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COMPUTER CALCULATION OF GREEN FUNCTIONS
FOR THIRD-ORDER ORDINARY DIFFERENTIAL EQUATIONS
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Abstract. In this paper, we present a method of computer calculation of Green functions in the form

of generalized power series for third-order linear differential equations admitting regular singularities.

For specific boundary-value problems, we construct Green functions by using the software proposed.
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1. Introduction. Green functions are very useful in solving boundary-value problems; for example,

they allow one

(1) to search for solutions of inhomogeneous ordinary differential equations,

(2) to calculate eigenvalues and eigenfunctions for a given differential operator,
(3) to represent of an original boundary-value problem in the form of the Fredholm integral equation,

etc. (see [2, 3, 5, 6]).

Construction of Green functions is a very actual, but quite a difficult problem.
For constructing Green function, it is necessary to find all linearly independent solutions of the

original boundary-value problem. Thus, an important problem of integrating linear ordinary differ-
ential equations arises; having solved this problem, one can then calculate the Green function of the
boundary-value problem for an ordinary differential equation by computer methods. In this work, we

describe solution of third-order equations by using the computer algebra system “Maple.”

2. Calculation of Green functions for third-order ordinary differential equations. Con-

sider the following third-order differential equation:

p3(x)y
′′′ + p2(x)y

′′ + p1(x)y
′ + p0(x)y = 0; (1)

here the coefficients p3(x), p2(x), p1(x), and p0(x) are twice continuously differentiable functions on

the segment [a, b]. For Eq. (1), we impose the boundary conditions
⎧
⎪⎨

⎪⎩

α1,0y(a) + α1,1y
′(a) + α1,2y

′′(a) + α1,3y
′′′(a) + β1,0y(b) + β1,1y

′(b) + β1,2y
′′(b) + β1,3y

′′′(b) = 0,

α2,0y(a) + α2,1y
′(a) + α2,2y

′′(a) + α2,3y
′′′(a) + β2,0y(b) + β2,1y

′(b) + β2,2y
′′(b) + β2,3y

′′′(b) = 0,

α3,0y(a) + α3,1y
′(a) + α3,2y

′′(a) + α3,3y
′′′(a) + β3,0y(b) + β3,1y

′(b) + β3,2y
′′(b) + β3,3y

′′′(b) = 0,

(2)

where αi,k, βi,k, i = 1, 2, 3, k = 0, 1, 2, 3, are coefficients such that
∑

i

∑

k

(
α2
i,k + β2

i,k

) �= 0.

Assume that the problem (1) with the boundary conditions (2) has only the trivial solution in the

class of twice continuously differentiable functions. However, if we reject the continuity condition for
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the second derivative at a point x = ξ, ξ ∈ [a, b], then there exists a nonzero solution G(x, ξ) called

the Green function.
To construct the Green function for the boundary-value problem (1) with the conditions (2), we

first must solve the Cauchy problem at the point x0. We search for three linearly independent solutions
of Eq. (1) in the form (see [1])

y1(x) = 1 +
N∑

k=3

c
(1)
k (x− x0)

k,

y2(x) = (x− x0) +
N∑

k=3

c
(2)
k (x− x0)

k,

y3(x) = (x− x0)
2/2 +

N∑

k=3

c
(3)
k (x− x0)

k,

(3)

where c
(1)
k , c

(2)
k , and c

(3)
k are numerical coefficients. Then the Green function has the form:

G(x, ξ) =

{
GL(x, ξ), a ≤ x ≤ ξ ≤ b,

GR(x, ξ), a ≤ ξ ≤ x ≤ b,

GL(x, ξ) =
3∑

k=1

[Ak(ξ) +Bk(ξ)] yk(x),

GR(x, ξ) =

3∑

k=1

[Ak(ξ)−Bk(ξ)] yk(x).

(4)

Using the basic properties of Green functions, we find the unknown functional coefficients Ak(ξ)

and Bk(ξ).

1. The Green function and its first derivative are continuous at the point x = ξ.
2. At the point x = ξ, the second derivative of the Green function has a jump discontinuity:

∂2G(x, ξ)

∂x2

∣
∣
∣
x=ξ+0

−∂2G(x, ξ)

∂x2

∣
∣
∣
x=ξ−0

=
1

p3(ξ)
. (5)

3. The Green function satisfies the differential equation (1).
4. The Green function satisfies the boundary conditions (2).

A theorem from the theory of differential equations (see, e.g., [4, 7]) states that if the boundary-

value problem (1) with the conditions (2) has only trivial solution y(x) ≡ 0, then there exists a unique
Green function G(x, ξ).

Note that, since we search for a solution of the Cauchy problem if the power-series form, the Green

function G(x, ξ) will be also obtained in this form.
From the properties 1 and 2 of the Green function we obtain the following system of algebraic

equations:

3∑

k=1

Bk(ξ) · yk(ξ) = 0,
3∑

k=1

Bk(ξ) · y′k(ξ) = 0,
3∑

k=1

Bk(ξ) · y′′k(ξ) = − 1

2p3(ξ)
. (6)

Solving the system (6), we find the coefficients Bk(ξ), k = 1, 2, 3. Note that the determinant of this
system is the Wronskian of the linearly independent solutions y1, y2, y3:

W (ξ) ≡ W [y1, y2, y3] =

∣
∣
∣
∣
∣
∣

y1 y2 y3
y′1 y′2 y′3
y′′1 y′′2 y′′3

∣
∣
∣
∣
∣
∣
�= 0. (7)
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Therefore, the system of algebraic equations (6) possesses a unique solution Bk(ξ), k = 1, 2, 3. Fur-
ther, we calculate the functional coefficients Ak(ξ), k = 1, 2, 3. Taking into account the boundary
conditions (2), we arrive at the following system of three equations:

A1(ξ) [α1,0y1(a) + α1,1y
′
1(a) + α1,2y

′′
1 (a) + α1,3y

′′′
1 (a) + β1,0y1(b) + β1,1y

′
1(b) + β1,2y

′′
1 (b) + β1,3y

′′′
1 (b)] +

+A2(ξ) [α1,0y1(a) + α1,1y
′
1(a) + α1,2y

′′
1 (a) + α1,3y

′′′
1 (a) + β1,0y1(b) + β1,1y

′
1(b) + β1,2y

′′
1 (b) + β1,3y

′′′
1 (b)] +

+A3(ξ) [α1,0y1(a) + α1,1y
′
1(a) + α1,2y

′′
1 (a) + α1,3y

′′′
1 (a) + β1,0y1(b) + β1,1y

′
1(b) + β1,2y

′′
1 (b) + β1,3y

′′′
1 (b)] =

= B1(ξ) [α1,0y1(a) + α1,1y
′
1(a) + α1,2y

′′
1 (a) + α1,3y

′′′
1 (a)− β1,0y1(b)− β1,1y

′
1(b)− β1,2y

′′
1 (b)− β1,3y

′′′
1 (b)] +

+B2(ξ) [α1,0y1(a) + α1,1y
′
1(a) + α1,2y

′′
1 (a) + α1,3y

′′′
1 (a)− β1,0y1(b)− β1,1y

′
1(b)− β1,2y

′′
1 (b)− β1,3y

′′′
1 (b)] +

+B3(ξ) [α1,0y1(a) + α1,1y
′
1(a) + α1,2y

′′
1 (a) + α1,3y

′′′
1 (a)− β1,0y1(b)− β1,1y

′
1(b)− β1,2y

′′
1 (b)− β1,3y

′′′
1 (b)] , (8)

A1(ξ) [α2,0y1(a) + α2,1y
′
1(a) + α2,2y

′′
1 (a) + α2,3y

′′′
1 (a) + β2,0y1(b) + β2,1y

′
1(b) + β2,2y

′′
1 (b) + β2,3y

′′′
1 (b)] +

+A2(ξ) [α2,0y1(a) + α2,1y
′
1(a) + α2,2y

′′
1 (a) + α2,3y

′′′
1 (a) + β1,0y1(b) + β2,1y

′
1(b) + β2,2y

′′
1 (b) + β2,3y

′′′
1 (b)] +

+A3(ξ) [α2,0y1(a) + α2,1y
′
1(a) + α2,2y

′′
1 (a) + α2,3y

′′′
1 (a) + β2,0y1(b) + β2,1y

′
1(b) + β2,2y

′′
1 (b) + β2,3y

′′′
1 (b)] =

= B1(ξ) [α2,0y1(a) + α2,1y
′
1(a) + α2,2y

′′
1 (a) + α2,3y

′′′
1 (a)− β2,0y1(b)− β2,1y

′
1(b)− β2,2y

′′
1 (b)− β2,3y

′′′
1 (b)] +

+B2(ξ) [α2,0y1(a) + α2,1y
′
1(a) + α2,2y

′′
1 (a) + α2,3y

′′′
1 (a)− β2,0y1(b)− β2,1y

′
1(b)− β2,2y

′′
1 (b)− β2,3y

′′′
1 (b)] +

+B3(ξ) [α2,0y1(a) + α2,1y
′
1(a) + α2,2y

′′
1 (a) + α2,3y

′′′
1 (a)− β2,0y1(b)− β2,1y

′
1(b)− β2,2y

′′
1 (b)− β2,3y

′′′
1 (b)] , (9)

A1(ξ) [α3,0y1(a) + α3,1y
′
1(a) + α3,2y

′′
1 (a) + α3,3y

′′′
1 (a) + β3,0y1(b) + β3,1y

′
1(b) + β3,2y

′′
1 (b) + β3,3y

′′′
1 (b)] +

+A2(ξ) [α3,0y1(a) + α3,1y
′
1(a) + α3,2y

′′
1 (a) + α3,3y

′′′
1 (a) + β3,0y1(b) + β3,1y

′
1(b) + β3,2y

′′
1 (b) + β3,3y

′′′
1 (b)] +

+A3(ξ) [α3,0y1(a) + α3,1y
′
1(a) + α3,2y

′′
1 (a) + α3,3y

′′′
1 (a) + β3,0y1(b) + β3,1y

′
1(b) + β3,2y

′′
1 (b) + β3,3y

′′′
1 (b)] =

= B1(ξ) [α3,0y1(a) + α3,1y
′
1(a) + α3,2y

′′
1 (a) + α3,3y

′′′
1 (a)− β3,0y1(b)− β3,1y

′
1(b)− β3,2y

′′
1 (b)− β3,3y

′′′
1 (b)] +

+B2(ξ) [α3,0y1(a) + α3,1y
′
1(a) + α3,2y

′′
1 (a) + α3,3y

′′′
1 (a)− β3,0y1(b)− β3,1y

′
1(b)− β3,2y

′′
1 (b)− β3,3y

′′′
1 (b)] +

+B3(ξ) [α3,0y1(a) + α3,1y
′
1(a) + α3,2y

′′
1 (a) + α3,3y

′′′
1 (a)− β3,0y1(b)− β3,1y

′
1(b)− β3,2y

′′
1 (b)− β3,3y

′′′
1 (b)] . (10)

Substituting the functional coefficients Ak(ξ) and Bk(ξ), k = 1, 2, 3, into the formula (4), we obtain
the Green function in the analytic form.

3. Algorithm of the search for Green functions for third-order ordinary differential
equations.

Input:

• p3(x), p2(x), p1(x), p0(x) are functional coefficients in the third-order ordinary differential equa-
tion (1),

• N is the number of terms of the power series (3),

• a and b are the boundary points of the segment on which the Green function GL(x, ξ) will be
constructed,

• α1,0, α1,1, α1,2, α1,3, α2,0, α2,1, α2,2, α2,3, α3,0, α3,1, α3,2, α3,3, β1,0, β1,1, β1,2, β1,3, β2,0, β2,1,

β2,2, β2,3, β3,0, β3,1, β3,2, β3,3 are numerical coefficients for the boundary-value problem in the
conditions (2).

Output:

• y1(x), y2(x), y3(x) are linearly independent solutions of the given third-order ordinary differen-
tial equation (1),

• GL(x, ξ) is the Green function on the segment [a, b], where a ≤ x ≤ ξ ≤ b,

• GR(x, ξ) is the Green function on the segment [a, b], where a ≤ ξ ≤ x ≤ b.

Description of the algorithm:
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1. Construction of three linearly independent solutions of the third-order differential equation in

the generalized power-series form (see [1]).
2. Verification of the solutions constructed.
3. Solution of the system of algebraic equations (6) for the functional coefficients Bk(ξ), k = 1, 2, 3.
4. Verification of the functional coefficients Bk(ξ), k = 1, 2, 3.

5. Solution of the system of algebraic equations (8), (9), (10) for the coefficients Ak(ξ), k = 1, 2, 3.
6. Verification of the coefficients Ak(ξ), k = 1, 2, 3.
7. Construction of the Green functions GL(x, ξ) under the condition a ≤ x ≤ ξ ≤ b by the for-

mula (4).
8. Construction of the Green function GR(x, ξ) under the condition a ≤ ξ ≤ x ≤ b by the formula 4.
9. Verification of the four basic properties of the Green function G(x, ξ).

4. Computer simulation of Green functions. The software developed was tested on the differ-
ential equation

y′′′ − 6y′′ + 11y′ − 6y = 0 (11)

with the boundary conditions

y(0) = 0, y(1) = 0, y′′(0) = 0. (12)

First, we construct the Green function for this boundary-value problem without using a computer.

The fundamental system of solutions of Eq. (11) with the conditions (12) has the form

y1 = ex, y2 = e2x, y2 = e3x. (13)

The function G(x, ξ) can be constructed from the solutions (13) by the algorithm proposed above.
Taking into account the basic properties 1 and 2 of the Green function, we obtain the system

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

B1(ξ) · y1(ξ) +B2(ξ) · y2(ξ) +B3(ξ) · y3(ξ) = 0,

B1(ξ) · y′1(ξ) +B2(ξ) · y′2(ξ) +B3(ξ) · y′3(ξ) = 0,

B1(ξ) · y′′1 (ξ) +B2(ξ) · y′′2(ξ) +B3(ξ) · y′′3(ξ) = − 1

2p3(ξ)
.

(14)

Since p3(ξ) �= 0, the system (14) is always solvable and has a unique solution. Thus, the principal
determinant of the system (14) is the Wronskian W [y1, y2, y3] �= 0. Solving the system (14), we find
the coefficients Bk(ξ), k = 1, 2, 3:

B1(ξ) = −1

4
e−ξ, B2(ξ) =

1

2
e−2ξ , B3(ξ) = −1

4
e−3ξ . (15)

Further, taking into account the boundary conditions (12), we obtain the system of equations
⎧
⎪⎨

⎪⎩

A1(ξ) +A2(ξ) +A3(ξ) = −B1(ξ)−B2(ξ)−B3(ξ),

A1(ξ) + 4A2(ξ) + 9A3(ξ) = −B1(ξ)− 4B2(ξ)− 9B3(ξ),

A1(ξ) + eA2(ξ) + e2A3(ξ) = B1(ξ) + eB2(ξ) + e2B3(ξ).

(16)

Solving this system, we obtain the coefficients Ak(ξ), k = 1, 2, 3:

A1(ξ) = − 1

4(3e2 − 8e+ 5)

(
− 20e1+ξ + 5e2ξ + 10e2 + 8e1−2ξ − 3e2+2ξ

)
e−3ξ,

A2(ξ) =
1

2(3e2 − 8e+ 5)

(
− 8e1+ξ + 8e2ξ + 8e2 − 5eξ − 3e2+ξ

)
e−3ξ,

A3(ξ) = − 1

4(3e2 − 8e+ 5)

(
− 12e1+ξ − 5 + 6e2ξ + 3e2 + 8e

)
e−3ξ.

(17)
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Substituting the functions Bk(ξ) and Ak(ξ), k = 1, 2, 3, into (4), we obtain the exact Green function

for the problem (11) with the conditions (12) in the form

G(x, ξ) =

{
GL(x, ξ), 0 ≤ x ≤ ξ ≤ 1,

GR(x, ξ), 0 ≤ x ≤ ξ ≤ 1,
(18)

GL(x, ξ) =
ex(−5/2e−ξ + 5e1−2ξ − 5/2e2−3ξ)

3e2 − 8e+ 5
+

e2x(4e−ξ − 8e1−2ξ + 4e2−3ξ)

3e2 − 8e+ 5
+

+
e3x(−3/2e−ξ + 3e1−2ξ − 3/2e2−3ξ)

3e2 − 8e+ 5
,

GR(x, ξ) =
ex(3/2e2−ξ − 4e1−ξ + 5e1−2ξ − 5/2e2−3ξ)

3e2 − 8e+ 5
+

e2x(4e−ξ − 3e2−2ξ − 5e−2ξ + 42−3ξ)

3e2 − 8e+ 5
+

+
e3x(−3/2e−ξ + 3e1−2ξ + 5/2e−3ξ − 4e1−3ξ)

3e2 − 8e+ 5
.

Using the software for the Maple computer algebra system, we computed an approximate Green
function (with N = 6) for the boundary-value problem (11) under the conditions (12):

G(x, ξ) =

{
G6

L(x, ξ), 0 ≤ x ≤ ξ ≤ 1,

G6
R(x, ξ), 0 ≤ ξ ≤ x ≤ 1,

(19)

G6
L(x, ξ) =

19663

35489
x− 82489

35489
xξ +

308167

70978
xξ2 − 216293

212934
x3 − 1059601

212934
xξ3 +

907379

212934
x3ξ − 98315

70978
x4+

+
3462703

851736
xξ4 − 3389837

425868
x3ξ2 +

412445

70978
x4ξ − 4699457

4258680
x5 − 10969609

4258680
xξ5 +

11655611

1277604
x3ξ3−

− 1540835

141956
x4ξ2 +

19714871

4258680
x5ξ − 137641

212934
x6 +

46783051

12776040
xξ6 − 38089733

5110416
x3ξ4+

+
5298005

425868
x4ξ3 − 73651913

8517360
x5ξ2 +

577423

212934
x6ξ +

120665699

25552080
x3ξ5 − 17313515

1703472
x4ξ4+

+
253244639

25552080
x5ξ3 − 2157169

425868
x6ξ2 − 514613561

76656240
x3ξ6 +

10969609

1703472
x2ξ5 − 827586017

102208320
x5ξ4+

+
7417207

1277604
x6ξ3 − 46783051

5110416
x4ξ6 +

2621736551

511041600
x5ξ5 − 24238921

5110416
x6ξ4 − 11181149189

1533124800
x5ξ6+

+
76787263

25552080
x6ξ5 − 327481357

76656240
x6ξ6,

G6
R(x, ξ) =

19663

35489
x+

1

2
ξ2 − 117978

35489
xξ +

1

2
x2 − ξ3 +

521101

70978
xξ2 − 3x2ξ − 3359

212934
x3 − 25

24
ξ4+

+
324471

35489
xξ3 +

25

4
x2ξ2 +

3359

35489
x3ξ − 292555

851736
x4 − 3

4
ξ5 +

6656713

851736
xξ4 − 15

2
x2ξ3−

− 195827

425868
x3ξ2 +

292555

141956
x4ξ − 1505447

4258680
x5 +

301

720
ξ6 − 3608633

709780
xξ5 +

301

48
x2ξ4+

+
54079

70978
x3ξ3 − 7807831

1703472
x4ξ2 +

1505447

709780
x5ξ − 5834731

25552080
x6 +

31962119

6388020
xξ6−

− 161

40
x2ξ5 − 3807359

5110416
x3ξ4 +

1627427

283912
x4ξ3 − 39369539

8517360
x5ξ2 − 5834731

4258680
x6ξ +

605

144
x2ξ6+

+
2218579

4258680
x3ξ5 − 100407955

20441664
x4ξ4 +

8105023

1419560
x5ξ3 − 30301211

10220832
x6ξ2 − 26994701

76656240
x3ξ6.

Comparison of the approximate Green function (19) constructed by using the method proposed above

with the exact Green function calculated by the formula (18) shows that the approximate Green
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function Gcalc constructed by N = 13 terms of series differs from the exact Green function Gtheor only

by 1.3%. Increasing the number of terms leads to decreasing the error; for example, if N = 16, then
the relative error becomes 0.003%.

We also note that the error depends on ξ. Calculations with N = 13 show that the absolute error
Δ = |Gtheor −Gcalc| for ξ = 0.25 is equal to Δ = 8 · 10−7, whereas for ξ = 0.5 we have Δ = 1.5 · 10−6

and for ξ = 0.75 we have Δ = 0.00015. The relative error ε = Δ/Gtheor · 100% is equal to ε = 0.038%
for ξ = 0.25. If ξ = 0.5, then ε = 1.3%; if ξ = 0.75, then ε = 3%.

We also calculate the absolute error for N = 16. In this case, we have Δ = 6 · 10−9 for ξ = 0.25,

Δ = 8 ·10−9 for ξ = 0.5, and Δ = 6 ·10−7 for ξ = 0.75. The relative error is ε = 4 ·10−5% for ξ = 0.25,
ε = 0.003% for ξ = 0.5, and ε = 0.006% for ξ = 0.75.

Consider the differential equation

y′′′ = 0 (20)

with the boundary conditions

y(0) = 0, y(1) = 0, y′(0) = y′(1). (21)

Using the software developed, we obtain the Green function

G(x, ξ) =

{
GL(x, ξ), 0 ≤ x ≤ ξ ≤ 1,

GR(x, ξ), 0 ≤ ξ ≤ x ≤ 1,
(22)

where

GL =
1

2
(x2ξ − xξ2 − x2 + xξ), GR =

1

2
(x2ξ − xξ2 − xξ + ξ2).

The expression (22) coincides with the exact formula; it is anti-self-adjoint (see [5, 6]).
Now we consider the same differential equation (20) with the other boundary conditions:

y(0) = 0, y(1) = 0, y′(0) + y′(1) = 0. (23)

This equation has a nontrivial solution; therefore, the Green function G(x, ξ) does nor exist.
Further, for the differential equation (20) with the boundary conditions

y(0) = 0, y′(1) = 0, y′(0) = y(1), (24)

we obtain the following Green function:

G(x, ξ) =

{
GL(x, ξ), 0 ≤ x ≤ ξ ≤ 1,

GR(x, ξ), 0 ≤ ξ ≤ x ≤ 1,
(25)

where

GL = −1

2
x2ξ2 + x2ξ + xξ2 − 1

2
x2 − xξ, GR = −1

2
x2ξ2 + x2ξ + xξ2 − 2xξ +

1

2
ξ2.

Note that in this case, the Green function G(x, ξ) defined by the formula (25) is not anti-self-adjoint.

The boundary-value problems discussed above demonstrate the importance of boundary conditions.
Consider the differential equation

y′′′ − x2y′′ + (a+ b− 1)xy′ − aby = 0 (26)

where a and b are parameters, with the boundary conditions

y(0) = 0, y(1) = 0, y′(0) = y′(1). (27)
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Using the software developed, we construct the Green function in the power-series form with N = 5.

For simplicity, we set a = b = 1; then the Green function has the form

G(x, ξ) =

{
GL(x, ξ), 0 ≤ x ≤ ξ ≤ 1,

GR(x, ξ), 0 ≤ ξ ≤ x ≤ 1,
(28)

GL = − 1

120
x5 +

1

3
x2ξ3 − 24

125
xξ4 − 3

25
x2ξ2 +

12

25
x2ξ − 173

375
xξ2 − 1

2
x2 +

64

125
xξ,

GR =
1

12
x3ξ2 +

183

1000
xξ4 − 2

15
ξ5 − 3

25
x2ξ2 +

12

25
x2ξ − 173

375
xξ2 − 61

125
xξ +

1

2
ξ2.
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