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Abstract

The characteristics of quasi-monochromatic tunable X-ray sources based on multipasses of electrons through thin
targets installed in cyclical accelerators are discussed. An internal bremsstrahlung radiator coupled with a multilayer X-
mirror placed outside the accelerator vacuum chamber is used to produce tunable, narrow spectra. It is compared with
other radiators using different emission mechanisms, such as transition radiation and coherent bremsstrahlung. The
calculated formulae given here allow the comparison of the spectral and angular-distribution intensities of these

mechanisms.
© 2004 Elsevier B.V. All rights reserved.

1. Introduction

The efficiency of X-ray sources based on rela-
tivistic electron emission in condensed media is
limited by the effect of photoabsorption. The
reduction of absorption by the installation of thin
targets, where the thickness of the target is less
than the photoabsorption length, into a circular
accelerator has been demonstrated experimentally
[1-3].

There are a variety of possible coherent and
incoherent emission mechanisms that permit
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recycling through thin radiators. For example,
quasi-monochromatic fluxes of soft and hard X-
rays can be produced by the parametric X-ray
radiation (PXR) from relativistic electrons cross-
ing a crystalline target [4-6]. The main defect of
such a mechanism is the small emission intensity.
The same is true for diffracted transition radiation
from relativistic electrons crossing a crystal [7]. A
more intense source can be created using ordinary
transition radiation from relativistic electrons
crossing an amorphous target. But this source
produces a wide spectrum of emitted photons and
requires an electron beam of very high energy in
order to produce hard X-rays.

Higher intensity PXR can be achieved when a
multilayer X-mirror is used [8-12]. The limitation
on the intensity of such a source occurs when hard
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X-ray generation is required, and very small ori-
entation angles between an emitting particle
velocity and reflecting plane of X-mirror are re-
quired. The path of the electrons through the
multilayer is then large, and the resulting increase
in multiple scattering of the emitting electrons in-
creases the spectral width and decreases the total
yield of the emitted photons.

Thus, these two problems appear to be intrinsic
in the coherent mechanisms of X-ray emission
from relativistic electrons in condensed media:
high energy electrons are needed for hard X-ray
generation and the yield is restricted primarily by
the multiple scattering of the emitting electrons.
To overcome these issues, a simple and effective
X-ray radiator is considered here consisting of a
thin amorphous target, installed in a circular
accelerator, and an X-mirror placed outside the
accelerator’s chamber. Ordinary bremsstrahlung,
emitted from relativistic electrons in amorphous
target, is reflected by X-mirror in this scheme.
There are definite advantages of a bremsstrahlung
radiator: (1) the spectrum is very wide, and
therefore one can use electrons with relatively
modest energies for the production of hard X-rays;
(2) bremsstrahlung is less sensitive to multiple
scattering in comparison with coherent X-ray
emission mechanisms; (3) since emitting electrons
do not interact with the X-mirror, small orienta-
tion angles between bremsstrahlung flux and the
X-mirror plane are possible; (4) since the X-mirror
reflects photons in a wider frequency range than
that a crystal, the intensity can exceed that of a
source based on PXR from a crystal.

The main goal of this work is to calculate the
spectral and angular characteristics of the photon
flux emitted from such a source and to compare
them with the parameters of an X-mirror. The
required energy of the emitting electrons and the
number of passes that they make through such
targets are compared. Only the process of X-ray
producing during the interaction of the emitting
electron with a radiator is studied here without
account of X-ray photoabsorption in a vacuum
window between the accelerator chamber and
external X-mirror.

In our search for high-intensity radiators for
cyclical accelerators, we will also consider the use

of thin amorphous internal targets for the gener-
ation of transition radiation as well as the use of
oriented crystalline targets for coherent brems-
strahlung production. The increase in X-ray yield
from crystalline radiators in comparison with
amorphous ones has been observed experimentally
[13,14].

In Section 2 the general formula for the emis-
sion spectral-angular distribution is derived con-
sidering both bremsstrahlung and transition
radiation production. The relevant features of
X-ray emission for the case of a modest energy
electron beam, when the emission yield is deter-
mined primarily by bremsstrahlung, are described
in Section 3. The case of higher energy electrons,
where transition radiation dominates, is consid-
ered in Section 4. Coherent bremsstrahlung is
considered in Section 5. Our conclusions are pre-
sented in Section 6.

2. The emission spectral-angular distribution

Let us consider an X-ray source as shown in
Fig. 1. Here an electron beam crosses a thin target
along the axis e;. Emitted photons propagate
along this axis striking an X-mirror with the
thickness NyT (T is the period of X-mirror, Ny is
the number of periods) placed parallel to the plane
x =0. The axis e, is oriented along the X-ray
detector’s axis. The emission angle ¢ is usually
fixed. The orientation angle @', relative to the
position of exact Bragg resonance, describes the
rotation of the X-mirror by a goniometer.

The Fourier-transform of the emission field
E. = 2n) " [ded*rE(r, 1) exp(ior — ikr) in  X-
mirror is calculated using the X-ray dynamical
diffraction theory [15]

(k2 — w2(1 + X()))Eu)k - k(kEwk)

/
- wZ Z ngEwk-#g = Oa (1)
g

where y, and y, are the coefficients in the Fourier-
transform of X-mirror dielectric susceptibility
2(@,7) = 1o(©) + Y, 75 (@) ¥, g is the reciprocal
lattice vector, g=2mn/T, n==+1,4£2,... The
quantities y, and y, are determined by
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Fig. 1. The principal scheme of X-ray source. Here e; is the
electron beam axis, e, is the X-ray detector axis, ¢ is the fixed
emission angle, 0/ is the orientation angle describing the rota-
tion of the X-mirror by the use of a goniometer, L is the
thickness of the target, Ny T is the thickness of X-mirror, T is its
period, g is the reciprocal lattice vector, the angular compo-
nents ¥ and 0 describe the electron beam spread and the
emitted photon angular distribution respectively.
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where y, and y, are the dielectric susceptibilities of
alternate layers in X-mirror, ¢ and b are the
thicknesses of these layers, and w, and w, are the
plasma frequencies of corresponding layers.

Two wave approximation equations

(K — (14 70))Ex — 0y _g2iEsg = 0,
(kg — (1 4 20))Esg —
following from (1) have the well-known solution
Ej=a;6(— &) +0:6(E - &),

(@/2p) g2 . (4)
—(@?/2p)10 "

where the following definitions are used:
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(5)

The equation for the diffracted emission field

EEZ“ propagating in a vacuum along the axis e, (see
Fig. 1)

(ké )El’dd ~ 2prldd (6)

follows from (3) in the limit y, = y, = x_, = 0.
Using (4), the solution of (6)

Ejy = c;0(¢) (7)

and the ordinary boundary conditions

/ dée Mg, = / dé(Es — E5y)
- / (B — E) = 0 (8)

one can express the unknown coefficient ¢; in
terms of the incident field £ propagating in a
vacuum behind the internal target along the axis e,
(see Fig. 1)

+00
c,=d;R;, d;.:/ deE™y,

o0

2 i i
R;= <%Xg0€1 [CXP (%fiNOT) —exp (‘%szoTﬂ)
/((A +/i— o ) exp <1f1N0T>
p 2

(o e)en ()
)

where the quantity f; denotes the radical in the
formula for &, in (5).

For further analysis it is necessary to determine
the incident field E'%. To determine this, let us find
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solutions to the wave equation for the field inside
the internal target

iwe i
w_wum%=m/mem,m>

where y is the dielectric susceptibility of internal
target, v.(¢) = dr./dr is the velocity of an emitting
electron. The solutions to the field in the vacuum
in front and behind the internal target follow from
(10) in the limit y = 0. Using known methods, one
obtains the following expression for EMe:

ENC = p;6 (k; -/ ? — kII\Z)

lwe 1 iwt—ikr,
+4_7_c3k2_a)2/dte/lovee ‘ kea (11)

where the coefficient p; is determined as
s +oo
iwe ,
D=7 / dk;,
4o )
1

1
8 (kf — (I + )+ k2 —? +k|'2>

" (1 _ e—i(k;f (/)3(1+z)k’2)L>
—il K= 2—k’2>L . .
e 1( VAL i O/dte,zo Veem)t—lkre (12)

and &, and k]‘ are the corresponding components
of the vector k in the system of coordinates x’y’ (see
Fig. 1).

Results (9), (11), and (12) allow us to obtain a
comprehensive description of emission character-
istics. In order to obtain an emission amplitude it
is necessary to calculate the Fourier integral

ior

)

rad __ 3 ikgnr rrrad
E/l —/d kge 8 EAO —>A;'

A; = —2miwn,c; n=nj+en, emn =0.

(13)
The integration in (13) was done using the sta-
tionary phase method. Here n is the unit vector to
the direction of an emitting particle propagation.
It is convenient to express m in terms of a two-
dimensional observation angle ® in accordance
with the formula

|kH =on)’

1
n:e2<l—§@2>+®, 0 =0. (14)

Using the definition (14), one can obtain from
9), (11) and (12) the general expression for the
emission spectral-angular distribution of emitted
photons
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(15)

where the brackets ( ) mean averaging over all
the possible particle trajectories r.(¢) = e.z.(t) +
€,y.(¢) + ex;(¢). When integrating over dk; and d¢
in (9) and (12), it is necessary to get around the
poles correctly.

The result (15) takes into account both brems-
strahlung and transition radiation contributions as
well as an interference between those radiation
fields that can be very important [16,17]. For our
purposes it is sufficient to consider two limiting
cases corresponding to a predominance of only
one of the mentioned mechanisms. It should be
noted that the trajectory r.(¢) is not determined in
(15). Therefore this expression describes both or-
dinary bremsstrahlung from an amorphous target
as well as coherent bremsstrahlung from a crys-
talline target.

3. X-ray source based on the diffracted
bremsstrahlung

Let us consider emission from electrons of
relatively small energies &= ym < mw/w, (or
e <tens MeV for w of the order of tens keV), m is
the electron mass, wy is the plasma frequency of
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the internal target and y = —]/w?. It is impor-
tant that the energy of emitted photons w is
approximately constant because the X-mirror ex-
tracts the photons with energies in the vicinity
of the Bragg frequency only. Assuming the
condition wyL < 1 to be valid, one can obtain for
the emission amplitude 4, the very simple expres-
sion

. +00
AEr = 1;)_6 / dte),OVe emwOR;L = d;LR)‘. (16)
n J_

o]

For thin internal targets L < Ly, =~ %LR (Ly is
the radiation length), the multiple scattering angle
Oy ~ 7y '\/L/L is small relative to the charac-
teristic emission angle @, ~ y~' [18], and the di-
pole approximation of the emission theory is valid.
For this approximation the particle’s velocity v, is
assumed to be constant. Defining the angular
variable ¥ by the formulae

1
v:el(l—zw/

one can obtain from (16) by the integration by
parts the formulae

1
Z—E'PZ> +¥, e¥=0 (17

1
d_ o dr -2 QZ
M2+92/ exp{z(y + )}

207 20,0
(12 e 2
)72+ Q 72+ Q
e -2 2

Q
dy = M2+Qz/dteXp{2(V + )}

2
{<I_L>W_MW}
)2+ Q 72+ Q

(18)
where =0, -7, Q=20+ o,+Y,

@ =0+ Q W, and W' are the transversal
components of the partlcle s acceleration in the
system of coordinates x'y'z (see Fig. 1).

The acceleration W can be expressed in terms of
potentials of atoms, located in the internal target

Y ie /d3 —v. kV e —1kvtzelkr, (19)

where ¢, is the Fourier-transform of the potential
of a single atom, r, is the coordinate of «th atom in
internal target. In the case of an amorphous target,

r, is uniformly distributed over the volume of the
target.

The final expression for the spectral-angular
distribution of the diffracted bremsstrahlung
intensity, following from (15)—(19), has the simple
form

d*nPr 8Zze6n0 In(mR)
Y dode Tm?y?

1 . dy207 R
Noer? 2t ) Il

(20)

where Z is the atomic number, g is the density of
atoms in the internal target, and R is the screening
radius in the Fermi-Thomas atom model. The
brackets ( ) designate averaging over the electron
beam angular spread as described by the angle V.
It is important that this averaging is unrelated to
reflection coefficient |R,|*.

The spectral-angular distribution of the total
photon flux, emitted after n passes of the electron
beam through an internal target, follows from
(20),

3 p7br 2,6
YA In(mR)
d’N; 8 e®ng In(m ZPF |R;,

Y dode m*y?
t) / d’y
W2 4 t/y2Ly

/ dtexp (
lIIZ
xexp| ——————
P VY7 4+ t/2Ly.

y 1 . dy20°
(2+Q%)° G2+ )

where P, is the probability for an electron to un-
dergo the /th collision in the internal target. P, is
the monotonically decreasing function of the
number of passes /; one can introduce the average
number of passes (n), so that P, ~ 1 for I < (n)
and P, < 1 for /> (n), the values of (n) are
determined by specific properties of the internal
target and circular accelerator. L,, is the photo-
absorption length, W7 = ¥§+ (L/y’Ly)(I — 1),
and Y, is the initial angular spread of the electron
beam.

(1)
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The spectrum of the emission is completely
determined by the function R; from (9). Analyzing
the properties of this function, one should take
into account that the photoabsorption in the X-
mirror, which is not as important as the case of
PXR where the photoabsorption determines the
maximum emission yield [11]. Thus, the influence
of the photoabsorption can be neglected if a
photoabsorption length exceeds the X-mirror’s
extinction length (such a condition is always
valid). A very simple expression for [R;|* follows
from (9) under such conditions

Ry = |sinh® (3;,1/1 — ©2(w))|
|1 = 3(@)] + | sinh® (8;/T = ()|

(22)

where the function t;(w) is defined by the expres-
sion

2 @ 20n.
= 1422
205 |0y g g

~ £ <1w)
N2w§,|oci| oy )’ (23)

Wy = wB(l + (0" + @H)cot%>,

_ g
@B = Dsin(p/2)”

Here

2
w a b
0 :?gNoToc;,, w[% = a)f,?—i—wif,

0 = (0 — o) sin(na/T)

. (24)

The function \R;,(r,—h)|2, calculated for different
values of the parameter ¢,, is shown in Fig. 2.
Following these curves, the reflected peak is
formed in the range ¢, > 2 only, when the number
of Be-layers in X-mirror is large:

4n?
(@2 — )T

a

Ny > N, = (25)
The spectrum of reflected photons is concen-

trated in the vicinity of a modified Bragg frequency
wp(1 + @' cot(p/2)). Tts width depends strongly

IR, [

[g2/2a) 200 ][l—w/w']

& A B

Fig. 2. The dependence of the reflection coefficient |R;|* on the
X-mirror thickness. Here §; = wéNoTa,;/g (see the definitions
(23) and (24)).

on the photon collimator angular size A®) if
A®| > 1/N,. Strongly collimated photon flux
(A@) < 1/N,) has the “natural width”

Ao 4w§|ou| N (02 — w})T?

1) g2 73

(26)

determined by X-mirror parameters only.

One of the most important advantages of a
diffracted bremsstrahlung source is the possibility
of generating hard X-rays by the use of an electron
beam of modest energy (e.g. 20 MeV). Since the
scale of X-mirror period T has the value of
approximately 10 angstroms, a very small reflec-
tion angle ¢ (see Fig. 1) is needed for hard X-ray
generation, following from the expression for the
Bragg frequency wpg in (13). The polarization
coefficient oy = cos¢@ ~ 1 = oy and the reflection
coefficient |R,(3;,7,)]> do not depend on the
polarization index /1 because 6 xd, =0=
(03/g)NoT and 1) = 13 = 1= (g7 /20;) (1 — /).

Assuming that the angular spread of the elec-
tron-beam is not changed appreciably for electrons
passing through an internal target (@2, =L/
7L < V), assuming the simplest case n < (n),
and using integration instead of summation over /
in the general formula (21), one can reduce this
formula after summation over polarizations to the
following expression:
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(27)
where
A=y24+¥ 4+ 6% B=2Y06,
0’=0,+0;, 0,=0,, 0,=20+0.

(28)

Formula (27) shows a saturation of the de-
scribed emission yield as a function of the number
of passes n due to the influence of multiple scat-
tering of emitting particles. Indeed, the strong
dependence of the yield (27) on n occurs for small
n < WL /L, when

y? p?
E|l— | —E| —
"\ 2+ Ln/yL, w2

n 2
~ ﬁe Wﬁ < l, (29)
VT gLsc

but such a dependence becomes weak (logarith-
mic) in the range n > y>¥;L,./L. The second case
(n> 1) is more interesting for X-ray generation
although one should take into account a finite
value of the average number of passes (n). To
estimate the influence of the finite value of (n) let
us approximate the probability P, by the simple
function P, = exp(—1//(n)). Using this approxima-
tion and assuming the average multiple scattering
angle /L(n)/y?Ly to be larger than the initial
angular spread ¥, one can obtain in the range
n > (n) from (21) the formula for wdN* /dwd’@
different from (27) by the substitution

p? p?
E|—5———|-E| -3
W2 4 Ln/y> Ly v?

PP Ly
L(n)

— 2Ky | 2 (30)
This result allows us to determine the maximum
possible emission yield.

Let us consider the very important dependence
of the yield (27) and (30) on the internal target’s
atomic number Z. In accordance with (27), the
yield is monotonically decreasing function of the
ratio L/L,, and therefore the thickness of internal
target L must be less than the absorption length
L.y,. For example, L = %Lab; the factor (L.,/L)(1 —
exp(—L/L.)) =~ 1 and the Z-dependence of the
yield is given by the argument of the Macdonald’s
function in (30). The average number of passes (n)
decreases with increasing Z. It is reasonable to
assume that (n) ~ L ~ Z72. Since L < Ly, ~ Z74,
it may be advantageous to use low-Z elements
for the internal target because the quantity

A/ZIPZLSC 2
o~ VAN

Performing the integration over w in (27) (after
the replacement (30)), one obtains the following
formula for the angular distribution of emitted
photons:
d*NPdetwry?

~

d*e ng?

tanh() P <y2@2,LL<n> ) :

SC

o /oc dtK0<2 LL<S;>t>
0 (1+14+720%) — 49267}
(1+1+720%)° +2,20%
(14+1+720%) — 420%
(14147207 + 6,2 0% >

X <1+t+y2@2—2

+2(1+t+726?)

((I+2+ y2@2)2 — 4)12(92t)2

(31)
where the quantity o} is defined by (24).

In accordance with (31) the angular distribution
of diffracted bremsstrahlung is described by the
universal function @ (y@) depending on the one
parameter L(n) /L. only (obviously, this parameter
is the ratio of square of average multiple scattering
angle L(n)/y*Ly. to square of characteristic emis-
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Fig. 3. The bremsstrahlung angular distribution versus the
average number of electron passes through an internal target.

Here dj‘;’;' = 4812)57"2 ", 0 =,/60> +(20' + HH)Z, the curves have
been calculated by the formula (31) for different values of the
parameter L{(n)/Ls. = 0.1 (curve 1), 1 (curve 2), 2 (curve 3) and

4 (curve 4).

sion angle y~2). This function is illustrated by the
curves in Fig. 3, calculated by (31) for different
values of the parameter L{n)/Li..

To estimate the possible intensity of the studied
source, let us consider the scheme, containing
WB,C multilayer mirror, used in the experiment
[9] (the thickness of W-layer a = 5 x 10~% c¢m, the
thickness of B4C-layer b = 7 x 107® c¢m, the num-
ber of periods Ny, = 300). In addition to X-mirror
parameters, it is necessary to fix the electron en-
ergy and the parameters of the internal target. In
our estimate we will use the parameters from [19]:
the energy of electrons e = 33 MeV, the thickness
of beryllium amorphous target L = 20 x 10~* cm,
and the average number of passes (n) = 200. Using
these parameters, one can obtain the following
estimation for the angular density of diffracted
bremsstrahlung: d*N%/d*@ ~ 0.14 ph./el.ster.

The obtained estimation demonstrates the pos-
sibility of a tunable quasimonochromatic X-ray
source whose brightness can be larger than that of
other novel X-ray sources. Indeed, the predicted
value of d°N/d*@ is comparable with that for
PXR source based on the emission from 500 MeV
electrons in the multilayer mirror with indicated
above parameters (in the last case d’N/d’@ in
accordance with theoretical predictions made in
[11] where an advantage of X-mirror as PXR
radiator compared to crystalline one has been

shown) in spite of the fact that the energy of
emitting electrons in the case considered (33 MeV)
is significantly below.

An emission property of specific interest is the
spectrum of emitted photons. The spectral width
of strongly collimated photon flux is given by (27)
(especially Aw/w =~ 1% in the case considered). To
estimate an influence of the photon collimator size
A@| on the spectral width, let us integrate the
general formula (27) (with the replacement (30))
over @, and 0. Since the reflection coefficient R|”
does not depend on @, the collimator in the form
of a slit (collimator angular sizes A@, and A@)
must satisfy the condition A0 < A@,) seems to
be appropriate because of the possible increase in
total emission yield without increasing the emis-
sion’s spectral width. Since the function @™ is a
slowly changing function of observation angles
relative to the reflection coefficient, one can inte-
grate over the angle 0; in (27) the function |R|2
only. The result of integration, obtained in the
case of small enough collimator size Al <
77 1/1 + L(n) /Ly is given by

AN 28wy br<w M,2y0’,L<n>>,

do - 1-[2g2 (/037 ® Lsc

+00
Qbr — / dy(pbr(VZQZ)

y / dz|sinh* (0V1 — 2)|
. |1 =22+ |sinh® (6V1 — )|

(32)
where
,))2@2 _ y2 + 4,))29/2,
fizg—é<1+wiTMwﬁB>. (33)

The universal function Q" (w/wg), calculated
for fixed parameters J, 290/, L(n) /L. and different
values of the parameter A0/, is presented in Fig.
4. Presented curves demonstrate essential spread-
ing of the emission spectral width when increasing
the collimator angular size A9 and decreasing the
reflecting angle ¢. It is interesting to note that the
amplitude of the spectral distribution (32) is sat-
urated with increasing of the parameter A@;/¢p
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Fig. 4. The bremsstrahlung spectrum yersus the photon colli-
mator angular size. Here o9 = ) 0", the curves have
been calculated for fixed values of the pdrdmeters L(n)/Ly =1,

do n2g?
=1(curvel),3

¢ = 0 and different values of the parameter £
(curve 2) and 5 (curve 3).

2() @

and the subsequent growth of the emission yield is
attended by spreading of the spectral width.

The tuning of the bremsstrahlung spectrum by
the change of the orientation angle ®’ is demon-
strated by the curves presented in Fig. 5.

An important advantage of a thin bremsstrah-
lung source over that of parametric radiation from
X-mirror [9], is that the substrate of the X-mirror,
used as monochromator in the bremsstrahlung

br
Q™
0.8

0.6
04 3 2 I

0.2

0 L . L
-60 -50 -40 -30 -20 -10 O 10

-3 - %)

Fig. 5. The bremsstrahlung spectrum versus the orientation
angle 0. The curves have been calculated for fixed values of the

£o0 _ =3, %1 _ 0,003 and different

> 2() 20
values of the parameter y0' = 0 (curve 1), 0.07 (curve 2) and
0.14 (curve 3).

parameters L(n)/Le =1

case, can be thick since emitting electrons do not
interact with the X-mirror; whereas, the substrate
must be as thin as possible for the parametric
X-ray source when it is an the internal target.

4. X-ray source based on the diffracted
transition radiation

Returning to the general formula (15), let us
consider an emission from electrons with high
energies ¢ = ym > mw/w, (¢ = 1 GeV in the hard
X-ray range where w of the order of tens keV and
¢ > 100 MeV in the soft X-ray range w ~ 1 keV).
On condition of small enough thickness of internal
target L < Ly under consideration the main con-
tribution to total emission yield in the range
o < ywy makes the transition radiation mecha-
nisms [20]. Ignoring as before the multiple scat-
tering during the passage of the internal target, one
can obtain from (15) the following expression for
an emission amplitude:

AEr:fQ( 1 — 1 )
A P ~ ”/72"'92 y,z_x_’_QZ

< (1o g, (34)

where y = —w}/w? + iy", the remaining quantities
in (34) have been defined above.

Using (34) and repeating the calculations per-
formed in the previous section, one can obtain the
formula for the spectral-angular distribution of
diffracted transition radiation:

o 2’ 2L
d ]VZ € V sC /d2 qu() 2 / sC
Y dode L(n)

2

1 1
—2+QZ_ b »? 2
i 725+ Q

X Qf
X (1 + et — 2g7h/2hab
ol w?
X o8 —= (“/_2 + 52 + QZ)) R, (35)

analogous to the result (27) and (30). Here
L) =wy, |R; | is defined by (22).
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We shall restrict our consideration to electrons
of very high energies (or photons of small ener-
gies), when y >y, = wp/w, and, therefore, the
transition radiation yield peaks in the frequency
range close to wg. In accordance with (35) the
influence of multiple scattering on the interference
between transition radiation waves emitted from
the entrance and exit surfaces of the internal target
is small with the understanding that

oL wpL L{n)
Ay 5

2 () 297 Ly
Assuming the condition (36) to be fulfilled, one

can obtain from (35) the following expressions for
the diffracted transition radiation angular density

<. (36)

2 r 2,242
d*Ny z4e o)
d*e ng?

Ly - - L, _ -
(DEF:T(IJre ks _2e L/ZL*‘bcos—w; ( 2+*/*2+92))

* Ly ! ;
></ detKo | 24 |t —2<1—g§>
0 L(n) 2y’ e

1+ 49267
» +t+y _1

\/(1+t2+y2@2)2—4t2y2@2

tanh(é;_)a;fbﬁf,

+2@_§ t2+y2@2+([2_,y2@2)2
@2((1+t2—|—y2@2)2—4t2"y2@2)7

where the angle @ is defined by (28). Note, the

interference factor in (37) give us a possible

method to achieve the maximum emission yield

under conditi?ns of positive interference: %()}‘2 +
wiL

7.7+ 0%) =3 =n This interference is sup-

pressed in circumstances where the inequality
contrary to (36) is fulfilled. On condition under
consideration the r%pidly oscillating function
2tk cos 2L (772 + 28+ @) can be neglected in
(35) and consequently the analogous term in (37)
can be neglected as well.

Let us consider the dependence of the angular
density of diffracted transition radiation on the
average number of passes (n) and the thickness of
the internal target L. In accordance with (37), the
function @Y ((n)) is a monotonically increasing

function, which is saturated in the range (n) >
L. /L. From the comparison between the functions
" and @Y it may be concluded that the depen-
dence of the emission angular density on (n) for
diffracted bremsstrahlung and transition radiation
is approximately the same.

On the other hand the dependence @} (L) does
not coincide with @° (L), which is to say that the
transition radiation yield from a target is not
proportional to the thickness of this target. One
can see that L-dependence of @} is not determined
by the single parameter L(n)/Ls, in contrast with
", but such a dependence takes place for the
function @"/(n) for the conditions L < L,, and
L ~ 2nwp/w] (resonance condition) under con-
sideration. The dependence of the function @"/
(n) = (@] + @5)/(n) on the parameter L(n) /Ly is
illustrated by the curves presented in Fig. 6. The
average angular density of transition-radiation
photons decreases with the increasing of the
parameter L(n)/Ly.. The growth of the yield in
center of the angular distribution is due to multiple
scattering of the emitting particles. Note, the
quantity (n) decreases with increasing L, and
therefore the function ®" decreases faster than
Q" /(n).

It is interesting to compare the angular densities
of X-ray sources based on the bremsstrahlung and
the transition radiation. Using the formula (37),
the curves in Fig. 6 and the parameters identical to

Fig. 6. The transition radiation angular distribution. Here
2 A7tr ezu)z“z .

“(;;‘; ! ngii’ @". The curves have been calculated for different
values of the parameter L{(n)/Ls. = 0.1 (curve 1), 1 (curve 2), 10

(curve 3) and 20 (curve 4).
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that for the bremsstrahlung radiator, we obtain the
following estimation: dN'/d*@ ~ 10 ph./el.ster.
This estimation exceeds essentially that obtained
above for the scheme based on diffracted brems-
strahlung radiator. But one should take into ac-
count that in conditions where the energy of
emitting particles are the same for both schemes
considered the energies of emitted photons are
very different. Indeed, the Bragg frequency wg
must be much less than yw, for transition radia-
tion radiator but this frequency must be much
more than yw, for diffracted bremsstrahlung
radiator in accordance with assumptions used in
the performed analysis. In the case considered the
average energy of emitted transition radiation
photons must be much less than 2 keV. In these
conditions photoabsorption can suppress the
contribution of transition radiation waves emitted
from in-surface of the target to total emission yield
and therefore above estimation must be reduced
by a factor of four. Thus, X-ray source based on
the transition radiation radiator is of prime inter-
est for soft X-ray producing.

To describe the spectrum of discussed emission,
it is necessary to integrate the expression on the
right-hand side of Eq. (35) over observation angles
©, and 0. The result of such integration has the
form

) S
dnyr - de’wyy tan(@/2)a;
dw n2g?

t
Q/;r I

w

-~ ™ gy [ de|sinh’ (6,V1—2)|
C ) “Joo |1 =22+ |sinh? (6V1 = 22)|’

_ g2 14 29/ + AGH w
e 202; 2tan(¢/2) wg )’

(38)

analogous to (32) and (33). Here 70, =y,
760, = 290" as before.

The function 0" /(n) = (O + OY)/(n) has been
calculated for fixed values of the parameters o,
290, L(n) /L. and different values of the parameter
A0 /. Results of calculations analogous to that
obtained for the case of diffracted bremsstrahlung
radiator are not presented here.

Formulae (37) and (38) allow us to describe all
diffracted transition radiation characteristics of
interest for the task of an effective X-ray source
creation.

It should be remembered that the field of the
application of these formulae is bounded by the
used condition y > y,, or wp <K yw,.

5. X-ray source based on the diffracted
coherent bremsstrahlung

Let us consider the possibility of increasing the
X-ray emission yield using coherent bremsstrah-
lung from a crystalline internal target. It should be
noted that channeling radiation occurs simulta-
neously with coherent bremsstrahlung in the case
under study, but the contribution of this radiation
is small in the range of low energies of emitted
photons to the left of the characteristic maximum
in channeling radiation spectrum. We assume that
the momentum of the electron beam is oriented at
the small angle ¥ relative to the axis of atomic
strings in a crystal and that its component in
the plane perpendicular to the string’s axis is
placed far from the main directions of planar
channeling. Since an emitting electron suffers
accidental collisions with different atomic strings
under discussed conditions [18], the spectral-
angular distribution of the emission intensity can
be defined as [18]

d3Ncb +00 dzN/%tr
Grdodn = ¥ / db3mda’ (39)

—00

where ny is the density of atoms in internal target,
a is the distance between atoms in an atomic
string, d*N3" /dwd@ is the distribution of coherent
bremsstrahlung from relativistic electron on a
single atomic string, integration in (39) is per-
formed over all possible impact parameters b,
determining the collision of an emitting particle
with atomic string.

To determine the quantity d*N3" /dw dQ, we will
use the formula (16) with ¢, instead of ¢y. Such an
approximation is realistic because the photon
formation length leon &~ 29?/(1 + Y’} /o) o s
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much less than the thickness of internal target L. In
addition to this it is suggested that the angle of an
emitting electron scattering on an atomic string

AV ~ /W + W2 — ¥ (V. is the critical channel-

ing angle) is less than the characteristic angle of
photon emission by a relativistic particle y~!. In
this case the dipole approximation for the photon
emission is valid. Assuming that atomic strings are
oriented along the axis e, (see Fig. 1), one can
define the velocity of emitting electrons by the
formula (17), where the scattering angle ¥ is
changed in the process of coherent azimuthal
scattering of an electron in the average string’s
potential [18]. Obviously, the formula (18) is
appreciable for the description of coherent
bremsstrahlung description as well, but some
changes are required in this formula: y72 — y=2 4
7.5, ¥ — Psiny, ¥ — ¥cosn, i is the angle of
coherent azimuthal scattering of an electron on
atomic strings.

The components of electron acceleration W, and
W! coming into existence when such an electron
moves in the average string potential can be
determined by the expression

2mie
WL / dzklkL(p K,
1
X exp ( - 51@% —ik b — ikﬂlz) (40)

analogous to (19). Here ut is the mean square
amplitude of thermal vibrations of the target’s
atoms, k, = ek, + ek, b¥ = 0.

Note, the approximation of rectilinear motion
of an emitting electron through average string’s
potential is valid on condition ¥* >> V2 only. This
condition restrains the field of application of this
work. On the other hand, such a condition is
necessary to obtain the emission yield in the soft
X-ray range because this yield becomes small due
to the formation of a maximum in the spectrum of
both above-barrier and channeling electrons
moving in a crystal at small angles ¥ < ¥, to the
string’s axis [18].

Using (40) and modified formulae (18), one
can obtain the following expression for d’N3"/
dwd’@

d3Nstr 5 5
o d2 =|d["|R:[,
4mie
d dk 7k wk—ikib
e mVa‘I’72+V2+QZ/ 1P, € T

2000,
e e

)

2
x| 1= 24 5 k-
P24y 4+ Q

4rie?
d dk e 2k u —ik1b
T mya‘l’y2+y2+92/ 19k,

2
2= - 20,0, &
7+ Q pRArA e

(41)

)

where the following designations are used:

B =B+E, kb= 292+,

2¥
k. =kicosn+kysiny, k.= —k sinn+ k,cosy.
(42)

Let us consider the possibility of producing
hard X-rays from coherent bremsstrahlung.
Assuming the reflection angle ¢ to be small and
substituting (41) and (42) to (39) one can obtain
after integration over impact parameters » and
summation over polarizations the following
expression for the coherent bremsstrahlung spec-
tral-angular distribution

d*Neb 47%¢Sn, R
w 3 =
dtdwd’e

<(1-o() v

T m? a¥

407+
2+ + Q)

1
X
<(v2 +972+ @)
L2 2 2
X (&) cosn — 2, sinn) 1>(|R1| + [Ro[).

(43)

Obviously, the main difference between the coher-
ent bremsstrahlung intensity (43) and that of the
ordinary bremsstrahlung (20) consists in the co-
efficient R/a'?P. This coefficient shows the number



228 N.N. Nasonov et al. | Nucl. Instr. and Meth. in Phys. Res. B 227 (2005) 216-229

of atoms in an atomic string making a coherent
contribution to the formation of the bremsstrah-
lung yield [18]. The value of this coefficient can
be large for small enough incidence angles
¥ < R/a, so that the use of crystalline radiators
allows us to increase the bremsstrahlung yield
very essentially. This theoretical conclusion is in
agreement with experimental results [13,14] con-
sisting in the observation of the increase in X-ray
yield from 500 MeV electron beam crossing Si
crystalline radiator in comparison with amorphous
one (a tenfold increase of the yield in X-ray range
has been observed). On the other hand, such
effect can be realized with the proviso that the
emission formation length /., exceeds the elec-
tron path in the atomic string potential R/YP.
This condition sets limits on the possible photon
energies
2
wmw3<<2yg’. (44)
R

The further calculations are analogous to that
performed above and are not presented here. It
should be noted that the multiple scattering of
the emitting electrons is more complicated in the
case being considered and includes both coher-
ent azimuthal scattering on the average poten-
tial of atomic strings (the value of incidence
angle V¥ is preserved in this process) and incoher-
ent scattering appearing due to thermal vibrations
of atoms (this scattering changes the incidence
angle ¥). The distribution function taking into
account both these processes has been obtained in
[21].

6. Conclusions

A thin internal target inside a cyclical acceler-
ator and an external X-mirror make a promising
source of x-rays having some advantages over that
of an internal X-mirror. Since emitting electrons
do not interact with X-mirror, small incidence
angles of the photons relative to X-mirror reflect-
ing plane are possible, which becomes important
for hard X-ray emission. The thickness of the
substrate in the external X-mirror can be arbitrary
for the same reason.

The three radiators were considered in this
work: bremsstrahlung, transition radiation and
coherent bremsstrahlung radiators, each having
advantages and disadvantages of their own.

The bremsstrahlung radiator best suited to
produce X-rays in the region w > yw, allows to
use electron beams with relatively small energies
(e.g. 10-30 MeV) for hard X-ray generation (w of
the order of tens keV). The estimation of the
angular density of emitted by 30 MeV electron
beam X-rays shows the possibility to achieve the
value of the order of 0.1-0.2 ph./el.ster., two order
more than that achievable in a single passage of
electrons through crystalline or multilayer radia-
tors. In line with performed calculations, the
maximum possible emission angular density is
bounded in the main by the influence of multiple
scattering of emitting electrons. Because of this it
may be advantageous to use the internal target
based on light elements.

More intensive source can be created on the
basis of coherent bremsstrahlung radiator. The
emission yield from such a radiator can be in-
creased by a factor of R/a¥V > 1 (the increase in
X-ray yield from crystalline radiator by a factor of
8 in comparison with amorphous target has been
observed experimentally [13,14]), but the range of
emitting photons is limited in the case in question
by the condition w < 2y?¥/R.

The transition radiation is of prime interest for
soft X-ray producing in the range w < ywy. The
possibility to obtain the photon beams with
angular density of the order of 10 ph./el.ster. has
been shown in the paper. An important point is
that this density can be obtained by the use of
electron beam with relatively small energy of the
order of 30 MeV, but the energy of emitted pho-
tons is less than 1 keV in the case considered. High
energy electron beams (e.g. hundreds MeV) are
needed to produce X-rays in the range of tens keV
by the method considered.

The derived expressions for angular and spec-
tral distributions take into account both the
emitting particle losses during multiple passes
through an internal target and the multiple scat-
tering of such particles. These expressions allow us
to calculate most of the needed characteristics of
these X-ray sources.
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