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Abstract. For analytic vector-functions from a family of Holder spaces with a power weight at the nodes of an arbitrary piecewise-
Lyapunov curve, a boundary-value problem for the linear conjugation on the curve is considered. Under the assumption that
the boundary-value coefficient is a triangular matrix-function, we describe necessary and sufficient solvability conditions for that
problem and provide its efficient solution.

Consider the classical linear conjugation problem

" -G~ =g ey

for analytic /-vector-functions ¢ = (¢y,...,#;), where the matrix coefficient G = (G; j)ll is defined on a piecewise-
smooth curve I' such that the set of its nodes is denoted by F. In a neighborhood of infinity, components of such a
function admit the expansion

oi(z) = Z cr 7l

J<m—1
where ny, are integers. Express that fact as follows:
deg dp <m—1, 1<k<l )
It is assumed that the curve I" consists of orientable smooth arcs I', ..., T, such that their pairwise intersections are

at most their endpoints forming a finite set F' of points. It is assumed that the function g(¢) belongs to the Holder class
CH(I'y) for any arc I'g such that Ty € T\ F. The class of all such functions is denoted by C (I, F). Respectively, the

loc

desired function ¢, which is analytic in D = C \ T, belongs to the class C!' (D, F) defined by the following condition:

loc
¢ € C*(Dy) for any subdomain D, of D, bounded by a piecewise-smooth contour such that it does not contain points
7 from F. In particular, one-sided boundary-values ¢* exist and belong to Cg s F).
In a small neighborhood {|z — 7| < r} of a point 7 from F, the curve I consists of several smooth arcs I’ j, 1 <
J < ng, such that they have a joint endpoint 7. Therefore, in that neighborhood, the open set D is decomposed into
curvilinear sectors D, 1 < j < n, with a joint vertex 7. The sum of n, with respect to all 7 from F is equal to

2m. Any I'; includes two end-arcs of the family I';;, 1 < j < n., 7 € F; denote them by I“‘} and F}. respectively. Let
T? and le. be the left-hand and right-hand endpoints of the arc I'; respectively (with respect to its orientation). In the
above notation, let T? be the marked point of l""; , p=0,1. Thus, the arc l"? leaves T? and the arc F}. enters ‘r}. Assign
o+ ;j = —1 if the arc I'; j leaves the point 7 and assign o ; = 1 otherwise.

It is assumed that the matrix coefficient G is piecewise-continuous (more exactly, is continuous on each arc I';)
and each value of the scalar function det G, including its one-sided limit values at nodes 7, is different from zero. The
family of 2m one-sided limit values

G(r,j) =limG@) as t—or1, 1€l 3)
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can be represented by the family G(T? + 0), G(T; —-0), 1 < j < m, of the corresponding limit values at endpoints of
any arc I';.

Problem (1) is considered in weight classes if the function g from Cz] (I, F) behaves as a power at nodes 7 from
F,i.e. g(t) = O(|t — 7|*") as t — 7 € F, where the weight order A, is arbitrary. More exactly, on each arc I';, o it is
representable in the form g(¢) = (r — T)/IT_”gT’ (1), where the function g ; belongs to C#(I';,;) and vanishes at the point
7. Denote the class of such functions by Cﬁ (T, F). Its various properties (with slightly else notation) are described in
[1] (see [2] as well). Note that if 4 > 0, then all functions of that class belong to C*(I'), &€ = min(u, 4,, 7 € F), and
vanish at points 7 of F.

The class Cf; (D,F) C C’;O (D, F) is defined with respect to curvilinear sectors Dy ; in the same way. If n, = 1,
then S, is a disk with the cut along I'; and this sector is decomposed (along the specified direction) into two sectors
such that the opening of each one is less than 2.

It is assumed that the matrix coefficient G belongs to C*(I'y) for each arc I'y such that Iy € I' \ F and there exists
a (small) positive £ depending on G such that

Gojt) = G() = G(r. j) € Ch(Toj.7), 1< js<n. T€F,

in the notation of (3). The class of such piecewise-continuous matrices is denoted by C*' +0)(1", F).

If the Holder exponent u is not specified and —1 < A < 0, then, for curves such that n, < 2, problem (1) is
thoroughly investigated for the scalar case (i. e., for the case where [ = 1, see [3, 4]) and for the vector case (see [5]).
In the general case, its Fredholm solvability is considered in [6] in detail. However, in the general case, the kernel
and cokernel of that problem (their dimensions are determined by partial indices of the matrix G) are unknown. The
situation changes if the matrix G = (G; j)ll is triangular. For definiteness, let

Gij=0, i>}], 4)

where the diagonal elements Gy, are different from zero at each point of I', including their limit values at points T of
F. Then the resolving of problem (1) is reduced to the sequential resolving of scalar problems

¢]-:_Gkk¢]:=f}<7 k=1,...,l, (5)

in the class of functions ¢; belonging to Cﬁl (D, F) and obeying Condition (2) at infinity. Solutions of those problems
are easily described by means of the Cauchy integrals and canonical functions (see [7]).
Assign

1 ne
o U8 l_[j:l [Gi(r, D17 = apr +iBrrs O<apr <1, (6)

and assume that
Ar & Apr = {apr + 5, s €Z). @)

Then the weight order d; = (6xr, T € F) can be introduced according to the condition
5](’7 <€ A]m-, A < 6]<’-,— <A+ 1. 8)

Consider the branch of the logarithm In Gy, continuous on I' \ F and such that it and Gy itself belong to the class
Ci’ +0)(1“, F). Consider the Cauchy index Ind Gy, of the function Gy, i. e., the sum of the increments of the continuous
branch of In Gy on arcs I'; taken according to their orientation, divided by 2i:

1 m
Ind Gy = —— Zj:l [(InG)(T) = 0) = (I G)(T) + 0)].

By virtue of (6), we have the relation

1 n; .
557 Doy TG, 8) = i + B + e, ke € Z. ©)

Note that the sum of the left-hand parts of that relation, taken over all T from F, coincides with the Cauchy index
Ind Gy. Therefore,

IndGy, = ZT(Q'I(,T + iﬂk,‘r + Sk,‘r)-
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Hence, one can introduce the integer

Ind Gy = Ind Gy = ) (@r + iBr)

such that -
Z Sk = Ind Gy (10)
.

It is well known (see [1, 2]) that the Cauchy-type integral

¢(z)=ifM z€D,

2mi Jr t—-z°

defines a bounded operator / : Cﬁ‘(l", F)— C’A‘(D, F) provided that —1 < A < 0. Assigning

1 In G)(0)dt
() = 5 ‘f( 0] , ,
il Jr t—z
introduce the function
X@=O[] -0, (1)

where s, are integers. Under a suitable choice of s, this function is canonical for problem (5).
In other words, it satisfies the boundary-value condition

X =Gu X; (12)

and has the corresponding power-like behavior at points 7 of F and at infinity.
More exactly, in the sectors Dy ;, the function / is representable as follows (see [7]):

1 ne
(@) = 5= | 2 s Grd(r,5) 10 = 1) + e, e € Clig (D),

where o, ; = —1 if the arc I'; ; leaves the point 7 and o5 = 1 otherwise.
By virtue of (9), we have the relation

Xk(Z) — Ak,‘r,j(z)(z _ T)—Sr+Sk.r+a/k,1+iﬁk,1’ z € DT,j9

where the functions Ay - ; and 1/Ay . ; belong to the class Ci’ +O)(DT,j, 7).

Select the integer s, in (11) to satisfy the relation —s; + s; + @ = . in notation of (8). Then the previous
relation takes the form A
Xi(@) = Aprj@@ — )Pz e Dy (13)

From (8), we deduce that s; — st r < @k —Ar < §; — Sk + 1, which means that s, — s;; = [ak — A.], where [x] denotes
the integer part of the number x. Taking into account (10), this implies that

ZT 5, = Zr[ak,, —A,]+1Ind Gy.
Since the function 4 = I(In Gy ) from relation (11) vanishes at infinity, we have the relation
lim 24X,(2) = 1, k= ) [anr = ]+ Ind Gy (14)
7—00 T

It is easy to describe the solvability of problem (5) by means of properties (12), (13), and (15) of the canonical function
(see [7]). By virtue of the choice of ¢ in (8), the weight Cauchy-type operator

_ X; (1) o(t)dt
oy = =2 [ Tonm 0" (15)

boundedly acts from C’j(l", F)to C’; (D, F); taking into account (14), we see that the degree at infinity satisfies the
inequality deg (Ixp) < ki — 1.
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Introduce the following finite-dimensional function families on I':

— (Y+ i )
Py = (X (1) ZOQSW_I o', ¢ eC)

O =X )] cit', cieC),

0<i<—ng—kx—1

where each sum over the empty set of indices is assumed to be equal to zero. Thus, Py = 0 if n; + «, < 0 and,
conversely, Oy = 0 if ng + k. > 0.
In this notation, the following classical result holds (see [3, 7]).

Theorem 1 Problem (5) is solvable if and only if

fﬂ(t)Qk(t)dt =0, qi€ Ok
r
If this condition is satisfied, then its solution is represented as follows:

¢ = pr+Itf, pi € Py

Consider the original vector problem posed by (1). Introduce the singular integral operator [, ¢ = (Ixp)™; due to (12)
and the Sochocki—Plemelj relation applied to integral (15), the specified operator acts as follows:

o1 X/ (to) o(t)dt
(k) (10) = 260 [“P(fo) = fr‘Xk*(t)(t—to)}’ fpel.

Further, introduce the operators Ry;, 1 <k < j—1 <1~ 1, defined recurrently with respectto j =k +1,...,[ by the

relations
Gy, j=k+1,
Ry = J _ . 16
ki { Gij+ 2kri<s<jo1 OrslgRyjs  J 2 k+2. (16)

In particular,
Ri1=Griy, Rior1 =Gro,

Ri21=Gia1+ Gy d_,Groay,

and so on.
Finally, in the space of [-vector-functions f = (fi, ..., f;), consider the operators (I f); = It fx,

APe=D, Rufi and Bfy=fi+ Y, Rulifn 1<k<l (17)

>k+1

Introduce the bilinear form [
VEDY fr flnygu(nd;
k=1
using it, in the finite-dimensional spaces P = P; X ... X Pyand Q = Q; X ... X @y, select the subspaces
P’ ={peP|(Ap,q)=0, ge Q} and Q" ={g€ Q|(Ap,q) =0, p € P}. (18)
Theorem 2 Problem (1)-(2) is solvable if and only if
(Bg.q)=0, qeQ’. (19)
If this condition is satisfied, then its solution is represented as follows:

¢=p+I1(Ap + Bg), pePO. (20)
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Proof. Let us use the component-wise form (6) with the right-hand part

1
Jo= g+ Zj:kﬂ Grj¢;, 1<k<lI,

for the boundary-value condition posed by (1). As usual, the sum over the empty set of indices is assumed to be equal
to zero, i.e., f; = g;. To show that this relation can be represented in the form

Jie =8k + Z Rij(pj+1;8)), pjEP (21)

Jj=k+1

in notation of (16), we sequentially use Theorem 1. For k = /, this relation is obvious. Using the induction and taking
into account relations (21) with numbers k,k + 1,..., 1, let us establish the same relation with number k£ — 1. Due to
(20), we have the relation

fior = g1+ )G9y (22)

For brevity, assigng; = p; + I;g;. From the induction assumption and Theorem 1, we conclude that

o =ps+ 1 [gs + ijm Rigil =g, +1; ijm Rsjg;.

Substituting this expression in (22), we obtain the relation

Je1 = k-1 + Zszk Gi-1,58s + ijkﬂ [st.vsj—l Gk—l,slg_st]ng-

This relation can be represented in the form

i1 = gr1 + ZjZkRk—l,jgj,

where the operator Ry_; ; acts as follows:

R = Gi-1js J=k,
k=1, Gi-1,j + Yisssjo1 Gior sl R j2k+ 15

this is coordinated with the recurrent definition given by (16).
In notation (17), relations (21) are represented in the operator form as follows:

f=Ap+Bg, peP (23)

Due to Theorem 1, the solvability conditions for the considered problem have the following brief form: there exists a
vector p from P such that
(Ap+Bg,q)=0, qeQ, (24)

where g is the right-hand part. _ '
For brevity, let m = dim P, n = dim Q, and the vectors p', 1 < i < m, and ¢/, 1 < j < n, form bases in P

and Q respectively. Then, with respect to p = 3; &p', the orthogonality conditions posed by (24) are equivalent to the
relations

N Ap.ghé = ~(Be.g). 1< j<n.
i=1

They can be treated as a system od linear equations with respect to £. It is solvable if and only if

m

D (Bg.q'm; =0 (25)
=1
for all solutions 7 of the adjoint homogeneous system

m
>Apghm=0, 1<i<n
=1
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Obviously, for those solutions, vectors g = 3. ;7 jqj describe the subspace Q° of Q from (18). Then (25) takes the form
of Conditions (19). They are orthogonality conditions necessary and sufficient for the solvability of problem (1). If
they are satisfied, then the solution is given by relation (20), which completes the proof of the theorem.

Due to (20), the dimension of the space of solutions of the homogeneous problem is equal to dim P°. From the
definition of A given by (17), it is clear that A is a one-to-one operator. Then, by virtue of (19), the codimension of
problem (1) is equal to dim Q°. In particular, its index « is equal to

k = dim P° — dim Q°. (26)

To prove that
dim P° — dim Q° = dim P — dim Q, (27)

we note that P = P° @ P! and Q = Q° @ Q', and consider the bilinear form (p, g} = (Ap, ¢) on the product P! x Q'.
From Definition (18), it follows that this form is nondegenerate, i.e., if p € P!, then the validity of the relation
{p,q) = 0 for each ¢ from Q' implies that p = 0 and, conversely, if g € Q', then the validity of the relation {p, g) = 0
for each p from P! implies that ¢ = 0. Hence, the dimensions of the spaces P' and Q' coincide each other, which
proves relation (27).

If s is integer, then assign

+ | s 520, - 0, s>0,
5= 0, s<0, s = —-s, s<0.

Thus, s* — s~ = s for each s. In this notation, we have
dim P = Zk(nk +x)" and dimQ = Zk(nk K

Combining this with (26)-(27), we obtain the relation

1
=S

for the index of problem (1). For [ = 1, this relation is coordinated with Theorem 1.
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