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Abstract In this paper we study fractional powers of the Bessel differential
operator. The fractional powers are defined explicitly in the integral form without
use of integral transforms in its definitions. Some general properties of the fractional
powers of the Bessel differential operator are proved and some are listed. Among
them are different variations of definitions, relations with the Mellin and Hankel
transforms, group property, evaluation of resolvent integral operator in terms of
the Wright or generalized Mittag–Leffler functions. At the end, some topics are
indicated for further study and possible generalizations. Also the aim of the paper
is to attract attention and give references to not widely known results on fractional
powers of the Bessel differential operator. This class of fractional operators is in
close connection with transmutation theory and classic transmutational operators.
We also study connections of Bessel fractional operators with different kinds of
integral transforms.

Keywords Fractional Bessel operator · Hypergeometric function · Hankel
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1 Introduction

We study the differential Bessel operator in the form

Bν := D2 + ν

x
D, ν ≥ 0, D := d

dx
, (1)
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and its fractional powers (Bν)
α, α ∈ R. This operator has essential role in the theory

of differential equations both as a radial part of the Laplace operator and also as
involved in partial differential equations with Bessel operators. Such equations were
called B-elliptic, B-hyperbolic and B-parabolic by I.A. Kipriyanov and intensively
studied by his scientific school and many others researchers, now the term “Laplace–
Bessel equations” is also used. For equations with Bessel operators and related
topics cf. [1–3].

Of course fractional powers of the Bessel operator (1) were studied in many
papers. But in the most of them fractional powers were defined implicitly as a
power function multiplication under Hankel transform. This definition via integral
transforms leads to many restrictions. Just imagine that for the classical Riemann–
Liouville fractional integrals we have to work only with its definitions via Laplace
or Mellin transforms and nothing more without explicit integral representations. If
it would be true, then 99% of classical “Bible” [4] and other books on fractional
calculus would be empty as they mostly use explicit integral definitions! But for
fractional powers of the Bessel operator at most papers implicit definitions via
Hankel transform are still used.

Of course such situation is not natural and in some papers different approaches
to step closer to explicit formulas were studied. Let us mention that in [5] explicit
formulas were derived as compositions of Erdélyi–Kober fractional integrals [4]
on distribution spaces, in this monograph results on fractional powers of Bessel
and related operators are gathered of McBride’s and earlier papers. An important
step was done in [6] in which explicit definitions were derived in terms of the
Gauss hypergeometric functions with different applications to PDE, we also use
basic formulas from [6] in this paper. The most general study was fulfilled by
I. Dimovski and V. Kiryakova [7–10] for the more general class of hyper-Bessel
differential operators related to the Obrechkoff integral transform. They constructed
explicit integral representations of the fractional powers of these operators by using
Meijer G-functions as kernels, and also intensively and successfully used for this
the theory of transmutations. Note that in this and others fields of theoretical and
applied mathematics, the methods of transmutation theory are very useful and
productive and for some problems are even irreplaceable (see e.g. [11]). In [12, 13]
simplified representations for fractional powers of the Bessel operator were derived
with Legendre functions as kernels, and based on them general definitions were
simplified and unified with standard fractional calculus notation as in [4], and
also important generalized Taylor formulas were proved which mix integer powers
of Bessel operators (instead of derivatives in the classical Taylor formula) with
fractional power of the Bessel operator as integral remainder term, cf. also [14, 15].

This class of fractional operators is in close connection with transmutation theory
and classic transmutational operators such as Sonine and Poisson ones [16, 17].
We also study connections of Bessel fractional operators with different kinds of
integral transforms: Hankel, Mellin, Erd’elyi–Kober, Mejer, integral transforms
with Wittaker, Wright, Mittag–Leffler and hypergeometric kernels.
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2 Definitions

2.1 Special Functions and Integral Transforms

In this subsection we give definitions of some special functions. Special functions
enable us to introduce integral transforms connected with these functions such that
a new problem can be attacked within a known framework, usually in the context of
differential equations and their generalizations.

Let start with normalized Bessel functions.
The symbol jα is used for the normalized Bessel function:

jα(t) = 2α�(α + 1)

tα
Jα(t), jα(0) = 1, j ′

α(0) = 0, (2)

where Jα(t) is the Bessel function of the first kind of order α (see [18]):

Jα(x) =
∞∑

m=0

(−1)m

m! �(m + α + 1)

(x

2

)2m+α

.

Function Jα first defined by the mathematician Daniel Bernoulli and then general-
ized by Friedrich Bessel (see [18]).

Using formulas 9.1.27 from [19] we obtain that the function jν(t) is an
eigenfunction of a linear operator Bν :

(Bν)t j ν−1
2

(τ t) = −τ 2j ν−1
2

(τ t). (3)

We also will need some other normalized Bessel functions. Normalized Bessel
functions of the second kind yα is

yα(t) = 2α�(α + 1)

tα
Yα(t), (4)

where Yα is the Bessel functions of the second kind. Function Yα for non-integer α

is related to Jα by:

Yα(x) = Jα(x) cos(απ) − J−α(x)

sin(απ)
.

In the case of integer order n, the function Yn is defined by taking the limit as a
non-integer α tends to n,

Yn(x) = lim
α→n

Yα(x).
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Normalized modified Bessel functions of the first and second kind Iα(x) and
Kα(x) are defined by

iα(t) = 2α�(α + 1)

tα
Iα(t), kα(t) = 2α�(α + 1)

tα
Kα(t), (5)

where modified Bessel functions of the first and second kind Iα(x) and Kα(x) are

Iα(x) = i−αJα(ix) =
∞∑

m=0

1

m!�(m + α + 1)

(x

2

)2m+α

, Kα(x) = π

2

I−α(x) − Iα(x)

sin(απ)
,

when α is not an integer and when α is an integer, then the limit is used.
Next we consider generalized hypergeometric functions which have many

particular special functions as special cases, such as elementary functions, Bessel
functions, and the classical orthogonal polynomials.

A generalized hypergeometric function is defined as a power series

pFq(a1, . . . , ap; b1, . . . , bq; z) =
∞∑

n=0

(a1)n · · · (ap)n

(b1)n · · · (bq)n

zn

n! .

The functions of the form 0F1(; a; z) are called confluent hypergeometric limit
functions and are closely related to Bessel functions Jα and Iα . The relationships
are

Jα(x) = ( x
2 )α

�(α + 1)
0F1

(
; α + 1; − x2

4

)
,

Iα(x) = ( x
2 )α

�(α + 1)
0F1

(
; α + 1; x2

4

)

or

0F1

(
; α + 1; − x2

4

)
= jα(x), 0F1

(
; α + 1; x2

4

)
= iα(x).

Beside we need function 1F2(; a; z). It is known (see [20]) that for α > 0, ξ ≥ 0,
t > 0

t∫

0

(
t2 − u2

)α−1
u1−γ Jγ (uξ)dt = ξγ t2α

2γ+1α�(γ + 1)
1F2

(
1; α + 1, γ + 1; − t2ξ2

4

)
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and for γ < 2, α > 0, ξ ≥ 0, t > 0

t∫

0

(
t2 − u2

)α−1
u1−γ Iγ (uξ)dt = ξγ t2α

2γ+1α�(γ + 1)
1F2

(
1; α + 1, γ + 1; t2ξ2

4

)
.

Next we present Whittaker functions which are appear in kernel of integral
transform connected with fractional Bessel integral.

Whittaker functions Mκ,μ(z) and Wκ,μ(z) are special solutions of Whittaker’s
equation

d2w

dz2
+

(
−1

4
+ κ

z
+ 1/4 − μ2

z2

)
w = 0.

They are modified forms of the of Kummer’s confluent hypergeometric functions
were introduced by Edmund Taylor Whittaker by

Mκ,μ (z) = exp (−z/2) z
μ+ 1

2 M

(
μ − κ + 1

2
, 1 + 2μ; z

)
,

Wκ,μ (z) = exp (−z/2) z
μ+ 1

2 U

(
μ − κ + 1

2
, 1 + 2μ; z

)
, (6)

where

M(a, b, z) =
∞∑

n=0

a(n)zn

b(n)n! = 1F1(a; b; z).

and

U(a, b, z) = �(1 − b)

�(a + 1 − b)
M(a, b, z) + �(b − 1)

�(a)
z1−bM(a + 1 − b, 2 − b, z).

are Kummer’s functions.
The Whittaker functions Mκ,μ(z) and Wκ,μ(z) are the same as those with

opposite values of μ, in other words considered as a function of μ at fixed κ and
z they are even functions. When κ and z are real, the functions give real values for
real and imaginary values of μ.

2.2 Integral Transforms

In this subsection we give definitions of integral transforms which can be used in
dealing with differential equations with fractional Bessel derivatives on semi-axes.
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The Mellin transform of a function f : R+ → C is the function f ∗ defined by

f ∗(s) = Mf (s) =
∞∫

0

xs−1f (x)dx,

where s = σ + iτ ∈ C, provided that the integral exists.
Following to [21] as space of originals we choose the space Pb

a , −∞ < a < b <

∞ which is the linear space of R+ → C functions such that xs−1f (x) ∈ L1(R+)

for every s ∈ {p ∈ C : a ≤ Re p ≤ b}.
If additionally f ∗(c + iτ ) ∈ L1(R) with respect to τ then complex inversion

formula holds:

{
M−1ϕ

}
(x) = f (x) = 1

2πi

c+i∞∫

c−i∞
x−sϕ(s) ds.

For functions f ∈Lν
1(R+) the Hankel transform of order ν−1

2 > − 1
2 is

Fν[f ](ξ) = f̂ (ξ) =
∞∫

0

j ν−1
2

(xξ) f (x)xν dx.

Let f∈Lν
1(R+) and of bounded variation in a neighborhood of a point x of

continuity of f . Then for ν > 0 the inversion formula

F−1
ν [f̂ ](x) = f (x) = 21−ν

�2
(

ν+1
2

)
∞∫

0

j ν−1
2

(xξ) f̂ (ξ)ξν dξ

holds.
For functions f the integral transforms involving Bessel function Kν−1

2
, ν ≥ 1

as kernel is the Meijer transform defined by

Kν[f ](ξ) = F(ξ) =
∞∫

0

k ν−1
2

(xξ) f (x)xν dx.

Let f ∈ Lloc
1 (R+) and f (t) = o

(
tβ− ν

2

)
as t → +0 where β > ν

2 − 2 if ν > 1

and β > −1 if ν = 1. Furthermore let f (t) = O(eat) as t → +∞. Then its Meijer
exists a.e. for Re ξ > a (see [21, p. 94]).

If 0 < ν < 2 and F(ξ) is analytic on the half-plane Ha = {p ∈ C : p ≥ a,
a ≤ 0 and s

ν
2 −1F(ξ) →, |ξ | → +∞, uniformly with respect to arg s then for any
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number c, c > a the inverse transform K−1
ν is

K−1
ν [f̂ ](x) = f (x) = 1

πi

c+i∞∫

c−i∞
f̂ (ξ)i ν−1

2
(xξ)ξνdξ.

Generalized Whittaker transform is

(Wk
ρ,γ f )(x) =

∞∫

0

(xt)ke
x2t2

2 Wρ,γ (x2t2)f (t)dt

with ρ, γ ∈ C and k ∈ R, containing the Whittaker function (6) in the kernel.

2.3 Fractional Bessel Integrals and Derivatives on Semi-axes

In this section we give definition of the fractional Bessel integrals on semi-axes
following to [5, 6, 12, 13, 22, 23].

Definition 1 Let f is integrable by (0,∞) with the weight ρ(x), α > 0. The
integrals

(B−α
ν,0+f )(x)=(IBα

γ,0+ f )(x) = 1

�(2α)

x∫

0

(y

x

)ν
(

x2−y2

2x

)2α−1

2F1

(
α+ν−1

2
, α; 2α; 1−y2

x2

)
f (y)dy (7)

and

(B−α
ν,−f )(x) = (IBα

γ,− f )(x) = 1

�(2α)

∞∫

x

(
y2−x2

2y

)2α−1

2F1

(
α+ ν−1

2
, α; 2α; 1− x2

y2

)
f (y)dy

(8)

are called left-sided fractional Bessel integral and right-sided fractional Bessel
integral on semi-axis [0,∞) of order α, accordingly. In the case of the integral (7)
the weight ρ(x) = x4α+ν and in the case of the integral (7) the weight ρ(x) = x4α.

In Definition 1 function 2F1(a, b; c; z) is the hypergeometric function defined
for |z| < 1 by the power series

2F1(a, b; c; z) =
∞∑

n=0

(a)n(b)n

(c)n

zn

n! .
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For complex argument z with |z| ≥ 1 function 2F1(a, b; c; z) can be analytically
continued along any path in the complex plane that avoids the branch points 1 and
infinity.

Using formula 22 p. 64 from [24] of the form

2F1(a, b; c; z) = (1 − z)−a
2F1

(
a, c − b; c; z

z − 1

)

we can rewrite (7) as

(B−α
ν,0+f )(x) = 1

�(2α)

x∫

0

(
x2−y2

2y

)2α−1

2F1

(
α+ν−1

2
, α; 2α; 1−x2

y2

)
f (y)dy.

(9)

In [12, 13, 15] was shown that formulas (7) and (8) can be simplified using
formula 15.4.7 p. 561 from [19]

2F1(a, b; 2b; z) =

= 22b−1�

(
b + 1

2

)
z

1
2 −b(1 − z)

1
2

(
b−a− 1

2

)

P
1
2 −b

a−b− 1
2

[(
1 − z

2

) 1√
1 − z

]
.

So, we can write for α > 0

(B−α
ν,0+f )(x) =

√
π

22α−1�(α)

x∫

0

(x2 − y2)α− 1
2

(y

x

) ν
2
P

1
2 −α
ν
2 −1

[
1

2

(
x

y
+ y

x

)]
f (y)dy

and

(B−α
ν,−f )(x) =

√
π

22α−1�(α)

∞∫

x

(y2 − x2)α− 1
2

(y

x

) ν
2
P

1
2 −α
ν
2 −1

[
1

2

(
x

y
+ y

x

)]
f (y)dy

where f (x) ∈ L1(0,∞). Here the kernels of the fractional Bessel integrals on
semi-axes are expressed using two-parameter Legendre functions instead of three-
parameter Gauss hypergeometric functions.

Next we give some known facts proved in [22, 23].
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2.3.1 Basic Properties of the Fractional Bessel Integrals on Semi-axes

1. For ν = 0 we have

(B−α
0,0+f )(x) = 1

�(2α)

x∫

0

(x − y)2α−1f (y)dy = (I 2α
0+f )(x), (10)

(B−α
0,− f )(x) = 1

�(2α)

∞∫

x

(y − x)2α−1f (y)dy = (I 2α− f )(x), (11)

where I 2α
0+ is the left-sided Riemann-Liouville fractional integrals (see formula

5.1 on p. 94 in [4]) and I 2α− is the Liouville fractional integral (see formula 5.3
on p. 94 in [4]).

2. When α=1 if lim
x→+0

g(x)=0, lim
x→+0

g′(x)=0 the left-sided fractional Bessel

integral on semi-axis is the left inverse to the differential Bessel operator

(B−1
ν,a+Bνg(x))(x) = g(x)

and when α=1 if lim
x→+∞ g(x)=0, lim

x→+∞ g′(x)=0 the right-sided fractional

Bessel integral B−1
ν,− is the left inverse to the differential Bessel operator

(B−1
ν,−Bνg(x))(x) = g(x).

3. The formula for integration by parts is valid on proper functions:

∞∫

0

f (x)(B−α
ν,0+g)(x)xνdx =

∞∫

0

g(x)(B−α
ν,−f )(x)xνdx. (12)

Definition 2 Let α > 0. The left-sided fractional Bessel derivative and right-
sided fractional Bessel derivative on semi-axis [0,∞) of order α are defined by
the next equalities, accordingly

(Bα
γ,0+f )(x) = (DBα

γ,0+f )(x) = Bn
γ (IBn−α

γ,0+f )(x), n = [α] + 1 (13)

and

(Bα
γ,−f )(x) = (DBα

γ,−f )(x) = Bn
γ (IBn−α

γ,− f )(x), n = [α] + 1. (14)
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In [5] spaces adapted to work with operators of the form Bα
γ,0+ and Bα

γ,−, α ∈ R

were introduced:

Fp =
{
ϕ ∈ C∞(0,∞) : xk dkϕ

dxk
∈ Lp(0,∞) for k = 0, 1, 2, . . .

}
, 1 ≤ p < ∞,

F∞ =
{
ϕ ∈ C∞(0,∞) : xk dkϕ

dxk
→ 0 as x → 0 + and as x → ∞ for k = 0, 1, 2, . . .

}

and

Fp,μ = {
ϕ : x−μϕ(x) ∈ Fp

}
, 1 ≤ p ≤ ∞, μ ∈ C.

We present here two theorems that are special cases of theorems from [5].

Theorem 1 Let α ∈ R. For all p,μ and ν > 0 such that μ 
= 1
p
−2m,

γ 
= 1
p
−μ−2m+1, m=1, 2. . . the operator Bα

γ,0+ is a continuous linear mapping

from Fp,μ into Fp,μ−2α. If also 2α 
= μ− 1
p

+ 2m and γ − 2α 
= 1
p

−μ− 2m+ 1,
m = 1, 2 . . ., then Bα

γ,0+ a homeomorphism from Fp,μ onto Fp,μ−2α with inverse

B−α
γ,0+.

Theorem 2 Let α ∈ R. For all p,μ and γ > 0 such that μ 
= 1
p
−2m + 1,

γ 
= 1
p
−μ−2m, m=1, 2. . . the operator Bα

γ,− is a continuous linear mapping from

Fq,−μ+2α into Fq,μ, where 1
q

= 1 − 1
p

. If also 2α 
= μ − 1
p

+ 2m − 1 and

γ + 2α 
= μ − 1
p

+ 2m, m = 1, 2 . . ., then Bα
γ,− a homeomorphism from Fq,−μ+2α

onto Fq,−μ with inverse B−α
γ,−.

3 Factorisation

Following [6] and [5] we present next results.
Let Re (2η + μ) + 2 > 1/p, and ϕ ∈ Fp,μ. For Re α > 0, we define I

η,α
2 ϕ by

formula

I
η,α
2 ϕ(x) = 2

�(α)
x−2η−2α

x∫

0

(x2 − u2)α−1u2η+1ϕ(u)du. (15)

Let Re (2η − μ) > −1/p, and ϕ ∈ Fp,μ. For Re α > 0, we define K
η,α
2 ϕ by

formula

K
η,α
2 ϕ(x) = 2

�(α)
x2η

∞∫

x

(u2 − x2)α−1u1−2(η+α)ϕ(u)du. (16)
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The definitions are extended to Re α ≤ 0 by means of the formulas

I
η,α
2 ϕ = (η + α + 1)I

η,α+1
2 ϕ + 1

2
I

η,α+1
2 x

dϕ

dx
(17)

and

K
η,α

2 ϕ = (η + α)K
η,α+1
2 ϕ − 1

2
K

η,α+1
2 x

dϕ

dx
. (18)

Theorem 3 The next factorizations of (7) and (8) are valid

(B−α
ν,0+ϕ)(x)= 1

�(2α)

x∫

0

(u

x

)ν
(

x2 − u2

2x

)2α−1

2F1

(
α + ν − 1

2
, α; 2α; 1 − u2

x2

)
ϕ(u)du =

=
(x

2

)2α

I
ν−1

2 ,α

2 I
0,α
2 ϕ, (19)

(B−α
ν,−f )(x) = 1

�(2α)

∞∫

x

(
y2−x2

2y

)2α−1

2F1

(
α+ν−1

2
, α; 2α; 1−x2

y2

)
f (y)dy =

= 2−2αK
1−ν

2 ,α

2 K
0,α
2 x2αϕ (20)

where

I
0,α
2 ϕ(x) = 2

�(α)
x−2α

x∫

0

(x2 − u2)α−1uϕ(u)du,

I
ν−1

2 ,α

2 ϕ(x) = 2

�(α)
x1−ν−2α

x∫

0

(x2 − u2)α−1uνϕ(u)du,

K
0,α
2 ϕ(x) = 2

�(α)

∞∫

x

(u2 − x2)α−1u1−2αϕ(u)du.

K
1−ν

2 ,α

2 ϕ(x) = 2

�(α)
x1−ν

∞∫

x

(u2 − x2)α−1uν−2αϕ(u)du.
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Proof We have

(B−α
ν,0+ϕ)(x) = 1

�(2α)

x∫

0

(u

x

)ν
(

x2 − u2

2x

)2α−1

2F1

(
α + ν − 1

2
, α; 2α; 1 − u2

x2

)
ϕ(u)du =

= 2−2αx2αI
ν−1

2 ,α

2 I
0,α
2 ϕ =

= 21−2αx2α

�(α)
I

ν−1
2 ,α

2 y−2α

y∫

0

(y2 − u2)α−1uϕ(u)du =

= 22−2αx2α

�2(α)
x−ν+1−2α

x∫

0

(x2 − y2)α−1yν−2αdy

y∫

0

(y2 − u2)α−1uϕ(u)du =

= 22−2α

�2(α)
x1−ν

x∫

0

uϕ(u)du

x∫

u

(y2 − u2)α−1(x2 − y2)α−1yν−2αdy.

Let find

x∫

u

(y2 −u2)α−1(x2 − y2)α−1yν−2αdy = {y2 = t} = 1

2

x2∫

u2

(t −u2)α−1(x2 − t )α−1t
ν−1

2 −αdt =

=
√

π�(α)

22α�
(
α + 1

2

)
(
x2 − u2

)2α−1
u−2α+ν−1

2F1

(
α + 1 − ν

2
, α; 2α; 1 − x2

u2

)
.

Using formula

2F1(a, b; c; z) = (1 − z)−a
2F1

(
a, c − b; c; z

z − 1

)

we obtain

2F1

(
α + 1 − ν

2
, α; 2α; 1 − x2

u2

)
= 2F1

(
α, α + 1 − ν

2
; 2α; 1 − x2

u2

)
=

=
(

x2

u2

)−α

2F1

(
α, α + ν − 1

2
; 2α; 1 − u2

x2

)
=

(
x2

u2

)−α

2F1

(
α + ν − 1

2
, α; 2α; 1 − u2

x2

)
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and

x∫

u

(y2 − u2)α−1(x2 − y2)α−1yν−2αdy =

=
√

π�(α)

22α�
(
α + 1

2

)
(
x2 − u2

)2α−1
u−2α+ν−1

(
x2

u2

)−α

2F1

(
α, α + ν − 1

2
; 2α; 1 − u2

x2

)
=

=
√

π�(α)

22α�
(
α + 1

2

)
(
x2 − u2

)2α−1
uν−1x−2α

2F1

(
α, α + ν − 1

2
; 2α; 1 − u2

x2

)
.

Finally

(B−α
ν,0+ϕ)(x) = 22(1−2α)

√
π

�(α)�
(
α + 1

2

) x1−ν−2α

x∫

0

(
x2 − u2

)2α−1
uν

2F1

(
α + ν − 1

2
, α; 2α; 1 − u2

x2

)
ϕ(u)du.

Applying the duplication formula

�(α)�

(
α + 1

2

)
= 21−2α

√
π�(2α)

we obtain

(B−α
ν,0+ϕ)(x)= 21−2α

�(2α)
x1−ν−2α

x∫

0

(
x2 − u2

)2α−1
uν

2F1

(
α + ν − 1

2
, α; 2α; 1 − u2

x2

)
ϕ(u)du =

= 1

�(2α)

x∫

0

(
x2 − u2

2x

)2α−1 (u

x

)ν

2F1

(
α + ν − 1

2
, α; 2α; 1 − u2

x2

)
ϕ(u)du.

which gives (19).
Now we proof (20). We have

B−α
ν,−ϕ = 2−2αK

1−ν
2 ,α

2 K
0,α
2 x2αϕ =

= 21−2α

�(α)
K

1−ν
2 ,α

2

∞∫

y

(u2 − y2)α−1uϕ(u)du =
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= 22−2α

�2(α)
x1−ν

∞∫

x

(y2 − x2)α−1yν−2αdy

∞∫

y

(u2 − y2)α−1uϕ(u)du =

= 22−2α

�2(α)
x1−ν

∞∫

x

uϕ(u)du

u∫

x

(u2 − y2)α−1(y2 − x2)α−1yν−2αdy.

For inner integral we have

u∫

x

(y2 − x2)α−1(u2 − y2)α−1yν−2αdy =

= 1

2

21−2α
√

π�(α)

�
(
α + 1

2

)
(
u2 − x2

)2α−1
xν−1u−2α

2F1

(
α, α + ν − 1

2
; 2α; 1 − x2

u2

)

and

B−α
ν,−ϕ = 21−2α

�2(α)

21−2α
√

π�(α)

�
(
α + 1

2

) x1−ν×

×
∞∫

x

(
u2 − x2

)2α−1
xν−1u−2α

2F1

(
α, α + ν − 1

2
; 2α; 1 − x2

u2

)
uϕ(u)du =

= 21−2α

�(2α)

∞∫

x

(
u2 − x2

)2α−1
u1−2α

2F1

(
α, α + ν − 1

2
; 2α; 1 − x2

u2

)
ϕ(u)du =

= 1

�(2α)

∞∫

x

(
u2 − x2

2u

)2α−1

2F1

(
α + ν − 1

2
, α; 2α; 1 − x2

u2

)
ϕ(u)du.

Which coincides with formula (20).
The proof is complete. ��
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4 Resolvent for Fractional Powers of the Bessel Differential
Operator

We consider resolvents for integral operators at standard setting, cf. [25]. For any
linear operator A on some Banach space � let us consider the equation

(A − λI) g = f ; λ ∈ C; f, g ∈ �, (21)

and its solution as resolvent operator due to the well-known formula from [25]

g = Rλf = (A − λI)−1 f = − (λI − A)−1 f = − 1

λ

(
I − 1

λ
A

)−1

f

= − 1

λ

∞∑

k=0

(
1

λ
A

)k

f = − 1

λ
f − 1

λ

( ∞∑

k=1

Ak

λk
f

)
. (22)

Note that if integral representations are known for all powers Ak , then an integral
representation for the resolvent is readily following from (21), of course if the series
are convergent. In this way it is possible to get resolvent operators for the Riemann–
Liouville fractional integrals, known as the Hille–Tamarkin formula [4] (in fact first
proved by M.M. Dzhrbashyan in [26]), and also for the Erdélyi–Kober fractional
integrals but we omit it here.

Theorem 4 For a resolvent operator of (B−α
ν,−) the next formula is valid

Rλf = − 1

λ
f − 1

λ2

+∞∫

x

f (y)

(
y2 − x2

2y

)2α−1

dy

1∫

0

tα−1(1 − t)α−1

×
(

1 −
(

1 − x2

y2

)
t

)−α− ν−1
2

E(α,α),(α,α)

(
1

λ

(
1

4

t (1 − t)(y2 − x2)2

y2 − (y2 − x2)t

)α
)

dt,

with the Wright or generalized (multi-index) Mittag–Leffler function

E(1/ρi),(μi)(z) =
∞∑

k=0

zk

�(μ1 + k/ρ1) . . . �(μm + k/ρm)
, (23)

cf. [10, 27–32].
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Proof Let us consider

(B−α
ν,− f )(x) = 1

�(2α)

+∞∫

x

(
y2 − x2

2y

)2α−1

2F1

(
α + ν − 1

2
, α; 2α; 1 − x2

y2

)
f (y)dy.

Using the group property or index law, we have

(B−α
ν,− f )k = B−αk

ν,− f.

Then from (22) we obtain

Rλf = − 1

λ
f − 1

λ

( ∞∑

k=1

1

λk
B−αk

ν,− f

)
= − 1

λ
f − 1

λ

( ∞∑

k=1

1

λk�(2αk)

×
+∞∫

x

(
y2 − x2

2y

)2αk−1

2F1

(
αk + ν − 1

2
, αk; 2αk; 1 − x2

y2

)
f (y)dy

)

= − 1

λ
f − 1

λ

⎛

⎝
+∞∫

x

f (y)dy

∞∑

k=1

[
1

λk�(2αk)

(
y2 − x2

2y

)2αk−1

× 2F1

(
αk + ν − 1

2
, αk; 2αk; 1 − x2

y2

)])
.

Using the integral representation for the hypergeometric function for c −a −b > 0:

F(a, b; c; z) = �(c)

�(b)�(c − b)

1∫

0

tb−1(1 − t)c−b−1(1 − tz)−a dt,

we obtain

Rλf = − 1

λ
f − 1

λ

+∞∫

x

f (y)dy

1∫

0

∞∑

k=1

1

λk�2(αk)

(
y2 − x2

2y

)2αk−1

tαk−1(1− t)αk−1

×
(

1 −
(

1 − x2

y2

)
t

)−αk− ν−1
2

dt
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= {k = p+1} = − 1

λ
f − 1

λ

+∞∫

x

f (y)dy

1∫

0

∞∑

p=0

1

λp+1�2(α(p + 1))

(
y2 − x2

2y

)2α(p+1)−1

×tα(p+1)−1(1 − t)α(p+1)−1
(

1 −
(

1 − x2

y2

)
t

)−α(p+1)− ν−1
2

dt

= − 1

λ
f − 1

λ

+∞∫

x

f (y)

(
y2 − x2

2y

)2α−1

dy

1∫

0

tα−1(1−t)α−1
(

1 −
(

1 − x2

y2

)
t

)−α− ν−1
2

×
∞∑

p=0

1

λp+1�2(α(p + 1))

(
y2 − x2

2y

)2αp

tαp(1 − t)αp

(
1 −

(
1 − x2

y2

)
t

)−αp

dt

= − 1

λ
f − 1

λ2

+∞∫

x

f (y)

(
y2 − x2

2y

)2α−1

dy

1∫

0

tα−1(1−t)α−1
(

1 −
(

1 − x2

y2

)
t

)−α− ν−1
2

×
∞∑

p=0

1

�2(α + αp)

[
1

λ

(
1

4

t (1 − t)(y2 − x2)2

y2 − (y2 − x2)t

)α
]p

dt. (24)

The function in (24) is a special case of the Wright generalized hypergeometric
function defined above as (23). So it follows

∞∑

p=0

1

�2(α + αp)

[
1

λ

(
1

4

t (1 − t)(y2 − x2)2

y2 − (y2 − x2)t

)α
]p

= E(α,α),(α,α)

(
1

λ

(
1

4

t (1 − t)(y2 − x2)2

y2 − (y2 − x2)t

)α
)

,

and we finally derive

Rλf = − 1

λ
f − 1

λ2

+∞∫

x

f (y)

(
y2 − x2

2y

)2α−1

dy

1∫

0

tα−1(1 − t)α−1

×
(

1 −
(

1 − x2

y2

)
t

)−α− ν−1
2

E(α,α),(α,α)

(
1

λ

(
1

4

t (1 − t)(y2 − x2)2

y2 − (y2 − x2)t

)α
)

dt.

��
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5 Integral Transforms

Integral transform maps the original space into or onto the image space. Wherein
usually difficult operations in the original space are converted in general into
simple operations in the image space. For example, the Fourier transform converts
a derivative of order n into multiplication by the n power of the variable with some
constant. This is the reason that the Fourier transform is beneficial to use for solution
to differential equations. Since the Hankel transform applied to a Bessel operator
of order n gives multiplication of a Hankel image of a function by the 2n power
of the variable with some constant this transform is used instead of the Fourier
transform when differential equation with the Bessel operator is solved. But the
action of Hankel transform to the fractional Bessel derivatives of order α on semi-
axes gives multiplication of the 2α power of the variable by not a Hankel image
of a function with some constant (see Theorem 7). In this section we collect some
integral transforms which can be used to solve differential equations the fractional
Bessel derivatives on semi-axes.

5.1 The Mellin Transform

Using the following formula 2.21.1.11 from [33, p. 265] of the form

z∫

0

xα−1(z − x)c−1
2F1

(
a, b; c; 1−x

z

)
dx=zc+α−1�

[
c, α, c−a−b+α

c−a + α, c−b+α

]
,

(25)

z > 0, Re c > 0, Re (c − a − b + α) > 0,

we prove next theorems.

Theorem 5 Let α > 0. Mellin transforms of the IBα
ν,− and the IBα

ν,0+ are

MIBα
ν,−f (s) = 1

22α
�

[
s
2 , s

2 − ν−1
2

α + s
2 − ν−1

2 , α + s
2

]
f ∗(2α + s), s > ν − 1, IBα

ν,−f ∈ P b
a ,

(26)

MIBα
ν,0+f (s) = 1

22α
�

[
ν−s+1

2 − α, 1 − s
2 − α

1 − s
2 , ν−s+1

2

]
f ∗(2α+s), 2α+s < 2, IBα

ν,0+f ∈ P b
a .

(27)
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Proof Let start from the definitions

((IBα
ν,−f )(x))∗(s) =

∞∫

0

xs−1(IBα
ν,−f )(x)dx =

= 1

�(2α)

∞∫

0

xs−1dx

+∞∫

x

(
y2 − x2

2y

)2α−1

2F1

(
α + ν − 1

2
, α; 2α; 1 − x2

y2

)
f (y)dy

= 1

�(2α)

∞∫

0

f (y)(2y)1−2αdy

y∫

0

(y2−x2)2α−1
2F1

(
α + ν − 1

2
, α; 2α; 1 − x2

y2

)
xs−1dx.

Using (25) let us find inner integral for s > ν − 1

y∫

0

(y2 − x2)2α−1
2F1

(
α + ν − 1

2
, α; 2α; 1 − x2

y2

)
xs−1dx

= y4α+s−2

2
�

[
2α, s

2 , s
2 − ν−1

2
α + s

2 − ν−1
2 , α + s

2

]
.

We obtain

((IBα
ν,−f )(x))∗(s) = 1

22α
�

[
s
2 , s

2 − ν−1
2

α + s
2 − ν−1

2 , α + s
2

] ∞∫

0

f (y)y2α+s−1dy =

= 1

22α
�

[
s
2 , s

2 − ν−1
2

α + s
2 − ν−1

2 , α + s
2

]
f ∗(2α + s).

Similarly we have

((IBα
ν,0+f )(x))∗(s) =

∞∫

0

xs−1(B−α
ν,0+f )(x)dx =

= 1

�(2α)

∞∫

0

xs−1dx

x∫

0

(y

x

)ν
(

x2−y2

2x

)2α−1

2F1

(
α+ν−1

2
, α; 2α; 1−y2

x2

)
f (y)dy =

= 1

�(2α)

∞∫

0

f (y)yνdy

∞∫

y

(
1

x

)ν (
x2−y2

2x

)2α−1

2F1

(
α+ν−1

2
, α; 2α; 1−y2

x2

)
xs−1dx.
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Let find inner integral

∞∫

y

(
1

x

)ν (
x2−y2

2x

)2α−1

2F1

(
α+ν−1

2
, α; 2α; 1−y2

x2

)
xs−1dx =

= 21−2α

∞∫

y

(
1

x

)2α−s+ν (
x2−y2

)2α−1
2F1

(
α+ν−1

2
, α; 2α; 1−y2

x2

)
dx =

{
1

x
= t

}
=

= 21−2α

1/y∫

0

tν−2α−s
(

1−t2y2
)2α−1

2F1

(
α+ν−1

2
, α; 2α; 1−t2y2

)
dt = {ty = z} =

= 21−2αy2α+s−ν−1

1∫

0

zν−2α−s
(

1−z2
)2α−1

2F1

(
α+ν−1

2
, α; 2α; 1−z2

)
dz = {z2 = s} =

= 1

22α
y2α+s−ν−1

1∫

0

s
ν−s−1

2 −α (1−s)2α−1
2F1

(
α+ν−1

2
, α; 2α; 1−s

)
ds.

Using (25) we get for 2α + s < 2

1∫

0

s
ν−s−1

2 −α (1−s)2α−1
2F1

(
α+ν−1

2
, α; 2α; 1−s

)
ds

= 1

22α
y2α+s−ν−1�

[
2α, ν−s+1

2 − α, 1 − s
2 − α

1 − s
2 , ν−s+1

2

]

and

((B−α
ν,0+f )(x))∗(s) = 1

22α
�

[
ν−s+1

2 − α, 1 − s
2 − α

1 − s
2 , ν−s+1

2

] ∞∫

0

f (y)y2α+s−1dy =

= 1

22α
�

[
ν−s+1

2 − α, 1 − s
2 − α

1 − s
2 , ν−s+1

2

]
f ∗(2α + s).

This complete the proof. ��
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In order to obtain formulas for Mellin transform of fractional Bessel derivatives
on semi-axes we should proof next statement.

Lemma 1 Let Bn
ν f ∈ Pb

a then for n ∈ N

MBn
ν f (s) = 22n�

[
n + 1 − s

2
1−s+ν

2 + n

1 − s
2

1−s+ν
2

]
f ∗(s − 2n). (28)

Proof Using formulas for Mellin transform from [34] we get

Mf ′(s) = (1 − s)Mf (s − 1), M1

x
f (s) = Mf (s − 1),

M1

x
f ′(s) = (Mf ′(t − 1))(s) = (2 − s)Mf (s − 2),

Mf ′′(s) = (2 − s)(1 − s)Mf (s − 2),

MBνf (s) = (2−s)(1−s)f ∗(s−2)+ν(2−s)f ∗(s−2) = (2−s)(1−s+ν)f ∗(s−2).

So

MBνf (s) = (2 − s)(1 − s + ν)f ∗(s − 2). (29)

Applying the formula (29) n times we obtain

MBn
ν f (s) = (2−s)(4−s) . . . (2n−s)(1−s+ν)(3−s+ν) . . . (2n−1−s+ν)f ∗(s−2n).

Since

(2−s)(4−s) . . . (2n−s) = 2n
(

1 − s

2

)(
2 − s

2

)
. . .

(
n − s

2

)
= 2n

(
1 − s

2

)

n
= 2n�

(
n + 1 − s

2

)

�
(
1 − s

2

)

and

(1 − s + ν)(3 − s + ν) . . . (2n − 1 − s + ν)

= 2n

(
1 − s + ν

2

) (
1 − s + ν

2
+ 1

)
. . .

(
1 − s + ν

2
+ n − 1

)
=

= 2n

(
1 − s + ν

2

)

n

=
2n�

(
1−s+ν

2 + n
)

�
(

1−s+ν
2

) ,
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then

MBn
ν f (s) = 22n

�
(
n + 1 − s

2

)
�

(
1−s+ν

2 + n
)

�
(
1 − s

2

)
�

(
1−s+ν

2

) f ∗(s − 2n) =

= 22n�

[
n + 1 − s

2
1−s+ν

2 + n

1 − s
2

1−s+ν
2

]
f ∗(s − 2n).

It completes the proof ��
Theorem 6 Let α > 0, n = [α] + 1. Mellin transforms of the DBα

ν,− and the
DBα

ν,0+ are

MDBα
ν,−f (s) = 22α �

[
s
2 , s

2 − ν−1
2

s
2 − α − ν−1

2 , s
2 − α

]
f ∗(s−2α), s−2n > ν−1, IBn−α

ν,− f ∈ P b
a ,

(30)

MDBα
ν,0+f (s) = 22α�

[
1 − s

2 + α, ν−s+1
2 + α

1 − s
2 , ν−s+1

2

]
f ∗(s−2α), 2α−2n+s < 2, IBn−α

ν,0+f ∈ P b
a .

(31)

Proof Applying (26) and (28) we obtain

((DBα
ν,−f )(x))∗(s) = ((Bn

ν (IBn−α
ν,− f (x))∗(s) =

= 22n�

[
n + 1 − s

2
1−s+ν

2 + n

1 − s
2

1−s+ν
2

]
((IBn−α

ν,− f (x))∗(s − 2n) =

= 22α�

[
n + 1 − s

2
1−s+ν

2 + n

1 − s
2

1−s+ν
2

]
�

[
s
2 − n, s

2 − n − ν−1
2

s
2 − α − ν−1

2 , s
2 − α

]
f ∗(s − 2α).

(32)

Using the formula

�(1 − z)�(z) = π

sin (πz)
, z 
∈ Z

in the numerator we get

�
(

1 + n − s

2

)
�

( s

2
− n

)
= π

sin( s
2 − n)π

= (−1)nπ

sin( s
2 )π

,

�

(
1 − s + ν

2
+ n

)
�

(
s − ν + 1

2
− n

)
= �

(
1 − 1 − s + ν

2
− n

)
�

(
1 − s + ν

2
+ n

)
=

= π

sin( 1−s+ν
2 + n)π

= (−1)nπ

sin( 1−s+ν
2 )π

.
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So

(−1)nπ

�
(

1−s+ν
2

)
sin( 1−s+ν

2 )π
= (−1)n�

(
1 + s − ν

2

)
,

(−1)nπ

�
(
1 − s

2

)
sin( s

2 )π
= (−1)n�

( s

2

)
.

Substituting the found expressions in (32) we obtain (30).
Similarly, using (27) and (28) we

((DBα
ν,0+f )(x))∗(s) = ((Bn

ν (IBn−α
ν,0+f (x))∗(s) =

= 22n�

[
n + 1 − s

2
1−s+ν

2 + n

1 − s
2

1−s+ν
2

]
((IBn−α

ν,0+f (x))∗(s − 2n) =

= 22α�

[
n + 1 − s

2
1−s+ν

2 + n

1 − s
2

1−s+ν
2

]
�

[
1 − s

2 + α, ν−s+1
2 + α

1 − s
2 + n, ν−s+1

2 + n

]
f ∗(s − 2α) =

= 22α�

[
1 − s

2 + α, ν−s
2 + α

1 − s
2 , ν−s+1

2

]
f ∗(s − 2α).

��

5.2 The Hankel Transform

Theorem 7 Let B−α
ν,0+ϕ,B−α

ν,−ϕ∈Lν
1(R+), then

Fν[(B−α
ν,0+ϕ)(x)](ξ) = ξ−2α

∞∫

0

ϕ(t)
[
cos(απ)j ν−1

2
(ξ t) − sin(απ)y ν−1

2
(ξ t)

]
tνdt,

4α − 2 < ν < 4 − 2α, (33)

Fν [(B−α
ν,−ϕ)](ξ) = ξ−2α

∞∫

0

j1
ν−1

2 ,α
(tξ)ϕ(t)tνdt, (34)
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where

j1
ν−1

2 ,α
(tξ) =

2
ν−1

2 �
(

ν+1
2

)

(tξ)
ν−1

2

J 1
ν−1

2 ,α
(tξ),

J 1
ν−1

2 ,α
(tξ) =

∞∑

n=0

(−1)n

�(α + n + 1)�
(

ν+1
2 + α + n

)
(

tξ

2

)2n+ ν−1
2 +2α

.

Proof Using factorization formula (19) and denoting g(x) = I
0,α
2 ϕ(x) we obtain

Fν[(B−α
ν,0+ϕ)(x)](ξ) =

∞∫

0

j ν−1
2

(xξ) (B−α
ν,0+ϕ)(x)xν dx =

= 1

22α

∞∫

0

j ν−1
2

(xξ) I
ν−1

2 ,α

2 I
0,α
2 ϕ(x)x2α+ν dx = 1

22α

∞∫

0

j ν−1
2

(xξ) I
ν−1

2 ,α

2 g(x)x2α+ν dx =

= 1

22α−1�(α)

∞∫

0

j ν−1
2

(xξ) x dx

x∫

0

(x2 − u2)α−1uνg(u)du =

= 1

22α−1�(α)

∞∫

0

uνg(u)du

∞∫

u

(x2 − u2)α−1j ν−1
2

(xξ) x dx.

Let consider inner integral

∞∫

u

(x2−u2)α−1j ν−1
2

(xξ) x dx =
2

ν−1
2 �

(
ν+1

2

)

ξ
ν−1

2

∞∫

u

(x2−u2)α−1J ν−1
2

(xξ) x1− ν−1
2 dx.

Using the formula 2.12.4.17 from [20] of the form

∞∫

a

x1−ρ(x2 − a2)β−1Jρ(cx)dx = 2β−1aβ−ρc−β�(β)Jρ−β(ac),

a, c, β > 0; (2β − ρ) < 3/2
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we obtain for 4α − ν < 2

∞∫

u

(x2 − u2)α−1J ν−1
2

(xξ) x1− ν−1
2 dx = 2α−1uα− ν−1

2 ξ−α�(α)J ν−1
2 −α

(uξ)

and

Fν[(B−α
ν,0+ϕ)(x)](ξ) =

2
ν−1

2 −α�
(

ν+1
2

)

ξ
ν−1

2 +α

∞∫

0

uα+ ν+1
2 J ν−1

2 −α(uξ)g(u)du =

=
2

ν+1
2 −α�

(
ν+1

2

)

�(α)ξ
ν−1

2 +α

∞∫

0

u
ν+1

2 −αJ ν−1
2 −α

(uξ)du

u∫

0

(u2 − y2)α−1yϕ(y)dy =

=
2

ν+1
2 −α�

(
ν+1

2

)

�(α)ξ
ν−1

2 +α

∞∫

0

yϕ(y)dy

∞∫

y

(u2 − y2)α−1u
ν+1

2 −αJ ν−1
2 −α

(uξ)du.

Let calculate inner integral using the formula 2.12.4.17 from [20] of the form

∞∫

a

x1+ρ(x2−a2)β−1Jρ(cx)dx = 2β−1aβ+ρc−β�(β)[cos(βπ)Jρ+β(ac)−sin(βπ)Yρ+β(ac)],

a, c, β > 0; (2β + ρ) < 3/2

we obtain

∞∫

y

(u2−y2)α−1u
ν+1

2 −αJ ν−1
2 −α

(uξ)du=2α−1y
ν−1

2 ξ−α�(α)[cos(απ)J ν−1
2

(ξy)−sin(απ)Y ν−1
2

(ξy)]

for 2α + ν < 4 and

Fν[(B−α
ν,0+ϕ)(x)](ξ) =

=
2

ν−1
2 �

(
ν+1

2

)

ξ
ν−1

2 +2α

∞∫

0

y
ν+1

2 ϕ(y)[cos(απ)J ν−1
2

(ξy) − sin(απ)Yν−1
2

(ξy)]dy =

= ξ−2α

∞∫

0

ϕ(t)
[
cos(απ)j ν−1

2
(ξ t) − sin(απ)y ν−1

2
(ξ t)

]
tνdt.
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So (33) is proved.
Now let consider (34). Let g(x) = K

0,α
2 x2αϕ(x). Using factorization (20) we get

Fν[(B−α
ν,−ϕ)](ξ) = 2−2α

∞∫

0

j ν−1
2

(xξ) xν K
1−ν

2 ,α

2 K
0,α
2 x2αϕ(x)dx =

= 2−2α

∞∫

0

j ν−1
2

(xξ) xν K
1−ν

2 ,α

2 g(x)dx = 21−2α

�(α)

∞∫

0

j ν−1
2

(xξ) xdx

∞∫

x

(u2 −x2)α−1uν−2αg(u)du =

= 21−2α

�(α)

∞∫

0

g(u)uν−2αdu

u∫

0

j ν−1
2

(xξ)(u2 − x2)α−1xdx.

Using the formula 2.12.4.7 from [20] of the form

a∫

0

x1−ρ(a2 − x2)β−1Jρ(cx)dx = 21−ρaβ−ρ

cβ�(ρ)
sρ+β−1,β−ρ(ac),

a > 0; Re β > 0

we obtain for inner integral

u∫

0

(u2−x2)α−1j ν−1
2

(xξ) x dx=
2

ν−1
2 �

(
ν+1

2

)

ξ
ν−1

2

u∫

0

(u2−x2)α−1J ν−1
2

(xξ) x1− ν−1
2 dx=

= �(α)

2�(α + 1)
u2α

1F2

(
1; α + 1,

ν + 1

2
; −u2ξ2

4

)
.

So

Fν[(B−α
ν,−ϕ)](ξ) = 1

22α�(α + 1)

∞∫

0

1F2

(
1; α + 1,

ν + 1

2
; −u2ξ2

4

)
g(u)uνdu =

= 1

22α�(α + 1)

∞∫

0

1F2

(
1; α + 1,

ν + 1

2
; −u2ξ2

4

)
uνK

0,α
2 u2αϕ(u)du =
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= 1

22α−1�(α)�(α + 1)

∞∫

0

1F2

(
1; α + 1,

ν + 1

2
; −u2ξ2

4

)
uνdu

∞∫

u

(t2−u2)α−1tϕ(t)dt =

= 1

22α−1�(α)�(α + 1)

∞∫

0

tϕ(t)dt

t∫

0

(t2 −u2)α−1
1F2

(
1;α + 1,

ν + 1

2
;−u2ξ2

4

)
uνdu.

Using Wolfram Mathematica we obtain

t∫

0

(t2 − u2)α−1
1F2

(
1; α + 1,

ν + 1

2
; −u2ξ2

4

)
uνdu =

=
�(α)�

(
ν+1

2

)

2�
(
α + ν+1

2

) t2α+ν−1
1F2

(
1; α + 1, α + ν + 1

2
; − t2ξ2

4

)

and

Fν[(B−α
ν,−ϕ)](ξ) =

=
�

(
ν+1

2

)

22α�(α + 1)�
(
α + ν+1

2

)
∞∫

0

ϕ(t) t2α+ν
1F2

(
1; α + 1, α + ν + 1

2
; − t2ξ2

4

)
dt.

Since

1F2

(
1; α + 1, α + ν + 1

2
; − t2ξ2

4

)
= �(α + 1)�

(
α + ν + 1

2

)

∞∑

n=0

(−1)n

�(α + n + 1)�
(
α + ν+1

2 + n
)

(
tξ

2

)2n

and the Wright function through which the Hankel transform of B−α
ν,−ϕ is expressed

in [22] is given by

J 1
ν−1

2 ,α
(tξ) =

∞∑

n=0

(−1)n

�(α + n + 1)�
(

ν+1
2 + α + n

)
(

tξ

2

)2n+ ν−1
2 +2α
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we obtain

Fν[(B−α
ν,−ϕ)](ξ) =

2
ν−1

2 �
(

ν+1
2

)

ξ
ν−1

2

ξ−2α

∞∫

0

ϕ(t) t
ν+1

2 J 1
ν−1

2 ,α
(tξ )dt = ξ−2α

∞∫

0

j1
ν−1

2 ,α
(tξ )ϕ(t)tνdt.

The (34) is proved.
��

Since Fν [(Bn
ν ϕ)](ξ)=(−1)nξ2nFν[ϕ](ξ) we obtain for Bα

ν,0+ϕ,Bα
ν,−ϕ∈Lν

1(R+)

Fν[(Bα
ν,0+ϕ)(x)](ξ)=Fν[(Bn

ν B
−(n−α)
ν,0+ ϕ)(x)](ξ)=(−1)nξ2nFν[B−(n−α)

ν,0+ ϕ(x)](ξ)=

= (−1)nξ2α

∞∫

0

ϕ(t)
[
cos((n − α)π)j ν−1

2
(ξ t) − sin((n − α)π)y ν−1

2
(ξ t)

]
tνdt,

n = [α] + 1, 4(n − α) − 2 < ν < 4 − 2(n − α)

and

Fν[(Bα
ν,−ϕ)(x)](ξ) = Fν [(Bn

ν B
−(n−α)
ν,− ϕ)(x)](ξ)=(−1)nξ2nFν[B−(n−α)

ν,− ϕ(x)](ξ) =

= (−1)nξ2α

∞∫

0

j1
ν−1

2 ,n−α
(tξ)ϕ(t)tνdt, n = [α] + 1.

5.3 The Meijer Transform

Theorem 8 The Meijer transforms of B−α
ν,0+, B−α

ν,− for proper functions are

Kν[(B−α
ν,0+ϕ)(x)](ξ) = ξ−2αKνϕ(ξ), (35)

Kν[(B−α
ν,−ϕ)(x)](ξ ) = (36)

=
�

(
1−ν

2

)
�2

(
ν+1

2

)

22α�(α + 1)�
(
α + ν+1

2

)
∞∫

0

ϕ(t)t2α+ν
1F2

(
1; α + 1, α + ν + 1

2
; t2ξ2

4

)
dt−

−
π2ν−2α−2�

(
ν+1

2

)

�(α + 1)�
(
α + 3−ν

2

)
cos

(
πν
2

)ξ1−ν

∞∫

0

ϕ(t)t2α+1
1F2

(
1;α + 1, α + 3 − ν

2
; t2ξ2

4

)
dt.
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Proof We start with (35). Let g(x) = I
0,α
2 ϕ(x). Then using the factorization (19)

we obtain

Kν[(B−α
ν,0+ϕ)(x)](ξ) =

∞∫

0

k ν−1
2

(xξ) (B−α
ν,0+ϕ)(x)xν dx =

= 1

22α

∞∫

0

k ν−1
2

(xξ) I
ν−1

2 ,α

2 I
0,α
2 ϕ(x)x2α+ν dx = 1

22α

∞∫

0

k ν−1
2

(xξ) I
ν−1

2 ,α

2 g(x)x2α+ν dx =

= 1

22α−1�(α)

∞∫

0

k ν−1
2

(xξ) x dx

x∫

0

(x2 − u2)α−1uνg(u)du =

= 1

22α−1�(α)

∞∫

0

uνg(u)du

∞∫

u

(x2 − u2)α−1k ν−1
2

(xξ) x dx.

Let consider the inner integral. Using the formula 2.16.3.7 from [20] of the form

∞∫

a

x1±ρ(x2 − a2)β−1Kρ(cx)dx = 2β−1aβ±ρc−β�(β)Kρ±β(ac), a, c, β > 0

(37)

we get

∞∫

u

(x2−u2)α−1k ν−1
2

(xξ) x dx=
2

ν−1
2 �

(
ν+1

2

)

ξ
ν−1

2

∞∫

u

(x2−u2)α−1Kν−1
2

(xξ) x1− ν−1
2 dx=

=
2

ν−1
2 �

(
ν+1

2

)

ξ
ν−1

2

· 2α−1uα− ν−1
2 ξ−α�(α)Kν−1

2 −α(uξ)
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and

Kν[(B−α
ν,0+ϕ)(x)](ξ) =

2
ν−1

2 −α�
(

ν+1
2

)

ξ
ν−1

2 +α

∞∫

0

uα+ ν+1
2 Kν−1

2 −α
(uξ)g(u)du =

=
2

ν+1
2 −α�

(
ν+1

2

)

�(α)ξ
ν−1

2 +α

∞∫

0

u
ν+1

2 −αKν−1
2 −α

(uξ)du

u∫

0

(u2 − t2)α−1tϕ(t)dt =

=
2

ν+1
2 −α�

(
ν+1

2

)

�(α)ξ
ν−1

2 +α

∞∫

0

tϕ(t)dt

∞∫

t

(u2 − t2)α−1u
ν+1

2 −αKν−1
2 −α(uξ)du.

Using again (37) we can write

∞∫

t

(u2 − t2)α−1u
ν+1

2 −αKν−1
2 −α

(uξ)du = 2α−1t
ν−1

2 ξ−α�(α)Kν−1
2

(tξ)

and

Kν[(B−α
ν,0+ϕ)(x)](ξ) =

2
ν+1

2 −α�
(

ν+1
2

)

�(α)ξ
ν−1

2 +α
· 2α−1ξ−α�(α)

∞∫

0

ϕ(t)Kν−1
2

(tξ)t
ν+1

2

dt = ξ−2α

∞∫

0

ϕ(t)k ν−1
2

(tξ)tνdt =

= ξ−2αKνϕ.

Now let prove (36). Let g(x) = K
0,α
2 x2αϕ(x). Then using the factorization (20)

we obtain

Kν[(B−α
ν,−ϕ)(x)](ξ) =

∞∫

0

k ν−1
2

(xξ) (B−α
ν,0−ϕ)(x)xν dx =

= 2−2α

∞∫

0

k ν−1
2

(xξ) xν K
1−ν

2 ,α

2 K
0,α
2 x2αϕ(x) dx =
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= 21−2α

�(α)

∞∫

0

k ν−1
2

(xξ) xdx

∞∫

x

(u2 − x2)α−1uν−2αg(u)du =

= 21−2α

�(α)

∞∫

0

uν−2αg(u)du

u∫

0

(u2 − x2)α−1k ν−1
2

(xξ) xdx.

Let consider the inner integral

u∫

0

(u2−x2)α−1k ν−1
2

(xξ) xdx =
2

ν−1
2 �

(
ν+1

2

)

ξ
ν−1

2

u∫

0

(u2−x2)α−1Kν−1
2

(xξ) x1− ν−1
2 dx.

Using the formula 2.16.3.3 from [20] of the form

a∫

0

x1−ρ(a2 − x2)β−1Kρ(cx)dx = π2β−2aβ−ρ

cβ sin ρπ
�(β)Iβ−ρ(ac)+

+ a2βcν

2ρ+2β
�(−ρ) 1F2

(
1; ρ + 1, β; a2c2

4

)
, a, β > 0, ρ < 1

we obtain for ν < 3

u∫

0

(u2 − x2)α−1K ν−1
2

(xξ) x1− ν−1
2 dx =

ξ
ν−1

2 �
(

1−ν
2

)

2
ν+3

2 α
u2α

1F2

(
1;α + 1,

ν

2
+ 1

2
; u2ξ2

4

)
−

−π2α−2�(α)

ξα cos
(

πν
2

)uα+ 1−ν
2 I

α+ 1−ν
2

(uξ)

and

u∫

0

(u2 − x2)α−1k ν−1
2

(xξ) xdx =
�

(
1+ν

2

)
�

(
1−ν

2

)

2α
u2α

1F2

(
1; α + 1,

ν

2
+ 1

2
; u2ξ2

4

)
−

−
π2

ν−1
2 +α−2�(α)�

(
ν+1

2

)

ξα+ ν−1
2 cos

(
πν
2

) uα+ 1−ν
2 Iα+ 1−ν

2
(uξ)
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So

Kν[(B−α
ν,−ϕ)(x)](ξ) =

= 21−2α

�(α)

⎡

⎣
�

(
1+ν

2

)
�

(
1−ν

2

)

2α

∞∫

0

uν
1F2

(
1; α + 1,

ν

2
+ 1

2
; u2ξ2

4

)
g(u)du−

−
π2

ν−1
2 +α−2�(α)�

(
ν+1

2

)

ξα+ ν−1
2 cos

(
πν
2

)

∞∫

0

u
ν+1

2 −αIα+ 1−ν
2

(uξ)g(u)du

⎤

⎦ =

= 22−2α

�2(α)

⎡

⎣
�

(
1+ν

2

)
�

(
1−ν

2

)

2α

∞∫

0

uν
1F2

(
1; α + 1,

ν

2
+ 1

2
; u2ξ2

4

)
du

∞∫

u

(t2 − u2)α−1tϕ(t)dt−

−
π2

ν−1
2 +α−2�(α)�

(
ν+1

2

)

ξα+ ν−1
2 cos

(
πν
2

)

∞∫

0

u
ν+1

2 −αIα+ 1−ν
2

(uξ)du

∞∫

u

(t2 − u2)α−1tϕ(t)dt

⎤

⎦ =

= 22−2α

�2(α)

⎡

⎣
�

(
1+ν

2

)
�

(
1−ν

2

)

2α

∞∫

0

tϕ(t)dt

t∫

0

(t2 − u2)α−1uν
1F2

(
1; α + 1,

ν

2
+ 1

2
; u2ξ2

4

)
du−

−
π2

ν−1
2 +α−2�(α)�

(
ν+1

2

)

ξα+ ν−1
2 cos

(
πν
2

)

∞∫

0

tϕ(t)dt

t∫

0

(t2 − u2)α−1u
ν+1

2 −αIα+ 1−ν
2

(uξ)du

⎤

⎦ .

Using Wolfram Mathematica we obtain

t∫

0

(t2 − u2)α−1uν
1F2

(
1; α + 1,

ν

2
+ 1

2
; u2ξ2

4

)
du =

�(α)�
(

ν+1
2

)

2�
(
α + ν+1

2

) t2α+ν−1

1F2

(
1; α + 1, α + ν + 1

2
; t2ξ2

4

)

and

t∫

0

(t2 − u2)α−1u
ν+1

2 −αI
α+ 1−ν

2
(uξ)du = 2

ν−3
2 −α�(α)

�(α + 1)�
(
α + 3−ν

2

) t2αξα− ν
2 + 1

2

1F2

(
1; α + 1, α + 3 − ν

2
; t2ξ2

4

)
, 2α < ν + 3.
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Finally

Kν[(B−α
ν,−ϕ)(x)](ξ) =

=
�

(
1−ν

2

)
�2

(
ν+1

2

)

22α�(α + 1)�
(
α + ν+1

2

)
∞∫

0

ϕ(t)t2α+ν
1F2

(
1; α + 1, α + ν + 1

2
; t2ξ2

4

)
dt−

−
π2ν−2α−2�

(
ν+1

2

)

�(α + 1)�
(
α + 3−ν

2

)
cos

(
πν
2

) ξ1−ν

∞∫

0

ϕ(t)t2α+1
1F2

(
1;α + 1, α + 3 − ν

2
; t2ξ2

4

)
dt.

��
Since Kν[(Bn

ν ϕ)](ξ) = ξ2nKν[ϕ](ξ) we obtain for proper functions

Kν[(Bα
ν,0+ϕ)(x)](ξ) = ξ2αKνϕ(ξ).

5.4 Generalized Whittaker Transform

Theorem 9 The generalized Whittaker transform of B−α
ν,0+ for proper functions is

(
W

ν−1
2

ρ, ν−1
4

B−α
ν,0+f

)
(x) = C(ν, α, ρ)x−2α

(
W

ν−1
2

ρ+α, ν−1
4

f

)
(x),

where

C(ν, α, ρ) =
�

(
ν+1

4 − α − ρ
)

�
(

3−ν
4 − α − ρ

)

22α�
(

ν+1
4 − ρ

)
�

(
3−ν

4 − ρ
) .

Proof We have

(
W

ν−1
2

ρ, ν−1
4

B−α
ν,0+f

)
(x) = 1

�(2α)

∞∫

0

(xt)
ν−1

2 e
x2t2

2 Wρ, ν−1
4

(x2t2)dt×

×
t∫

0

(y

t

)ν
(

t2 − y2

2x

)2α−1

2F1

(
α + ν − 1

2
, α; 2α; 1 − y2

t2

)
f (y)dy =
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= x
ν−1

2

22α−1�(2α)

∞∫

0

f (y)yνdy

∞∫

y

t
ν−1

2 −ν−2α+1e
x2t2

2 (t2 − y2)2α−1W
ρ, ν−1

4
(x2t2)

2F1

(
α + ν − 1

2
, α; 2α; 1 − y2

t2

)
dt.

Using formula

2F1(a, b; c; z) = (1 − z)−a
2F1

(
a, c − b; c; z

z − 1

)

we obtain

2F1

(
α + ν − 1

2
, α; 2α; 1 − y2

t2

)
=

(y

t

)1−ν−2α

2F1

(
α + ν − 1

2
, α; 2α; 1 − t2

y2

)

and
(

W
ν−1

2

ρ, ν−1
4

B−α
ν,0+f

)
(x) =

= x
ν−1

2

22α−1�(2α)

∞∫

0

f (y)y1−2αdy

∞∫

y

t
ν−1

2 e
x2t2

2 (t2 − y2)2α−1Wρ, ν−1
4

(x2t2)

2F1

(
α + ν − 1

2
, α; 2α; 1 − t2

y2

)
dt.

Let consider an inner integral. We have

∞∫

y

t
ν−1

2 e
x2 t2

2 (t2−y2)2α−1W
ρ, ν−1

4
(x2t2) 2F1

(
α + ν − 1

2
, α; 2α; 1 − t2

y2

)
dt={t2 → t, y2= p} =

= 1

2

∞∫

p

t
ν−1

4 − 1
2 e

x2t
2 (t − p)2α−1Wρ, ν−1

4
(x2t) 2F1

(
α + ν − 1

2
, α; 2α; 1 − t

p

)
dt.
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Using formula 2.21.8.2 from [33] of the form

∞∫

p

t
a+b−c−1

2 (t − p)c−1e
σt
2 Wρ, a+b−c

2
(σ t) 2F1

(
a, b; c; 1 − t

p

)
dt =

= p
a+b−1

2

σ
c
2

� (c)�
(

a−b−c+1
2 − ρ

)
�

(
b−a−c+1

2 − ρ
)

�
(

a+b−c+1
2 − ρ

)
�

(
c−a−b+1

2 − ρ
) e

σp
2 Wρ+ c

2 , a−b
2

(σp),

p, Re c > 0, Re (c + 2ρ) < 1 − |Re(a − b)|; |argσ | <
3π

2

we obtain

a = α + ν − 1

2
, b = α, c = 2α, σ = x2, 2α + 2ρ < 1 −

∣∣∣∣
ν − 1

2

∣∣∣∣

and

1

2

∞∫

p

t
ν−1

4 − 1
2 e

x2t
2 (t − p)2α−1W

ρ, ν−1
4

(x2t) 2F1

(
α + ν − 1

2
, α; 2α; 1 − t

p

)
dt =

= 1

2

pα+ ν−3
4

x2α

� (2α) �
(

ν+1
4 − α − ρ

)
�

(
3−ν

4 − α − ρ
)

�
(

ν+1
4 − ρ

)
�

(
3−ν

4 − ρ
) e

x2p
2 Wρ+α, ν−1

4
(x2p) =

= 1

2

y2α+ ν−3
2

x2α

� (2α) �
(

ν+1
4 − α − ρ

)
�

(
3−ν

4 − α − ρ
)

�
(

ν+1
4 − ρ

)
�

(
3−ν

4 − ρ
) e

x2y2

2 W
ρ+α, ν−1

4
(x2y2) =

= A(ν, α, ρ)x−2αy2α+ ν−3
2 e

x2y2

2 W
ρ+α, ν−1

4
(x2y2),

where

A(ν, α, ρ) = 1

2

� (2α) �
(

ν+1
4 − α − ρ

)
�

(
3−ν

4 − α − ρ
)

�
(

ν+1
4 − ρ

)
�

(
3−ν

4 − ρ
)
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Then
(

W
ν−1

2

ρ, ν−1
4

B−α
ν,0+f

)
(x) =

= A(ν, α, ρ)
x

ν−1
2 −2α

22α−1�(2α)

∞∫

0

f (y)y
ν−1

2 e
x2y2

2 W
ρ+α, ν−1

4
(x2y2)dy =

= C(ν, α, ρ)x−2α

∞∫

0

f (y)(xy)
ν−1

2 e
x2y2

2 W
ρ+α, ν−1

4
(x2y2)dy =

= C(ν, α, ρ)x−2α

(
W

ν−1
2

ρ+α, ν−1
4

f

)
(x),

where

C(ν, α, ρ) =
�

(
ν+1

4 − α − ρ
)

�
(

3−ν
4 − α − ρ

)

22α�
(

ν+1
4 − ρ

)
�

(
3−ν

4 − ρ
) .

��
It is worth mentioning that the mapping property of the transmutation operators

allowing one to obtain the images of the powers of the independent variable without
knowledge of the transmutation operator itself [35] can be used for further study of
fractional powers of Bessel operator.
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