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Abstract One discusses the problem of constructing the theory of pseudo differen-
tial equations on manifolds with a non-smooth boundary. Using special factorization
principle and transmutation operators we consider some general boundary value
problems for elliptic pseudo-differential equations in canonical non-smooth mani-
folds.
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1 Introduction

We study Fredholm properties of elliptic pseudo-differential operators (or equa-
tions) in Sobolev—Slobodetskii spaces on manifolds with a boundary but in our case
the boundary may be non-smooth.

Basic principles for studying such equations are the following:

* alocal principle or freezing coefficients principle;

* factorizability principle for an elliptic symbol at boundary point;

* apluralism principle for singular boundary points which implies distinct types of
local operators.

Local principle and factorizability was first introduced in papers I.B. Simonenko
[16] (for multidimensional singular integral operators in Lebesgue L ,-spaces)
and M.I. Vishik—G.I. Eskin [2] (for pseudo-differential operators in Sobolev—
Slobodetskii H*-spaces). For manifolds with a smooth boundary one uses an idea
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of “rectification of a boundary”, and the problems reduces to a half-space case,
for which a factorizability principle holds immediately because under localization
at a boundary point and applying the Fourier transform we obtain well known
one-dimensional classical Riemann boundary value problem for upper and lower
complex half-planes with a multidimensional parameter. This approach does not
work if a boundary has at least one singular point like a conical point. One needs
here other considerations and approaches.

The wave factorization principle was introduced by the author in 90th [18, 19]
to extend the Vishik—Eskin theory to manifolds with a singular boundary. Such
approach requires a special factorization for an elliptic symbol, and it leads
to multidimensional variant of classical Riemann boundary value problem and
multidimensional analogues of the Cauchy type integrals. It was shown [20, 28]
these multidimensional analogues transform to the Cauchy type integral with a
parameter for limit cases.

The third principle asserts that there are a lot of singularities at a boundary.
Every singularity requires a separate studying to obtain solvability conditions for
corresponding model equation. Common part of such studying is requiring the
wave factorization for an elliptic symbol with respect to corresponding cone. If we
have such factorization then we can describe needed solvability conditions (see, for
example, [22-27]).

2 Domains and Operators

We consider a certain integro-differential operator A on m-dimensional com-
pact manifold M with a boundary. This operators is defined by the function
A(x, &), (x,¢&) € R?". There are some smooth compact sub-manifolds My of di-
mension 0 < k < m — 1 on the boundary d M of manifold M which are singularities
of a boundary. These singularities are described by a local representative of operator
A in a point xg € M on the map U > xy in the following way

(Axou)(x) = / /eif'(x—”A((p(xo),g)u(y)dgdy, x € Dy, (1)

Dy, R™

where ¢ : U — Dy, is a diffeomorphism, and the canonical domain D,, has a
distinct form depending on a placement of the point xo on manifold M. We consider
the following canonical domains Dy,: R™, Rﬂ ={xeR":x = xn), xm >
0}, Wk = R¥ x c"—* where C"™~* is a convex cone in R"™ % non-including a whole
line.

Such an operator A will be considered in Sobolev—Slobodetskii spaces H* (M),
and local variants of such spaces will be spaces H®(Dy,). Local principle asserts
that for a Fredholm property of the operator A it is necessary and sufficient an
invertibility for all “local operators” Ay, xo € M. So, we need to describe the
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conditions for unique solvability all model equations of the following type
(Axou)(x) =v(x), x € Dy, 2)

in corresponding local Sobolev—Slobodetskii spaces H®(Dy,).

2.1 Paired Equations

Such equations appear together with Eq. (2). Paired equation is called the following
equation

(AP + BP)U(x) = V(x), x eR™,

where A, B are model elliptic pseudo-differential operators, Py is restriction
operator on canonical domain D, P_ is restriction operator on R \ D. It is easily
to show that solving the Eq.(2) is equivalent to solving the paired equation with
A = Ay, and B = [ (identity). For solving such paired equations they apply the
factorization technique and complex variables [2].

2.2 Singularities and Distributions

Author’s point of view is the following. Each boundary point of manifold M is
served by a special distribution. Such a distribution is the Fourier transform of an
indicator of canonical domain. Using these distributions we reduce the Eq. (2) to a
certain variant of the Riemann boundary value problem in the function theory of
complex variables (one or many) [1, 2, 4, 7,9, 19-21].

2.3 Complex Variables and Wave Factorization

To obtain the conditions for unique solvability for the Eq.(2) (or equivalently
invertibility conditions for the operator (1)) we introduce the following concept.
Let us denote [32]

*
C"*=(xeR"*:x.y>0,yeCc"*
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Taking into account local principle we will consider only symbols non-depending
on spatial variables x and satisfying the condition

L+ 1EDY < [AG)| < c2(1 + [ED”. 3)

Definition 1 k-Wave factorization of elliptic symbol A (&) with respect to the C™~*
is called its representation in the form

A(§) = Ax(§)A=(5),

where the factors A (), A—(§) must satisfy the following conditions:
(1) Ax(§), A=(§) are defined forall £ € R™ without may be the points RF x

* *
9 (cmk U(— cmk));
*
(2) Ax(§), A=(§) admit analytic continuation into radial tube domains T(C™ k),
*

T (— C™~%) for almost all £” € R¥ respectively with estimates
1AZ & & +it) < (1 + 8] + [Th ™,

*
IAZN @, &' —iv)| < a1 + |E] + [th™* ™0, vr ec™F .

The number &; € R is called index of k-wave factorization.

Existence of such factorization permits to describe solvability picture for model
pseudo-differential equation (2) for m — k = 2 [19, 20], but in a general case we
need to know the general form of a distribution supported on a conical surface (we
can’t find such form in [5]). We try to reduce the problem to a half-space case using
transmutation operators.

3 Transmutations, Distributions and the Fourier Transform

Below we consider the case k = 0 because all conclusions will be the same, only k-
dimensional parameter can be appear. Let C be a convex cone in the space R”, and
this cone does not include any whole straight line, it is important because we use
the theory of analytic functions of several complex variables [1, 31, 32]. Moreover
we suppose that a surface of this cone is given by the equation x,, = ¢(x'),x’ =
(x1,-++, Xm—1), where ¢ : R™1 — R is a smooth function in R"~! \ {0}, and
¢(0) =0.
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Let us introduce the following change of variables [14, 29, 30]

T = X1
h = X2

Im—1 = Xm—1
Im = Xm — 90(X/)

and we denote this operator by T, : R" — R™.
Obviously, this is a smooth transformation excluding an origin. Let f be a local
integrable function which generates a distribution defined by the formula

(fiv) = f FEOV .
Rm

We define a functional 7y, f by the formula

(Tp f. ) = (f. T, '¥).

According to the Schwartz theorem on one-dimensional distribution from S’ (R)
supported at the origin 0 [5, 32] we can conclude that if a distribution f € S'(R™)
supported in the hyper-plane x,, = 0 then it has the following form

fO) =" at) @8V, x = xm,

k=0

where ¢} € S’(R’"‘l), k=0,1,---,n, are arbitrary distributions.

Therefore we can assert that if a distribution f € S’(R™) is supported on dC
then T, f is supported on R™-1,

An arbitrary distribution f € S'(R™) supported on conical surface dC can
written in the form

n
fo=1," (Z () ® 8<"><ym)> : )
k=0
where ¢ € S’(Rm_l), k=0,1,---,n, are arbitrary distributions.

Further, for functions u(x) from S(R™) their Fourier transform is defined by the
formula

(Fu)(€) = i(¢) = /eix'su(x)dx.

Rm
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The Fourier transform for distributions is defined as follows
(Ef. ) = (f. F),
therefore
(FT, f.¥) = (f. T, Fy).

Let f € S'(R™) be a distribution supported on dC. According to the above
conclusions it has the special form (4). Using properties of 7, and F* we will find

Ff=V, (Z ak(s’)s,’;) :

k=0

where
-1 -1 _
FTI, F~ =V,
For a distribution f € S'(R™) the transform V,, is given by the formula
Vo 0) = (f.Vog¥). Vi € SR™).

If u(x’, &) denotes the Fourier transform of the function u(x’, x,,) with respect
to a variable x,, then one can make the following conclusion. Let us denote

Fx,*)%‘,(e—ifm(ﬂ(xl)) = K(p(é/s gm)v

and after this we obtain an integral representation for the operator V,,:

(FT, ) (€) = / K& — 1 )i 1, &)

]Rm

3.1 Examples
3.1.1 Plane Sector

The case m = 2 is a very good, there is only one mentioned cone. We write it as
follows

Cl ={x eR?:x = (x1,x2), x2 > alxi|,a > 0},
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and further evaluate:

() +aé, &) +u — ak, 52)+

(FT,'u)(€) = 5

+00 +00

i u(n, &2)dn i u(n,&)dn  _ o, -
v.p.zn_ £ +aty —n v.p.zn_ £ — aty —n = (Vyu) ().

We denote by S;u the operator

+00
' ii(n, £)d
(Slﬁxsl,sz):v,p.z; / u(; s_z)nn

and analogously S for the second variable.

3.1.2 Standard Cone

As it was shown the kernel K, is computable for concrete function ¢(x’). Let
o(x") = alx'|,a > 0,. If we will look at the formulas from [31] (see also [16]
in which a real analogue of these formulas is given as the Poisson kernel) we will
find

a2" 7" T(m/2)
(|€_—/|2 _ a2g>_-n21)m/2 ’

Therefore for such multidimensional cone the operator V,, looks as follows

Ky(&' &n) =

a2\ "2 T (m/2)ii (', &m)dn’

(Vi) (&) = f )
¢ (|~’3/_’7/|2_5’2"3n21) /2

Rm—1

In our opinion we could call it a conical potential.
Of course this formula should be treated in a distribution sense. Below we give
such definition for the operator V,, in the space S"(R™).

3.1.3 Three-Wedged Pyramid
This cone looks as follows

Ci={xe R3: x3 > ai|x1| + az|x2|, a1, a» > 0}
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For this case the operator V,, is constructed exactly using two operators Sy, $»
(see below)

4 Potentials Generated by Transmutations

4.1 General Situation

Now we see that the main problem is to study
Let C be a convex cone non-including a whole straight line. Let us introduce the
Bochner kernel [1, 31, 32]

Bm(z)Z/eix'de’ z=£&+ir,
C

and related integral operator

(Bpu)(x) = lir(r)1+/Bm(x—y~|—ir)u(y)dy, x € R™.
T—
]Rm

Theorem 1 If the symbol A (&) admits the wave factorization with the index ®, ® —
s =n+68,n € N, |§| < 1/2, then a general solution of the Eq. (2) in Fourier images
is given by the formula

iy (8) = AZ'(§)0n(E)Bn 0, ©AZ E)F &)+

+A '@V, 'F (Z ck(x’w(k—”(xm)) :

k=1

where c;(x') € H*(R™ 1Y are arbitrary functions, sy = s —& +k — 1/2, k =
1,2,...,n,Lf is an arbitrary continuation of f onto H’~*(R™), Q,, is an arbitrary
polynomial satisfying the condition (3) for a = n.

Using these results one needs to add some additional conditions to determine
uniquely unknown functions cx. We will consider certain particular case in the next
section.

Some special cases are very interesting, for example if C = C{ = {x € R" :
x = (X', xp), Xm > alx’|,a > 0}. Using evaluations from [17] we can obtain the
following result.
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Corollary 1 If f = 0,n = 1, then we have the following form for a general
solution in the space H*(C{)

a2 V"2 T(m j2)é(n'ydny'

~ _ 421
u+(€)—A¢ é) f (|%_/_n/|2_a2§_r%l)m/2

Rm—1

where c(x') € HS~®tV/2(R™=1Y) is an arbitrary function.

S Boundary Value Problems

According to Theorem 1 we can consider different types of boundary value
problems with boundary conditions or with co-boundary operators.
Let us consider a simple boundary value problem for the equation

(Au)(x) =0, xeC} )]

for the case ® —s = 1 4§, 8] < 1/2, where A is an elliptic pseudo-differential
operator with the symbol A(£) satisfying the condition (3) and admitting the wave
factorization with respect to the cone C¥.

According to Theorem 1 we have the formula for a general solution, for our case
it can be written as

u) = A;I(S)(V—aFCO)(S), (6)

where co(x’) is an arbitrary function from H*° (R?).
Now we will write an expression for V_, Fco and then we will see what kind
of conditions for a solution u is more preferable. Direct calculations led to the

following expression

Ax(®)i(€) = C1(El — a183, &2 — ar3) + Ca (&1 — a1&3, & + aré3)+

2 < 7
C3(&1 +a183, 6 — ax83) + C1(§1 + a183, & + aé3), @

where

- 1 1
Ci¢1—a1&3, &—ané3) = 450(51—a1$3, 52—61253)—2(5150)(51—61153, &r—arg3)—
1
—2(5250)(51 —a1&3, & — a283) + (S515200) (51 — a183, &2 — a283);

- 1 1
Cr(§1—a183, r+axé3) = 450(51—6”53, & +ark3)— ) (S160)(§1—a183, &r+arg3)+



330 V. B. Vasilyev

+;(5250)(El —a183, & + a283) — (S15200) (61 — a183, §2 + a283);
Caertarts, Er-ans) =, Go1-Harts, St (Si60)Ei-Harks, Er—aks) -

—;(5250)(51 + a183, &2 — a283) — (S15260) (51 + @183, 62 — a283);
CaEr1+ai&s, &r4ars) = i50(§1+611§3, §2+azé3)+;(5150)(-’31—1-01153, Er+ar§3)+

1
+2(5250)(§1 + a183, & + ax63) + (8515200) (61 + a183, & + az83).

It seems the problem of finding the unknown function co (&1, &) is very hard, but
we suppose that we know the following function u (&1, &2, 0). It means that we know
the following integral

+00
f u(xr, 32, x3)dxs = glx1, x2), ®)
thus
G 62.0) = 361 £2). ©

The formula (7) includes a representation for V_,¢o, where ¢o(£”) is a function
of two variables. Thus, if co(&1, &2) depends on two variables &1, & then V_;co
depends on all three variables &1, &, &3.

Substituting (9) into (7) and collecting similar summands we obtain the following
equation for the unknown ¢o (&)

AZ'E,0)@E) = 2@,
or if we designate A (§",0)g(§") = f(&')
(&) = f(&)

Now if we have found ¢o(§) we have the solution of the problem (5) and (8).
Also we can give a priori estimates for the solution.

Theorem 2 Let A(§) admits the wave factorization with respect to the C%. Then
the boundary value problem (5) and (8) has a unique solution for an arbitrary g €
HSHY2(R?) in the space H* (C 2). This solution can be constructed explicitly by the
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Fourier transform and the one-dimensional singular integral operator. The a priori
estimate

[ulls < clgls+1/2

holds for —1/2 < § < 0.

6 Thin Cones

As we see all local operators includes some parameters (sizes of cones) which can
be small or large. These situations correspond to so called thin cones or a half-space
case (see, for example, [20] were some calculations were given). Singularities at a
boundary can be of distinct dimensions and it is possible such singularities of a low
dimension can be obtained from analogous singularities of full dimension. It means
we need to find distributions for limit cases when some of parameters of singularities
tend to zero. This approach was partially realized in author’s papers [22, 23], and the
latest paper [27] is devoted to multi-dimensional constructions. The further author’s
idea is the following. If we know the limit operator for a thin singularity then
possible it is zero approximation for a such thin singularity. It is desirable to obtain
an asymptotic expansion with a small parameter for the distribution corresponding
to a such singularity. We will consider here a two-dimensional case.

To describe a solvability picture for a model elliptic pseudo differential equation
with an operator A

(Au)(x) = v(x), (10)

in two-dimensional cone C{ = {x € R? : x; > alxi|,a > 0} the author earlier
considered a special singular integral operator [18, 19]

a u(y)dy
K = 1 .
(Kau)(x) 272 tilgﬁ'/ (x1 —y1)?—a%(xa — y2 +it)?
]RZ

This operator served a conical singularity in the general theory of boundary value
problems for elliptic pseudo differential equations on manifolds with a non-smooth
boundary. This operator is a convolution operator, and the parameter a is a size of
an angle, xp > alxi|,a = cota.

We will consider two spaces of basic functions for distributions. If D(R?)
denotes a space of infinitely differentiable functions with a compact support
then D’(R?) is the corresponding space of distributions over the space D(R?),
analogously if S(R?) is the Schwartz space of infinitely differentiable rapidly
decreasing at infinity functions then S'(IR?) is a corresponding space of distributions
over S(R?).
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When a — 400 one obtains [20] the following limit distribution

1 i 1
li = 8 ,
ai)ngo 272 %-12 _ azé_zz 27_[7)%_1 ® 6 (52)

where the notation for distribution P is taken from V.S. Vladimirov’s books [31, 32],

and ® denotes the direct product of distributions. Here § denotes one-dimensional
Dirac mass-function which acts on ¢ € D(R) by the following way

(8, 9) = ¢(0),

and the distribution 73)1[ is defined by the formula

| +o00 ( )d - 400 ( )d
@x)ax . @x)ax

s = .PD. = 1 .

(Px (/)) v-p / X s—l>lg)l+ / + / X
—00 —00 £

We would like to obtain an asymptotical expansion for the two-dimensional
distribution

a 1
22 512 — azézz

Kq.(61,86) =

with respect to small ¢!, It is defined by the corresponding formula V¢ € D(R?)

@ (&1, £2)dE
( as ) - .
Ka, ¢ 2n2R2 £2 — 282

For K, € D'(R?) we can suggest the following decomposition [28]

RO DL R
Ko, 8)= > P, ®8" ).

(P14
2 i nla &

But for K, € S’(Rz) we have more explicit result [28].

Theorem 3 The following formula

1 —_—~
g ®0E)+ D emn@8™ (&) @ 87 (&),

1

Kq(61.8) = o7 P

where ¢y, p(a) — 0,a — +00, holds in a distribution sense.
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Let us return to the Eq.(10). For |® — s| < 1/2 one has the existence and
uniqueness theorem [ 18]

(&) = AZ' (&) (Kalv)(®),

where [v is an arbitrary continuation of v on the whole H*® (R?).
Below we denote [v = V.

Theorem 4 [f the symbol A(€) admits a wave factorization with respect to the cone
C4 and |® — s| < 1/2 then Eq. (1) has a unique solution in the space H*(C%), and
for a large a it can be represented in the form

WY, &2)dm N

e = | AZ'Ew T(A;
Bl

+o0
AZ'®)Y emnla) / (& — )™ (AZ')E (. &2)dny

assuming Ve S(R?), A;1V means the function A;l(E)V(é).

7 Conclusion

This paper is a brief description of latest author’s studies on elliptic pseudo-
differential equations and boundary value problems on manifolds with non-smooth
boundaries. Other approaches, similar problems, interesting statements can be found
in books and monographs [3, 6-8, 10-13, 15].
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