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Abstract—An expression is derived for the viscous drag of a spheroidal particle whose temperature differs
from that of the carrier liquid. Calculations are performed for the case where the temperature dependence of the
liquid viscosity may be represented by an exponential power series.

1. PROBLEM STATEMENT

The flow of viscous liquid and gaseous media
around heated particles was considered in a number of
studies [ 1-5]. A heated particle is a particle whose aver-
age surface temperature significantly exceeds the tem-
perature of its environment. Heating of the particle sur-
face may be due, for example, to a chemical reaction in
the bulk, radioactive decay of the particle substance, or
external radiation. If a flux of electromagnetic radiation

(with the wavelength A and intensity ;) is incident on
a particle, the energy absorbed by this particle is equal
to TR2[,K,,, where R is the major semiaxis of the spher-
oid and K, is the absorption factor [6]. If the heat con-
ductance of the particle substance is much higher than
the that of the ambient liquid (which is true for most liq-

uids) and A > R, the absorbed energy is uniformly dis-
tributed over the particle surface; that is, the particle
may be regarded as uniformly heated. A heated particle
may exert a significant influence on the thermophysical
characteristics of its environment and thus affect the
distribution of the velocity and pressure fields in it.

Many particles that may be encountered in nature
and industry have a nonspherical surface shape, for
example, spheroidal. In this work, we derived (in the
Stokes approximation) an analytical expression for the
hydrodynamic force acting on a uniformly heated sphe-
roidal particle with allowance for the temperature
dependence of viscosity represented in the form of an
exponential power series. The expression is valid for an
arbitrary temperature drop between the particle surface
and the liquid far away from the particle.

Let us consider a liquid flow around a heated oblate
spheroid parallel to its symmetry axis at the velocity

U.(U.. || OZ). Let us assume that the densities, heat
conductivities, and heat capacities of the liquid and par-
ticle are constant, and the heat conductivity coefficient
of the particle is much greater than that of the ambient
liquid. We also assume that the liquid flows around the
spheroid slowly enough (the Reynolds and Peclet num-
bers are small).

Among all transport parameters of a liquid, only the
dynamic viscosity factor significantly depends on the
temperature [7]. To make allowance for the temperature
dependence of viscosity, let us use expression (1.1),
which makes it possible to describe a change in the vis-
cosity within a wide temperature range with any
desired accuracy (at £, = 0, this formula may be
reduced to the well-known Reynolds equation [7]):

Mg = l»l{lJrEF(T ty _ )}

n=1

xexp{_A(g_f_ )}

Here, 4 is a constant, W, = W;(7..), and 7', is the tem-
perature of the 11qu1d far away from the particle. The
subscripts liq and p hereafter refer to the ambient liquid
and the particle, respectively.

The viscosity of a liquid is known to exponentially
decrease with temperature [7]. Analyzing the known
semiempirical formulas, we showed that expression (1.1)
provides the best description of viscosity changes
within a wide temperature range with any desired accu-
racy. For example, let us consider water in the temper-
ature range from 0 to 90°C; at the parameter values 4 =
5779, I, =-2.318, and F, = 9.118 (7., = 273 K), this
formula reproduces the viscosity values with the rela-
tive error not exceeding 3%.

The flow of a liquid around a spheroid will be
described in a spherical coordinate frame (g, n, ¢) with
the origin at the center of the particle. The curvilinear
coordinates g, 1, and ¢ are related to the Cartesian coor-
dinates as follows [8]:

(1.1)

x = csinhgsinncos, (12)
y = csinheinnsing, z = ccoshecosn, .
x = ccoshgsinncos,
neose (1.3)

y = ccoshesinnsing, z = csinhecosn,
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where ¢ = /b, —a; in the case of a prolate spheroid

[ay < by, formula (1.2)], and ¢ = A/aé - bé in the case of
an oblate spheroid [a, > by, formula (1.3)]; g, and b, are
the semiaxes of the spheroid. Here, the z-axis of the
Cartesian coordinate system coincides with the symme-
try axis of the spheroid.

At small Reynolds numbers, the distributions of the
velocity Uy, pressure Py, and temperature 7y, are
determined by the following set of equations [9]:

0Py,
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ATy, = 0, (1.5)

where H, = ¢4/ cosh’e — sinzn and H, = ccoshe sinn

are the Lam¢ coefficients; and ., Gnn’ O - and G, are

components of the stress tensor [8], which assume the
following form in the spheroidal coordinate system:

2 oU, 1 0H,
GCee = uhq( Jde +P78WUT]):
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Om = “hq(an +H de U)
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Solving the set of equations (1.4) and (1.5), let us
use the following boundary conditions:

Uyg=0, T =1, at & =g, (1.6)
U, — U..cosne,

Ty—»T., Py —=P. at

- U.sinne,, (7

€ —» 0o,

Here, 7, is the average temperature at the particle sur-
face, e, and e, are the unit vectors of the spheroidal
coordinate system, and U, = |U..|.

The boundary conditions (1.6) at the particle surface
involve the stick condition for the velocity and the con-
stancy of the particle surface temperature. The particle
surface corresponds to the € value equal to &,.

The force exerted by the liquid on the particle is
determined according to the formula

sinhe )
Cen s1nn)dS,
coshe (18)

€€

I, = J(— Pyqcos
S

where dS = c?cosh’e sinndndg is a differential element
of the surface.

Considering the form of the boundary condition (1.7),
one should search for the expressions for the normal
(U;) and tangential (U;)) components of the velocity Uy,
in the form

Ude,m) = G(ge)cosn,

ccosheH
(1.9)

U.
Unp(en) = ==

where G(¢) and g(e) are the arbitrary functions of the
normal coordinate €.

2. THE VELOCITY FIELD, TEMPERATURE
DISTRIBUTION, AND VISCOUS DRAG

To find the force exerted by the liquid on a heated
solid spheroidal particle, one should know the temper-
ature field in its vicinity. Integrating Eq. (1.5) with rel-
evant boundary conditions, we obtain

g = 1+ %aoarccotk, 2.1

1 t,—1

o 18
/1+kéarcco 0

adimensionless parameter characterizing the heating of

2 172
the particle surface, 7, = 7,/T.., and Ay = [(b ) - IJ
0

where = Ty/T.., } = sinhe, y=

With allowance for Eq. (2.1), expression (1.1)
assumes the form

an = U 1+ EFnyg( arCCOtk)n:| (2 2)

X exp{—Y,arccotA},

where v, = 1% ay.

Substituting Eq. (1.9) into the continuity equa-
tion (1.4¢), we find the relationship between the func-
tions g(e) and G(g):
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Since the viscosity depends only on the radial coor-
dinate A, we will search for the solution to the set of
hydrodynamic equations (1.4a), (1.4b) with allowance
for expressions (1.9) and (2.3) using the method of sep-
aration of variable. In particular, we obtain the follow-
ing expressions for components of the velocity U satis-
fying the boundary conditions (1.7) at infinity:

(2.3)

U.
U8(87 n) = CH +A2G2]: (24)
U,(e,n) = - ,Gul,  (25)
where
o e(l)
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The expression [lﬂ denotes the integer part of the

k
number 7
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The pressure Py is determined by the following
expression:

) U 2 3
Py = Pm+l-l_hq ”{1 - A rctanEd—G

) T2n R

c
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Here, G(A) = &> + A,G, + A,G,, x = cosn.
The viscous drag acting on the spheroid is deter-
mined by the integration of expression (1.8) over the

surface of spheroid; with allowance for Egs. (2.3) and
(2.4), it is equal to

p.U.
c

Fz = A4mx AZGXP{_%aoarCtanxo }nza (27)

where n, is the unit vector in the direction of the z-axis.

Note that force (2.7) was calculated under the
assumption that the particle motion is uniform, which is
possible only if the total force acting on the particle is
zero. Since force (2.7) is proportional to the velocity
and nullified together with it, the uniform motion of a
heated oblate spheroid can be implemented only if we
assume the existence of a certain external force that bal-
ances force (2.7).

The integration constants A; and A, in the expres-
sions for the velocity components are determined from
the boundary conditions at the surface of the spheroid.
After their calculation, expression (2.7) may be repre-
sented in the form

F, = 6na,n.. KU n,, (2.8)
where
2 G { Ay }
K== exps ——tarctani, ¢,
Lo -aan e

GI1 and Gé are the first derivatives of the corresponding
functions with respect to A.

To obtain the expression for the hydrodynamic drag
of a prolate spheroid, one should substitute A by /A and
c by ic in (2.8); here, i is the imaginary unit.

Thus, formula (2.8) makes it possible to estimate the
hydrodynamic force acting on a uniformly heated sphe-

Table 1. The temperature dependences of the coefficient K
for different semiaxis ratios of the spheroid

T, K
283 | 303 | 333 | 343 | 353 | 363

0.70510.393 10.163 | 0.121 | 0.089 | 0.065
0.72710.397 {0.158 | 0.116 | 0.086 | 0.062

aylby

273

0.73 | 0.947
0.9 |0.980

Table 2. The dependences of the coefficient X on the semi-
axis ratio for different temperatures

075 |08 (08 |09 (095 |[0.99
0.5822(0.7076|0.7137|0.7201|0.7266|0.7332(0.7386
0.1451|0.1614|0.1594/0.1585|0.1581|0.1582|0.1585

ao/bo 0.71
KO
KO

roidal particle with allowance for the temperature
dependence of viscosity expressed by formula (1.1).

As an example, Tables 1 and 2 list the results of
numerical calculations for the dependence of the coef-
ficient K on the average surface temperature of the
spheroid and on its semiaxis ratio. The calculations
were conducted for granite particles with the radius R =
2 X 103 m suspended in water at 7., = 273 K; K and
K® correspond to 7, =283 and 333 K, respectively; A =
5779, F,= 0, and n = 1. A numerical analysis shows
that heating of the spheroid surface significantly affects
the magnitude of the resistance force.

In the limit at Y — O (small temperature differences

in the vicinity of the spheroid), G, = LS , Gll = —l4 ,
3A A
G,= %’ G} :_% ,and a, = by = R; the coefficient K =1,

and formula (2.8) passes into Stokes’™ formula for a
solid spherical particle of radius R [8].

Let us consider the motion of a spheroidal particle in
the gravitational field. A particle falling down in a vis-
cous liquid owing to the force of gravity finally begins
to move at a constant velocity, at which the force of
gravity is balanced by hydrodynamic forces.

The force of gravity acting on the particle, with
allowance for the buoyancy force, is equal to

4
Fy = (P, Pig)g3Tch. 2.9)

Equating Egs. (2.8) and (2.9), we obtain an expres-
sion for the velocity of steady-state sedimentation of a
uniformly heated spheroidal particle:

U. = (p,—Pig)g1 +7¥§

a,0,G\Gy - GGy 4y
><3um G expy — a,arctani, ¢.
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Let us also point to some other problems (associated
with the motion of a uniformly heated spheroidal parti-
cle) that may be directly solved on the basis of the
above results. Let us consider a particle that has uni-
formly distributed heat sources (sinks) with a constant
power density ¢, acting inside it. To describe the
motion of a particle with a uniform internal heat gener-
ation, one should supplement Eqs. (1.4) and (1.5) with
an equation describing the temperature distribution
inside the particle (A7, = —g,/A,) and formulate the
boundary conditions so as to consider the equality of
temperatures and heat fluxes at the particle surface. The
average surface temperature of the spheroid will be
described by the following relationship:

0b,
3 7

If the heat sources (sinks) of a constant intensity /,
are situated at the surface rather than in the bulk of the

particle, the corresponding result may be obtained if we
formally set

T,=T.+

3 bé 1+¢
= = 4+ — In—=
q, 4b0]{2 eaéln T |

where ¢ is the eccentricity, in all relationships referring
to the case of uniform internal heat liberation.
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