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Abstract—A certain conjugation problem for an elliptic pseudo-differential equation in a plane
sector is studied in Sobolev—Slobodetskii spaces. Using wave factorization for an elliptic symbol
with concrete index we consider Dirichlet and Neumann conditions on sector sides. It permits
to reduce the considered boundary value problem to a system of one-dimensional linear integral
equations. For a special case it is possible further to reduce the mentioned system to a system of
linear algebraic equations with respect to 8 unknown functions.
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1. INTRODUCTION

The history of pseudo-differential equations is not so long since the term “pseudo-differential
operator” has appeared in 60th last century. Now we have a lot of results which are related to such
operators and equations [l —4, 7]. These studies are related as a rule to two main problems: boundedness
of pseudo-differential operators in different functional spaces and a solvability of corresponding pseudo-
differential equations. The second problem is more actual since such equations and related boundary
value problems arise in many physical studies.

A theory of boundary value problems for elliptic pseudo-differential equation on manifolds with a
smooth boundary was constructed in papers of M. 1. Vishik and G. 1. Eskin [7]. Unfortunately, it is not
applicable for situations of manifolds with a non-smooth boundary. New approaches [5, 6, 12, 15] have
appeared for studying equations in non-smooth situations from different points of view and all methods
are concentrated around studying model operators near singular points. One of such approaches was
developed by the first author, and it is based on a special factorization of an elliptic symbol [15]. This
method was used in different situations related to boundary value problems for elliptic pseud-differential
equations in canonical non-smooth domains [ 18—20].

In this paper we use this method for studying one conjugation problem. The problem is a generaliza-
tion (in some sense) of classical Riemann boundary value problem for analytic functions [9, 10]. Such
problems were considered in some papers [12, 13] but the authors have considered partial differential
equations only.
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1.1. Pseudo-Differential Equations and a Conjugation Problem
We consider the following problem in Sobolev—Slobodetskii spaces H?® [7]: find the function

o) — ug(z), zelq,
Ul )_{u_(a:), mER;\C“,

such that uy € H*(C%),v_ € H*(R?\ C4) satisfying the equations

{(Au+)(a:):O, z e, ()
2
(Au_)(z) =0, =zeR*\CY,

where C¢ = {z € R?: x5 > a|z1], a > 0}, I = 0C%, A is elliptic pseudo differential operators with
symbol A(§) satisfying the condition

a1 <A+ €))7 < ca. (2)

The condition (2) means strong ellipticity of the operator A, bit it is not enough for a solvability of
equations (1) [7, 15]. We need to describe solvability conditions and possible boundary conditions to
guarantee a unique solvability of boundary value problem in a certain Sobolev—Slobodetskii space.

Such problem was first considered in [16] and it was reduced to a system of linear integral equations.
The authors have considered special additional conditions and homogeneous symbols to reduce the latter
system of linear integral equations to a system of linear algebraic equations [17]. Here we develop and
refine the results [16] for homogeneous symbols applying the Mellin transform [11] to obtained system
of linear integral equations.

We remind here some definitions related to functional spaces and operators under consideration.
The space H*(R?) is a Hilbert space with the norm

1/2
£l = /\f 1+£28d§) ,

where f denotes the Fourier transform f(¢) = [ e"®8f(x)dz. If D C R? is a domain then H*(D) is a
R2

subspace of H*(R?) consisting of functions with supports in D.

Let A(€) be a measurable function defined in R?. A pseudo-differential operator A with the symbol
A(€) defined in a domain D is called the following operator

(Au)(z) = / eTEAE)u(E)dE, x € D.

RQ

1.2. Wave Factorization of an Elliptic Symbol and a General Solution

We need some new objects related to complex analysis

The symbol C’a denotes a conjugate cone for C'¢: C’a {r € R?: 2 = (21,22),am2 > |11|}, C¢ =
-C¢, T(CY) denotes radial tube domain over the cone C%, i.e. domain in a complex space C? of the
type R2 +iC¢ [8].

To describe the solvability picture for the equations (1) we will introduce the following

Definition 1. Wave factorization for the symbol A(§) with respect to the cone C¢ is called its repre-
sentation in the form A(§) = A.(§)A—(), where the factors A(§), A—(§) must satisfy the following
conditions:

1) AL(€), A= (&) are defined for all admissible values & € R?, without may be, the points {¢ € R? :

& =ad’$}
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2) A4(§), A—(§) admit an analytical continuation into radial tube domains T(éﬁi), T(C@) respecti-
vely with estimates

[AZNE+ir)| < et(L+ [€] + [7)7,

| AL (€ —i7)| < co(1 + [€] + |7))E@®), vr eCe.

The number & € R is called an index of wave factorization for the symbol A(&).

From this point everywhere below we assume that the wave factorization exists and consider
the case e — s =1+ 6,|0| < 1/2 and for simplicity we put a = 1.
Then according to the theory [15] general solutions of equations (1) take the following form

a1 (€) = A2'(6) (f0(& — &) + dol&1 + &) (3)
(&) = AZNE) (Fo(&1 — &) + qo(&1 + &2)) (4)

where ¢y, dy, 70, qo are arbitrary functions of one variable, ¢y, dy € H**(R4), 10,90 € H*(R_), so =
s—ee+1/2.

2. BOUNDARY CONDITIONS AND INTEGRAL EQUATIONS

We have four unknown functions arbitrary functions ¢g, dy, 79, go from corresponding Sobolev—
Slobodetskii spaces. We will choose additional conditions in a special way connecting boundary values
of uy, u_ by linear relations. We change variables

t1:§1_€27
to =81+ &

~ t t1 t9—1t ~
U+(t)=a+<2—|2_1, ”) 1>, U (t) =i

and denote
to+1t1 to— 1t
2 2 ’
<t2 +t to — t1>

ty+ty ta—t
’ 2 72

a7,g(t) = A;,g < 5 1 9 a=(t) = A

Go(&1 — &) =C(t), do(ér +&) = Dl(ta), 7o(&1 — &) =R(t1), Go(&1+ &)= Q(ta).

Further, we rewrite equations (3), (4) in the following form
Up(t) = az'(t) (C(t) + D(ta)),  U—(t) = aZ'(t) (R(t2) + Q(t2)) - (5)

Now we integrate the latter equalities first on ¢, then on ¢2 and obtain the following relations
400 +00 +00

/lL(tl,tg)dtl: /a;l(tl,tQ)C’(tl)dt1+D(t2)/a;l(tl,tg)dtl,
“+00 “+oo “+oo
/IL(tl,tg)dtQ:C(tl)/a;l(tl,tg)dthr /a;l(tl,tg)D(tg)dtg,
+00 +00 “+oo
/ﬁ_(tl,t2)dt1: /a;l(tl,tg)R(tl)dtl—i—Q(tg) / aZt(t1,t2)dty,
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+oo +oo +oo
/ﬁ_(tl,tg)dtng(tl)/a;l(tl,tg)dtg—l—/a;l(tl,tg)Q(tg)dtg.

Let us denote
—+o00 +o0

/ az' (tr,t2)dty = a1 (ta), / az' (t1, t2)dty = as(tr),
400 +o00
/ aZl(ty, t)dt; = by(ta), / aZt(t1,ta)dts = bo(ty).

Now we choose the following boundary conditions for equations (1):

Ouy ou_
6u+‘3ci +wu_|3o$ =W, 1N ( on >‘8Ci + < on >‘8Ci =v, (6)

where 6, w, 1, v are certain complex numbers taking two different values on sides of 9C¢. Simplest
variants of such conditions appear in some applied transmission problems [14].

These given functions p, v are defined on dC¢ only. If we use the above change of variables
transforming the C'¢ onto the first quatrant, it means that we know the values pa(y1), v2(y1) on the
straight line [0, +00) x {0}, and the values 11 (y2), v1(y2) on the straight line {0} x [0, 4+00). Hence, we
know their Fourier transforms fia(t1), #2(t1), f11(t2), 71(t2). Thus, according to the Fourier transform
properties on restriction on a hyper-plane [7]

+00 +o0
u(1,0) = / (6, )G ey, u(0, 20) = / (61, E)c2Ede,

we have the following relations

+oo +oo
91/0+(t1,t2)dt1 +wy / U_(t1,t2)dty = jir(t2),

“+o0 —+oc0
92/0+(t1,t2)dt2 + woy / U_(t1,t2)dty = fig(t1).

8u+ . . 8U+ 8U+ . . .
Further, % * in variables (21, x2) corresponds to oy, » oy, invariables (y1,y2) in dependence on the

corner side

Y1 = x1 + T2,
Y2 = T1 — X2,

hence the Fourier transform for %Zj, %Z; is equal to —i& UL (&1, &2), —i&aUy (€1, &) respectively, and

according to the Fourier transform properties we have the next two relations for the Fourier images:

“+00 “+00
—in / t U (1, t2)dt — i / tU_(t1, t2)dt = D1 (t2),
“+o00 “+00
—iTIQ/t2ﬁ+(t1,t2)dt2—i’m/t20—(t1,t2)dt2=52(t1)-
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Additional notations:

+o0 +00
/ ta' (t1, t2)dts = Ai(ta), / taa ' (t, t2)dty = As(tr),
400 +00
/ traZt(ty, to)dt; = By (ta), / taaZl(t1,to)dty = By(ty),

and we have the following relations

+oo +o0o

/t1(~]+(t1,t2)dt1: /tla;l(tl,tQ)C(tl)dtl+D(t2)A1(t2),
+00 +oo
/t2(3’+(t1,t2)dt2:C(tl)Ag(tl)Jr/tga;l(tl,tg)D(tg)dtg,
—+o00 —+o00

/tlﬁ_(tl,tg)dtl = /tla;l(tl,tg)R(tl)dtl+Q(t2)Bl(t2),
o0 “+o00

/tgﬁ_(tl,tg)dtg = R(t1)Ba(t1) + / toaZt(t1,t2)Q(t2)dts,

and we obtain the the following 4 x 4-system of linear integral equations of second kind with respect to
unknown functions C, D, R, ) of one variable
(

—+00
01 f a;l(tl,tg)C(tl)dtl—|—91D(t2)a1(t2)

eor [ azt (b, ) Rt )ty + w1 Q(ta)by (t2) = fn(t2).

—00

“+oo
920(t1)&2(t1)+92 f a;l(tl,tQ)D(tQ)dtQ

+o0o
+waR(t1)ba(t1) + wo [ aZl(t1,t2)Q(t2)dts = fia(ty),
“+oo o (7)
m [ tiaZ (1, t2)C(6)dby + mD(ta) Ai(t2)

+o0o
+v1 [ tiaZl(ty, to) R(t)dty + 1 Q(t2) Bi(t2) = itn (t2),

—0o0

+o00
mC(t)Aa(tr) +m2 [ taal'(t1,t2)D(ta)dty

+o00
+72R(t1)Ba(t1) + 72 [ taaZl(t1,t2)Q(t2)dty = ita(ty).

—00

Indeed, we have proved the following

Theorem 1. Let i, v be given functions from spaces H~Y/2(R), H*=3/2(R) respectively, and p;,
vj, j = 1,2, be their restrictions on H*~'/?(Ry.), H*~3/?(Ry.) respectively. Then the conjugation
problem (1), (7) has unique solution u., u_ if and only if the system of linear integral
equations (8) has unique solution C, D, R,Q € H*~=tV/2(R).
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3. HOMOGENEOUS SYMBOLS AND THE MELLIN TRANSFORM

Lemma 1. Let the [actors A.(§), A—(§) ore homogeneous [unctions of order & and o — &
respectively. Then the functions ay(ts—g), bi(ts—k), Ax(ts—x), Bx(ts—r), k = 1,2, are homogeneous
functions of orders 1 — &, 1 —a+ &, 2 — &, 2 — a + @&, respectively.

A simple proof for the Lemma 1 is obtained by direct calculations and be found in[17].

Theorem 2. Let & = /2 and the [actors A4(), A—(§) ore homogeneous [unctions of order
a/2 and differentiable out of an origin, b;j(t3—;) # 0, Bj(ts—;) #0, j = 1,2, Vt1,ta # 0. Then the
system (7) is equivalent to a certain system of linear algebraic equations.

Proof. Indeed, we divide two sides of the first equation from (7) by by (1), and the second one by
b1 (t2). Further, we divide two sides of the third equation from (7) by Ba(t1), and the fourth one by
Bj(t2). Thus, we a new system in which we have the following factors and kernels of integral equations

ak(ts—i)by H(ta—k), Ak(ts—r) By (ts—k),
at(ty, )by H(ts—y), traZl(t1,t2)B; t(ts_p)
£ 1, 12)0% 3—k)» k # U1, 12) D 3—k)s

aZl(t1,t2)by H(ta—k), traZ'(t1,t2) By (ta—k), k =1,2.

According to Lemma 1 the factors ag, br and Ay, By have the same order of homogeneity, so that
the functions ak(tg_k)blzl(tg_k), Ak(tg_k)Bk_l(tg_k), are homogeneous of order 0. It means that these
functions take only two values depending on sign of the variable. We will denote these values by lx1, lx2
and Ly, Ly for positive and negative values of a variable.

Now let us consider the kernels of integral operators. It is essential that the kernels are homo-
geneous of order —1. We will verify one of them, for example tka;l(tl,tg)B,;l(tg_k). Let us denote

tla;l(tl, tQ)Bl_l(tQ) = K(t1,t2). Then we have
K (X1, M) = Atra (M1, Ab2) By (M) = N ™%ta (8, t2) A2 By H(ta) = A1 K (4, 1),

since ax(t1,t2) is homogeneous of order a, and Bj(t2) is homogeneous of order 2 — & according to
Lemma 1.

To rewrite the system (7) we introduce new notations in the following way. Let us denote

k(t1,t2) = aZ' (t, )by (t2),  mty,ta) = aZ' (t1, 12)by ' (ta),
n(ty,t2) = a;l(tlat2)bz_l(t1)a p(t1,ta) = aZl(t1,t2)by  (t1),
K(t1,t2) = traz' (t1,t2) By (t2),  M(t1,t2) = traZ' (tr, t2) By ' (t2),

N(t1,ts) = taaZ ' (t1,t2) By ' (1),  P(ti,ta) = t2aZ' (t1,t2) By ' (),

and then we construct the following kernels defined in the first quadrant. We put forall £1,t2 > 0
ki1(t1,t2) = k(t1,t2);  kia(ty, te) = k(t1, —t2),
ko1 (t1,ta) = k(—t1,t2), koalty,t2) = k(—t1, —t2),
and analogously we introduce m;, nij, pij, Kij, Mij, Nij, Pij, 1,5 = 1.2.
Further, we introduce new unknown functions for ¢1, to > 0 as follows
Ci(t1) = C(t1), Ca(t1) =C(—t1), Ri(t1) = R(t1), Ra(t1) = R(—t1),
and similarly

Di(t2) = D(t2), Da(tz2) = D(—t2), Qi(t2) =Q(t2), Q2(t2) = Q(—t2).
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Thus, using these notations we can rewrite the system (7) in the following way

“+00 “+00
01 [ kii(ti,t2)Ci(t1)dty + 61 [ koi(t1,t2)Co(t1)dty + 61111 D1 (t2)
0 0
+o00 “+o00
Hwi [ mai(tr, t2)Ri(t)dts +wi [ mar(tr, t2)Ro(t1)dts + wi1Q1(t2) = firn(t2),
0 0
400 —+o0
01 [ kia(t1,t2)Ci(t)dts + 61 [ kao(ti, t2)Ca(ty)dty + 01112Da(t2)
0 0
“+00

+o00o
wi [ mag(ti, to)Ri(t)dts +wi [ maa(ty, ta)Ra(t1)dts + wi1Qa(t2) = fira(t2),
0 0

—+o00 —+o00

02C1(t1)lo1 + 02 [ nui(ti,ta)Di(ta)dts + 62 [ noi(ti, ta)Da(t2)dts
0 0
“+o00

“+oo
+waRi(t1) + w2 [ pri(ti,t2)Qu(t2)dts +wa [ pai(ti,t2)Qa(t2)dts = fig1(t1),
0 0

—+00 “+00

02Ca(t1)la2 + 02 [ nia(ty,ta)Di(t2)dts + 62 [ naa(ty,ta)Da(t2)dts
0 0

“+o00 “+00
FwoRs(t1) +wa [ pra(ti,t2)Q1(te)dts +wa [ pos(ti,ta)Qa(te)dts = fioa(t1),
0 0

+oo +oo (8)

m [ Ku(t,t2)Ci(t)dts +m [ Koi(t1,t2)Ca(t1)dts + mDi(t2) L
0 0
+oo —+00

+m Of My (t1,t2) Ra(t)dts +m bf Moy (1, t2) Ra(th)dts + 11 Q1(t2) = v (ta),
m +({OOK12(t1,t2)Cl(t1)dt1 +m +({OOK22(t1,t2)02(t1)dt1 +mDa(t2) L1z

+71 TOM12(t1,t2)R1(t1)dt1 +m +({OOM22(751,752)R2(751)dt1 +711Qa2(t2) = P12(t2),
m2C1(t1)L21 + 12 +bfooN11(t1,t2)D1(t2)dt2 + 2 +6fOON21(t1,t2)D2(t2)dt2
+y2 R (1) + 72 +6fOOP11(t1, t2)Q1(t2)dt2 + 2 +bfoop21(t1, t2)Q2(t2)dts = o1 (t1),
m2C2(t1) Lag + 12 +({OON12(751, t2) D1 (t2)dta + n2 +({OON22(751, t2) Da(t2)dts
+y2Ra(t1) + 72 +({OOP12(751, t2)Q1(t2)dt2 + 2 +({OOP22(751, t2)Qa(t2)dtz = Daa(t1),

where right hand sides are defined as follows for all ¢; > 0, to > 0;

fiji(ts—;) = {ﬂj(tg_j)bj_l(%—j)a k=1,
]_ (

ij(—ts—j)b; H(—ts—;), k=2,

Hj i

j=1,2.

5 iv;i(ts—;) B (ts—;), k=1,
yjk@g_j):{ 3(t3-3)B; (5-)

ivj(—t3—j)B; (—t3—j), k=2,

Since all kernels of integral operators are homogeneous of order —1 it is convenient to use the Mellin
transform [11]. Since we suppose the factors A, A— are differentiable, then the Mellin transform is
applicable. The functions under the integral can be assumed to be smooth enough, taking into account
further approximation in H*-spaces. Using well known properties of the Mellin transform we obtain the
following (8 x 8)-system of linear algebraic equations with respect to unknown functions Cy, Dy, Ry,
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Qr, k=1,2,
(61F11(A\)CL(N) + O1kay (V) Ca (A
(A + wlmgl( )
+ 01kga (M) Ca (A
(A) 4+ wimga(N)
faii11 (M) D1 (A
+waR1 () + wap11(N) Q1 (A
9212202()\) + 927112()\)D1 (A
+waRo () + wap12(\)Q1 (A

+ 01111 D1 ()

2(A) + wi1Q1 (

+ 0 llng()\)

2(N) + wi1Q2(A) = fua(N),
+ 097191 (\) Da(N)

+ wapa1 (N Qa2 () = fia1 (M),

+ 927122()\)1)2()\)

+ w222 (A )Q2(A) = fiz2(N),

A) = fa(A),

:U>\_/ :U>v

\_/\_/vv

. (9)
mE1ANCL(A) + mKar (V) 2(>\) +m L Di(A
7 Min (A Ri(A) +71 Mo (A) (N +1Q1(N) = 1 (N),
N K12(AN)C1(A) + 01 K22(N) 2()\) + 11 L12Da(N)
71 Mi2(AN) Ri(A) + 71 Moz (A R2 () +71Q2(A) = 12(A),
N2La1C1(A) 4+ 12 N11 (M) D1 (N) + 12 Nay (A) Do (A
+72R1(A) + 12 P (M) Q1(N) 4+ 72 Por (M) Q2(N) = 91 (N),
ngLQQCQ()\) + 772N12()\)D1 ()\) + 772N22()\)D2()\
+y2Ra(N) + 72 Pia(N)Q1(N) + 12 Paa(N)Qa(N) = aa(N)
Let us introduce a (8 x 8)-matrix of the system (9)
Orkii(N) Orkar(N)  O1l1 0 wimi1(A) witor () wy 0
91];712()\) 91];722()\) 0 91112 wl"ﬁllg()\) wl”ﬁlgg()\) 0 w1
2121 0 Oani1(A)  Oanrar(N) wo 0 wap11(A) wapar(A)
A = 0 O2laa  Oaf1a(N) O2nia2(N) 0 we  wapra(A) wapae(N)
mKi1(\) mEKa(N)  mLi 0 V1M1 (A) y1 Mz () 71 0
mKi12(\) 61K (\) 0 mLiy Y1 Mia(N) v Mag(N) 0 "
n2Loy 0 N2 N11(A) 72 Nag () V2 0 Y2 Pi1(\) 2P ()
0 meLas  1aNi2(A\) 1aNaz(N) 0 V2 Y2Pia(N) 72 Pa2 ()
The system (9) with the matrix A()\) is the required system of linear algebraic equations. O

Remark. Let us note that if we deal with integrals

+o0o +o0o
/ K (2, y)u(y)dy, / K (2, y)u(z)dz
0 0

then we use different kernel for the Mellin transform, namely K (x, 1), K(1,y), respectively.

4. THE SOLVABILITY CONDITION
Theorem 3. Under assumptions of Theorem 2 the condition

infldet A(N)] >0, RA=1/2 (10)

is necessary and sufficient for a unique solvability of the problem (1), (6).

Proof. Indeed, the Theorem 2 permits to reduce the system (8) to the system (9). The condition (10)
is a necessary and sufficient condition for the unique solvability of such systems and the applicability of
the inverse Mellin transform. O

A priori estimates for a solution of the problem (1), (6) can be obtained by the methods described
in[15]. We will give these estimates in next papers.
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Appendix

5. PROPERTIES OF THE MELLIN TRANSFORM

For convenience of a reader we will give here certain facts on the Mellin transform and will show how
it can be applied to special integral equations. The Mellin transform is defined by formula

f(s) = /f(a:)ms_ldx, s =0+,
0

at least for functions f(z) € C§°(R4). The integral converges for all complex s and it is an entire analytic
function. If we change variable z = €!, then the Mellin transform passes into the Fourier transform of
function f(et):

f(s) = / T f(edt, s =0 +iT.

Thus, all properties of the Mellin transform can be obtained from corresponding properties of the
Fourier transform. Particularly, the inversion formula of the Mellin transform for f(x) € C§°(R) has the
following form

1

fa@)=

/ f(s)t™%dr, s=o+ir.

Parceval equality for Mellin transform

400 oo
/ PP = / ff ar. s=otin
/ S

particularly, for o = 1/2 we have

+00 1 +oo R 5
/\f(t)|2dt:27r/ f)| dr. s=12+ir
0 —00

or, in other words,

too 1/2+i00
2 1 Nk
[irpa= o [ o] s
i
0 1/2—ico
meaning the right integral as
1/2+iy
L2
lim ‘f(s)‘ ds
Y—00
1/2—iy

[f we have the integral

—+00
/ K(tl, tQ)U(tl)dtQ,
0
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in which the kernel K(t1,t2) is a homogeneous function of order —1, then after applying the Mellin
transform we obtain the following expression

+00 +00
/ A / K(t, to)u(ty)dty | dty.
0 0
The change of variable in the inner integral t; = x5 leads to the following integral
+00 +00
/ ty~ta / to K (wto, to)u(ts)dt, | da,
0 0

and after rearrangements of integrals we obtain the following product

—+o0 “+o00
/ to~ Yu(ts)dts / 2 TK (2, 1)de = (N K (N),
0 0

where 4 denotes the Mellin transform of w.

6. CONCLUSION
We consider here one of simple case of conjugation problems since we have assumed the restriction

n + 1. more complicated case for arbitrary n € N can be considered in the same way, and we will try to
demonstrate it in forthcoming papers.

W=

13.
14.
15.
16.
17.
18.
19.
20.
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