap) + 1) /by, (11 = ... = 1p).
Fora = (a1, a2, ...,a,), where a; > 0 (j = 1,2,...,n) are real numbers, will determing the function
tO+D/h-1 0 < ¢ < q;
9a(t) =
0, t>a
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B tg)\1+l)/h1—l . ._t%AnJrl)/hn—l’ 0<t;<a; (j=1,2,..n);
0, tj>a; (j=12,..n).
Then

Qan az
19allyz = { [t { [

0 0

a1 1/2
% {/ t71’1'2_1 ‘t:(LRe()\l)+1)/h1—1the()\2)+1)/h2_l . t7(1Re()\n)+1)/hn—l‘2 dtl} dtg} . ~}dtn}

an a1 1/2
— {/t2((Re()\n)+1)/hn+vnl)ldtn . /ti((Re()q)-l-l)/hl—Hul)ldtl}

0 0

. 1/2
_ {/t2((Re(>\)+1)/h+”1)1dt} < oo,

0
which means g, € £; 5. From here we get

1 1 1
(Kg1)(x) hx! —(2+1) /h d (A—i—l/ // /kxt t()\-i-l /h— Lt
0 0 0

— hyhy - hnxl—()q-l-l)/hlm;—()\z-i-l)/hQ L ml—(An-i-l)/hnix()\l-i-l)/hlxg)\g—i—l)/hg Ot )/

n Xm
1
></\
0

1
/kxm [wata] - K[mpt, T/ MLt =l Ot ) =L gy -
0

O\H

= [{L’jt]’ = Tj (j = 1 2 n)]
:Exl—(A—i-l)/Ei /kn ira] -+ K[ O/ Ot et
X

X T,SA"+1)/hn_1dT1dT2 ceedry, = Exl_(xﬂ)/ﬁi

(A+1)/h—1 =h
x| k[r]dT = hk(x)

Tt~

almost everywhere. Thus, K gy = hk. Therefor since K € [£5,£, 5 5], then we havek € £, 5.
Since f € £, 7andk € £, 3, by using the Cauchy—Bunyakovsky inequality [22]

l b l 2
< ( / f(X)2dX) ( / g<x>2dx) (~oc <a<b< )

()\-l-l / 1/2 l/k {t—1/2+ﬁf(t)}dt
0

b

[ 1o9(x)ax

a

we have

xOHD/B[(xt) £(t)dt
/

o

1/2
<x<Re<”+l’/h{ / £20-7)-1 |k (xt) 2 dt} fllp = X7 SHRGIDA || pl o = o(1)

0
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MULTI-DIMENSIONAL GENERALIZED INTEGRAL 1413

as 1 — +0, ..., x,, — +0. Integrating both sides of the equality (1), we obtain

/ tOFD/A=1(K £) (t)dt = hxO D/ / k(xt)f(t)dt (x> 0). (11)
0
Forx > 0 and we Re(s) + (Re(X) + 1)/h > 1 we obtain for gx(t)
T (O+1)/hts—1

M)6) = 5 (12)

Since f € £, 5 and gx € £ 5, from (5) we have

/ (0L (K ) () dt = / g (£) (K ) (£t
0 0

L 1o PO T ankpys)
= (2711’)”/ (Mgx ) (s)(MKf)(1 — s)ds = Wl / X i as
— — 400
HV—1+(A+1)/h ] =
(2m)m A+1—(1—v+it)h
Similarly, from (5) and (7) we find
Fx A+ D/R / k(xt)f(t)dt = hx® / W1 k) (t) £ (£)dt
0
o~ 1-Tico
s (3+1)/ B
- / XS (IMK)(s) (M) (1 — s)ds
i)
1-v—ioco
hx? 1+ /h + 4
_ /x‘“(fmk)(l — 4 i) (B — it)dt. (14)
(2m)"
Now we substitute (13) and (14) into (11), and denote by
ity = ROA=TH)  gmiy 1 — 5 ity omf) (7 — it). (15)

A+1—(1-74+it)h
Let x = eY, then we obtain
+00
/ e 'F(t)dt = 0,y € R"™.
According to property (a) of the multidimensional Mellin transform in Lemma 1, 0t € [£ 0,2 L5(R™)],
(0 = (01,09,...,00) € R", 01 = 09 = ... = 0,). We obtain, that multidimensional Mellin transforms
h
A4+1—(1—74it)h
(Mk)(1 — 7 +dt), (Mf) (T — it)

belong to the space L5(R™) (2 = (2, ...,2). From that follows F(t) in (15) belongs to the space Lz(R")
too. Hence, the expression on the left side of (15) also belongs to the space L5(R™). Determining
through (8), taking into account (15), we obtain (9).

(MK f)(1 =7 +it), (Mg, ) (7 — it) =

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.43 No.6 2022



1414 SITNIK et al.

Show that 6 € Loo(R™). From (9) it follows that if f € £ 5, then 6(t)(9Mf)(¥ —it) € L5(R").
According to property (a) of Lemma 1, the Mellin transform (3) maps space £, 5 (11 =15 = ... =
vp) onto space Ly(R™) and, thus, 0(t)d(t) € Ly(R™) for any function ¥(t) € Ly(R™). Therefore 6 €
Loo(R™). This completes the proof of (a) for the case v; > 1 — (Re(A1) +1)/h1,...;vn > 1 — (Re(N\,) +
1)/ hp (11 = ... = vy).

The case, when v; <1 — (Re(A1) +1)/h1,.cc;vn < 1= (Re(Ay) +1)/hy (11 = ... = vy), is proved
similarly after replacing the function g,(t) in (10) by the function h,(t) defined for a = (a1, aq, ..., ay),
a; >0 (j =1,2,...,n), by the formula

0, 0<t<a;

Let us prove the case (b). We suppose that 6 € L(R") and f € £; 5. From Lemma 1 the Mellin
transform maps space £, 5 onto space Lo(R") unitarily, so there is a unique function g € £, _; 5such
that

(Mg)(1 —v+it) = 6(t)(MSf) (v — it).
We define Kby Kf = g. Then (9) is satisfied. Kiis also a linear operator, namely, if f1 € £, 5, f2 € £ 5
(11 =vy=..=wvy)and c; € R", co € R", then
(MK(e1 f1+ 2 f2))(1 =7 +it) = O(t)(M(c1 f1 + ¢2 f2)) (7 — it)
= c1 0(t)(M f1)(F — it) + c20(t) (M f2)(v — it)
=c (Mf)(1 -V +it) + oM f2)(1 =7 +it) = (M (c1K f1 + K f2)) (1 =V +1it),

hence follows K(cy f1 + ¢2 f2) = 1K f1 + c2K fo.

Further, from Lemma 1 it follows that taking as 6*(t) = 6(—t), we obtain

KAl 5,3 = [IDMK fllz = 1070 fllg <107 |oo 19 fllz = [[0lloc]| f1l7,25

where [|0][oo is the norm of § in the space (4). This means that K € [£,5, £, ;5]

Letv; #1—(Re(A1) +1)/h1,...;vn #1—(Re(A,) +1)/hy (v1 = ... = vy, and let the function k(t)
be defined by (8). Then, based on property (¢) of the Lemma 1, we obtain thatk € £,_ 5, since ﬁ €
Loo(R™) fora constant vectorw = (ug, ..., u1) (u1 # 0, ...,up, # 0). Iy <1—(Re(A1)+1)/h1,...;vn <
1 — (Re(A\,) +1)/hy, (v1 = ... = vy,) and the function hg(t) is given by (16), then

_hix(AF1)/hts—1
(Mh)(s) = = (17)
A+1—-h(1-s)
From (16), (5), (17),(9), (8), and (6), if x > 0, similarly to (13), we obtain
[e'¢) 00 v41i00
S/E 1
/ tOHD/A=1(K ) (8)dt = / ha(8) (K ) (t)dt = G / (Mhy)(s) (MK [f)(1 — s)ds
x 0 U—100

+oo .~ = .
1 / _hx()\+1)/h+u+zt—1(me)(1 T it)

(2m)n A+1—(1-7—it)h

—0o0

dt

— o~ - _ “+00
_ —hx(/e / it OO +it)
(2m)" A+1—(1—7—it)h
—hx(A+1D)/htr-1 +

- / (IR (1 — 7 — i) (M F) (7 + it)db

—0o0
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= a1 /R 1—v+ico
—hx(A+1)/h+7-1 B
N X(Zm’)” / X!V (s) (M) (1 — s)ds
1-v—1i00
— Y — 1—v+ioco
_hx(A D)/
=G / (MW 15k ) () (M) (1 — s)ds
1—-v—ico
xR T R
BT / (Mk(xt))(s)(Mf)(1 —s)ds = —hx()‘*'l)/h/k(xt)f(t)dt‘
1-v—ico 5

Differentiating the left and right sides of the last equality, we obtain (1). Similarly, for the case
vi >1—(Re(A1) +1)/h1, .oy > 1 — (Re(An) +1)/hy, (11 = ... = v,) formula (12) for the function
ga(t) in (10)is used.

Prove (¢). Let 6 # 0 almost everywhere. Then if f € £, 5 and Kf =0, it follows from (9) that
O(t)(Mf)(7 —it) = 0 almost everywhere, hence (M f)(7 — it) = 0 almost everywhere. This implies
that f(t) = 0 almost everywhere,which means that transformation Kf is one-to-one.We suppose that
1/6 € Loo(R™). Based on statement (b) of the Theorem 1, there is a transformation T € [£, 3, £, 5]

such thatifg € £,_; 5, then
N _
(MTg)(v+it) = m(f)ﬁg)(l — v —it)
almost everywhere. Based on (9), we have
MMKTg)(1-7+it) = 0(t)MTg)(T —it) = (Mg)(1 — 7 —it).
Thus, forany function g € £,_; 5, the identity KT g = g holds, and therefore K maps the space £, 5 onto
space £;_; 3.

Further, if the functions f € £,5 and g € £,_; 5, then from (5) and (9) we finally obtain

0 U+ioco
1
0/ f(x)(Kg)(x)dx = ( 27”,)”7_2/00 (M) (s)(MKg)(1 — s)ds
1 +o00
= @ / (M) (7 + it) (MK g) (1 — 7 — it)dt
1 e
= @ /(smf)(ﬂz‘t)e(—t)(img)(ﬁﬂt)dt
e
— Gy [ D@ = it)0(6) (g) 5 — i
+00 -
1 o o
T @2n)n / (MKf)(L =7 +it)(Mg)(1 — (1 —v +it))dt
1 1—_;—7-7,00 0o
o [ RO s = [ KDk
1-v—i0c0 0

This proves Theorem 1.

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.43 No.6 2022



1416 SITNIK et al.

—_—

10.
1.
12.

13.

14.
15.
16.
17.
18.
19.

20.
21.

22.

REFERENCES

. S. G. Samko, A. A. Kilbas, and O. 1. Marichev, Fractional Integrals and Derivatives: Theory and

Applications (Gordon and Breach Science, London, 1993).

. A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and Applications of Fractional Differential

Equations (Elsevier, Amsterdam, 2006).

S. M. Sitnik and O. V. Skoromnik, “One-dimensional and multi-dimensional integral transforms of
Buschman—Erdelyi type with Legendre Functions in kernels,” in Transmutation Operators and Appli-
cations. Trends in Mathematics (2020), pp. 293—319.

V. V. Katrakhov and S. M. Sitnik, “A boundary-value problem for the steady-state Schrodinger equation with
a singular potential,” Sov. Math. Dokl. 30, 468—470 (1984).

S. M. Sitnik, “Factorization and estimates of the norms of Buschman-Erdelyi operators in weighted
Lebesgue spaces,” Sov. Math. Dokl. 44, 641—646 (1992).

V. V. Katrakhov and S. M. Sitnik, “Composition method for constructing B-elliptic, B-hyperbolic, and B-
parabolic transformation operators,” Russ. Acad. Sci., Dokl. Math. 50, 70—77 (1995).

S. M. Sitnik, “A short survey of recent results on Buschman—Erdelyi transmutations,” J. Inequal. Spec.
Funct. 8, 140—157 (2017).

O. V. Skoromnik, Integral Transforms with Gauss and Legendre Functions as Kernels and Integral
Equations of the First Kind (Polotsk Gos. Univ., Novopolotsk, Belorussia, 2019) [in Russian].

V. V. Katrakhov and S. M. Sitnik, “The transmutation method and boundary-value problems for singular
elliptic equations,” Sovrem. Mat. Fundam. Napravl. 64, 211—426 (2018).

E. L. Shishkina and S. M. Sitnik, Transmutations, Singular and Fractional Differential Equations with
Applications to Mathematical Physics (Elsevier, Amsterdam, 2020).

S. M. Sitnik and E. L. Shishkina, Transmutation Method for Differential Equations with Bessel
Operators (Fizmatlit, Moscow, 2019)[in Russian].

V. V. Kravchenko and S. M. Sitnik, Transmutation Operators and Applications, Trends in Mathematics
(Birkhauser, Springer Nature, Switzerland AG, Basel, 2020).

A. Fitouhi, 1. Jebabli, E. L. Shishkina, and S. M. Sitnik, “Applications of integral transforms composition
method to wave-type singular differential equations and index shift transmutations. Electron,” J. Differ.
Equat. 2018 (130), 1-27 (2018).

Vu Kim Tuan, O. I. Marichev, and S. B. Yakubovich, “On a boundary-value problem for elliptic equations of
the second order at the sphere domain,” Dokl. Akad. Nauk SSSR 286, 786—790 (1986).

O. 1. Marichev, Method Evulation of Integrals of Special Functions (Theory and Formulas Tables)
(Nauka Tekhnika, Minsk, 1978)[in Russian].

A. A. Kilbas and M. Saigo, H-Transforms. Theory and Applications (Chapman and Hall, Boca Raton,
2004).

Yu. A. Brychkov, H.-Y. Glaeske, A. P. Prudnikov, and Vu Kim Tuan, Multidimensional Integral Transfor-
mations (Gordon and Breach, Philadelphia, 1992).

S. M. Nikolski, Approximation of Functions of Many Variables and Embedding Theorems (Nauka,
Moscow, 1975)[in Russian].

P. G. Rooney, “On integral transformations with G-function kernels,” Proc. R. Soc. Edinburgh, Sect. A 93,
265—297 (1982—1983).

P. G. Rooney, “On the range of the integral transformation,” Canad. Math. Bul. 37, 545—548 (1994).

P. G. Rooney, “On the representation of functions by the Hankel and some related transformations,” Proc. R.
Soc. Edinburgh, Sect. A 125, 449—463 (1995).

S. M. Sitnik, “Refinements and generalizations of classical inequalities,” Issled. Mat. Anal., Ser.. Mat.
Forum 3, 221266 (2009).

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.43 No.6 2022



