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A B S T R A C T

Tungsten, as the most refractory metal, is applied in fusion reactor in parts subjected to high temperatures
and strong neutron irradiation. These factors lead to intense diffusion processes causing degradation of
the material. Experimental investigations under such conditions are usually highly complicated and cannot
provide a comprehensive understanding of the occurring phenomena. Therefore, their combination with
theoretical approaches is required. One of the most robust approaches to simulate diffusion processes is
molecular dynamics simulations based on classical interatomic potentials. It allows modeling relatively
large samples consisting of several grains, grain boundaries, dislocations, and other types of defects for a
reasonable computational time. The reliable simulations of the diffusion process require interatomic potentials
satisfying the following criteria: prediction of melting point and thermal expansion as close as possible to the
experimental values because the diffusion coefficient strongly depends on the homologous temperature and
size factor. In the present paper, we present the new interatomic potential for tungsten, developed within
the N-body approach, which reproduces the experimental value of melting temperature (3695 K) and thermal
expansion at temperatures up to a melting point. The calculated diffusion coefficient demonstrates adequate
agreement with experimental results. The constructed potential is applicable for simulation of processes
involving diffusion, one of which is the irradiation damage.
1. Introduction

Tungsten is one of the most refractory metals and is actively used
in modern materials as a base for metallic materials employed at
high operating temperatures. One of the possible applications of tung-
sten and its alloys is fusion reactors, in which they will be subjected
to significant neutron irradiation leading to the degradation of the
microstructure due to the diffusion processes caused by collision cas-
cades [1]. The diffusivity significantly increases at elevated tempera-
tures. Experimental investigations at such temperatures will encounter
natural complications. Therefore their combination with theoretical
approaches is required for a comprehensive understanding of such
phenomena.

Molecular dynamics (MD) simulation is widely used for the simu-
lation of the diffusion processes at elevated temperatures [2–5]. The
interatomic potentials representing the dependence of the potential en-
ergy of the system of atoms on their coordinates are the key parts of this
method. The calculation of diffusion coefficients imposes limitations
on the quality of the interatomic potentials. Accurate reproduction of
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diffusion properties requires correct description of structural and elastic
properties of ideal lattice, energies of point defects along with the
accurate prediction of the melting point. The correct reproduce of the
melting point will allow comparing the calculated diffusivities and any
other properties with ones measured in the experiment at the same tem-
perature since the homologous temperatures, which is equal to 𝑇 ∕𝑇𝑚
(𝑇𝑚 - melting temperature), will coincide in both cases [6]. Thermal
expansion is another crucial quantity for the reliable simulations of the
diffusion processes. It is associated with the strong dependence of the
defects properties, particularly vacancies and interstitial atoms, on size
factor.

The proper prediction of defects’ local surrounding is necessary
for the accurate description of their migration, which represents the
diffusion process, which, in turn, requires inclusion of angular depen-
dency into the interatomic potentials. There are several approaches
of the interatomic potentials’ development, which employ the angular
dependence. Among them we can mention the modified embedded
atom method (MEAM) [7] and N-body approach [8–10],
vailable online 1 November 2021
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There are several interatomic potentials developed for tungsten [2,
11–13]. The most recent one was developed using the Gaussian approx-
imation potential (GAP) framework [11]. The potential was constructed
for the investigation of radiation damage; it predicts short-range many-
body cascade dynamics and provides a good description of the liq-
uid phase. Furthermore, the potential accurately reproduces surface
properties and the energetics of vacancy and self-interstitial clusters.
However, this potential still underestimates melting point and vacancy
formation energy. The potential [12], also developed within the GAP
framework, reproduces properties of various defects, such as surfaces,
dislocations, and vacancies. However, it does not contain informa-
tion about the prediction of melting and thermal properties, which
are important for accurate diffusion simulations. The Finnis–Sinclair
(FS) potential [13] correctly predicts vacancy formation energy and
surface energy while not providing information about the melting
temperature and self-diffusion. Chen et al. [2] constructed another
FS potential for the investigation of the radiation defects in tung-
sten. It describes monovacancy and surface properties in agreement
with known data. Meanwhile, it significantly overestimates the melting
temperature (∼900K) and deviates from the experiment in predicting
thermal expansion at high temperatures.

In the present work, we employ the N-body method [8], which
demonstrated its suitability for the description of atomic systems with
metallic and covalent bonding types. This method was effectively used
to construct interatomic potentials with a high predictive accuracy of
the above-mentioned thermal properties important for the calculation
of the diffusion coefficients including the potentials for pure metals (V,
Ti) and alloys (Ti–V) [8,14–18]. Recently, we successfully exploited
the N-body method to develop interatomic potentials applicable for the
quantitative simulation of diffusion properties in vanadium-chromium
system[19]. We fitted the present N-body potential not only to the the-
oretical data but also to the set of experimentally measured properties
to increase its transferability and to obtain the agreement with the
experiment as close as possible.

2. Interatomic potential for W

The n-body method of constructing potentials used in this work
represents the potential energy of the 𝐸𝑝𝑜𝑡 of a system of 𝑁 atoms in
he form of contributions of pair interactions, three- and many-body
nteractions [8]
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𝜌(𝑅𝑗𝑖). (2)

Here, 𝑅𝑗𝑖 - is the distance between atoms 𝑗 and 𝑖, 𝜃𝑗𝑖𝑘 - is the
angle interatomic bonds 𝑗𝑖 and 𝑘𝑖. The functions of a single variable
𝛷(𝑅𝑗𝑖), 𝑓 𝑝(𝑅𝑗𝑖), 𝑔𝑝𝑞(𝑐𝑜𝑠(𝜃𝑗𝑖𝑘)), 𝐹 (𝜌𝑖), and 𝜌(𝑅𝑗𝑖) in relations (1) and (2)
are potential functions defined by cubic splines. The values of the
potential functions in the spline nodes are the optimized parameters.
For small interatomic distances 𝑅𝑗𝑖 < 𝑅𝑍𝐵𝐿, the pair potential 𝛷(𝑅𝑗𝑖)
is represented by Ziegler–Biersack–Littmark (ZBL) form [20]. The pa-
rameters are optimized by minimization of a target function to describe
a database containing both experimental and theoretical information
by the method of model temperature annealing in the parameter space
2

(for more details, see Section 3.2 in [8]).
2.1. Optimization of the potential parameters

The experimental target values included the bcc tungsten lattice
constant 𝑎0, the sublimation energy 𝐸𝑐𝑜ℎ, the elastic moduli 𝐶11, 𝐶12,
𝐶44, and the equation of state 𝑃 (𝑉 ).

The theoretical part of the fitting database consists of the results of
DFT calculations. We employed the Vienna ab initio simulation pack-
age (VASP) [21] with pseudopotentials based on projector-augmented
wave (PAW) [22] method for treatment of core and valence electrons.
The exchange correlation energy was described by the generalized
gradient approximation (GGA) using the PBE functional [23]. The
calculations were carried out with a plane-wave cutoff energy of 600
eV and 𝛤 -centered 𝑘-point meshes with linear density corresponding
to one in the set of 𝑘-points for a bcc cubic cell containing two atoms
(30 × 30 × 30). The integration over the Brillouin zone was made
employing the Methfessel–Paxton smearing method [24] with 0.3 eV
smearing width. The noted parameters of the DFT calculations provided
the accuracy of the total energy ∼ 0.1 meV/atom.

The DFT database consists of atomic energies and volumes of model
systems (hcp, fcc, C32, A15, simple hexagonal and simple cubic). In
addition, it includes energies and atomic forces for two bcc supercells,
each with 128 atoms. In the first superlattice, one atom was shifted
along the direction ⟨100⟩ from the equilibrium position by 0.05 Å. The
second superlattice was obtained after the DFT molecular dynamics at
a temperature of 1850 K. The selected set of DFT values reflects typical
lattices for metals and represents a large set of atomic configurations
with different distances between atoms and angles between bonds. All
energies were used relative to one of the equilibrium bcc lattice. To
overcome the discrepancy between the interatomic DFT distances and
the experimental value of the equilibrium parameter of the bcc lattice
of W, we scaled the interatomic distances in the model lattices. The
scaling factor was chosen as the ratio of the experimental value, which
was the target value, and the DFT equilibrium parameter of the bcc
lattice of W at 0 K.

As a result of the optimization, about 40 potentials were constructed
for W, from which one was selected with the closest to the experiment
melting point’s value (will be referred as POT_W hereinafter). Table A.1
in Appendix A lists arguments and values of the potential functions
comprising the POT_W potential.

Fig. 1 illustrates the potential functions of the POT_W potential in
graphical form. They have smooth dependencies on the arguments,
which indicates that there is no overflow in the number of optimized
parameters with the used base of target values.

2.2. Quality of fitting

Fig. 2 depicts the results of fitting of the atomic energies for a
set of ideal crystal lattices of W. It shows that the energy values
calculated using POT_W for all the considered model lattices are in good
agreement with the results of DFT calculations. It is worthy to mention
that the POT_W potential correctly reproduces the DFT sequence of
energies from the lowest (bcc) to the highest (simple cubic). The
maximum deviation is obtained for a simple hexagonal lattice and is
17%, which is insignificant due to its high energy (∼ 1.0 eV) relative to
the equilibrium bcc one. Thus, the POT_W potential sets the equilibrium
bcc lattice W as the most energy favorable one.

The quality of the fitting of the experimental equation of state
𝑃 (𝑉 ∕𝑉0) is illustrated in Fig. 3. The perfect agreement is observed for
the whole range of pressures considered in the experiment.

Table 1 presents the main characteristics of bcc tungsten used in
the fitting of the POT_W potential in comparison with experimental
and DFT values as well as the data obtained employing the newly
constructed potential for W by the GAP method [11].

It demonstrates a quantitative agreement with the target experimen-
tal values of the sublimation energy, the lattice parameter, and the

elastic moduli of the bcc lattice, and a qualitative with the data of
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Fig. 1. The potential functions in form of cubic splines describing interactions between W atoms in the POT_W potential. 𝛷(𝑅) at 𝑅 < 𝑅𝑍𝐵𝐿 has the form of a Coulomb screened
air potential in Ziegler–Biersack–Littmark (ZBL) form [20] and is a fifth-degree polynomial in [𝑅𝑍𝐵𝐿, 𝑅𝑚𝑖𝑛].
Fig. 2. Energies 𝛥𝐸𝑋−𝑏𝑐𝑐 of a series of model crystal lattices relative to the W bcc
attice equilibrium energy.

he DFT calculations. The maximum deviation from the target values
oes not exceed 1%, which is obtained for the module 𝐶44. At the

same time, in contrast to POT_W, the GAP potential [11] shows more
significant deviations from the considered experimental values of the W
characteristics, reaching 6% in the sublimation energy 𝐸𝑐𝑜ℎ and 7% in
𝐶44, since it was constructed using the DFT fitting database only [11].

As a characteristic of the fitting error of the DFT forces, we used
the root-mean-square deviation of the POT_W force vectors from the
target DFT force vectors. The DFT values of the force vectors in a
superlattice with one atom displaced by 0.05 Å were fitted with an
3

Fig. 3. Pressure (𝑃 ) - relative volume (𝑉 ∕𝑉0) dependence for the bcc lattice of W. The
experimental values are taken from [25].

average error of 8% (0.6 meV/Å). In a superlattice at a temperature of
1850 K, the average deviations of POT_W from the corresponding DFT
values were 15% (35 meV/Å). For the POT_W force prediction test, we
also calculated the POT_W and DFT forces in a 128-atom superlattice
with thermal displacements of atoms at a temperature of 3000 K, which
was not used to optimize the POT_W potential parameters. The average
deviation between the POT_W and DFT forces for this superlattice was
20% (68 meV/Å), which is close to the error of 15% in the case of the
superlattice at 1850 K.

Thus, the POT_W potential demonstrates adequate quality of fitting
of the target values.
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Table 1
Sublimation energy 𝐸𝑐𝑜ℎ, lattice parameter 𝑎0 at 298 K, and elastic moduli 𝐶𝑖𝑗 at 0 K
for the bcc W. The values of 𝑎0 at 0K are shown in parentheses.

Property POT_W Exp. DFT GAPc

𝐸𝑐𝑜ℎ, eV/atom 8.9 8.9a 8.39c 8.39
𝑎0, Å 3.165(3.162) 3.165b (3.185)c (3.185)
𝐶11, GPa 525 522d 522c 526
𝐶12, GPa 204 204d 195c 200
𝐶44, GPa 163 161d 148c 149

aRef. [26].
bRef. [27].
cRef. [11].
dRef. [28].

2.3. Simulation software

To test the constructed potential in the reproducibility of the non-
fitted quantities, we employed our developed program package for
molecular dynamics simulations, which was extensively tested in pre-
vious works devoted to the construction of the interatomic potentials
for pure V and Ti [8,9], binary potential Ti–V [18], and calculations
of diffusivity in Ti–V system [29]. To extend the availability of our
interatomic potentials to the broader simulation community, we also
implemented them into the LAMMPS package [30]; see Supplemen-
tary materials for additional information. In this work, to ensure the
reproducibility of results obtained employing our molecular dynamics
package with the LAMMPS package, several calculations were per-
formed twice using both packages with the same or similar simulation
parameters. The comparison of results is presented in Section 3 and
Supplementary materials.

2.4. Testing POT_W

To benchmark the POT_W potential, we calculated the characteris-
tics of vacancy and interstitial atoms, the formation energies of surfaces
with low Miller indices, the thermal properties, the phonons dispersion
curves and compared them with known experimental data as well as
with the results of DFT calculations. Among the selected properties,
the melting point represents a key quantity for a reliable quantitative
prediction of the characteristics of diffusion processes, along with the
monovacancy’s properties and the thermal expansion of the lattice. The
formation energies of the defects (vacancy, the interstitial atoms, and
the surface), as well as the heat of melting, are important test values
for a reliable quantitative prediction of the formation of complex crystal
lattice defects, including grain boundaries. The reproduction of phonon
characteristics in tungsten ensures the mechanical stability of the bcc
lattice during MD simulation.

We calculated the characteristics of point defects by molecular
statics using a 2000-node bcc superlattice. The surface energy was
determined by the molecular static method for slabs as in our previous
article[19]. The melting point was calculated by modeling the NPH
ensemble [31] in a superlattice containing 19652 atoms, consisting of
the equilibrium of the bcc and liquid phases, in the same manner as
in our previous works [8,9]. The heat of melting was calculated as
the difference in the enthalpy of superlattices containing the liquid
and the bcc structure at the determined melting point. We performed
MD simulations of thermal expansion in the NPT ensemble (constant
number of particles N, pressure P and temperature T) at zero pressure
and different temperatures. In the NPT ensemble, temperature was kept
constant using Nose–Hoover thermostat [32] and pressure was kept
constant using Berendsen barostat [33]. The dispersion curves of the
phonons were calculated using the PHONOPY package [34,35] for a
256-atom superlattice.
4

Table 2
Defect properties of tungsten: 𝐸𝑓

𝑣 - vacancy formation energy, 𝐸𝑚
𝑣 - vacancy migration

energy, 𝑄𝑑𝑖𝑓𝑓
𝑣 - self-diffusion activation energy, 𝐸(110), 𝐸(100), and 𝐸(111) - surface

formation energies, 𝑑12(110) - relaxation of the distance between the first and second
layers, 𝐸𝑓

⟨100⟩, 𝐸𝑓
⟨110⟩, 𝐸𝑓

⟨111⟩, 𝐸𝑓
𝑜𝑐𝑡, and 𝐸𝑓

𝑡𝑒𝑡, - interstitial atom formation energies, 𝑇𝑚 -
melting point, and 𝛥𝐻𝑚 - melting heat.

Characteristic POT_W Exp. DFT GAPg

𝐸𝑓
𝑣 , eV/atom 3.77 3.67 ± 0.2a 3.36, 3.22g 3.32

𝐸𝑚
𝑣 , eV/atom 1.81 1.7–1.9ab 1.73h 1.71

𝑄𝑑𝑖𝑓𝑓
𝑣 , eV/atom 5.58 5.5c – 5.03

𝐸(110), meV/Å2 231 187, 203d 204g 204
200i

𝐸(100), meV/Å2 235 245i 251
𝐸(111), meV/Å2 287 216i 220
𝑑12(110), % −1.9 – −3.8i

𝐸𝑓
⟨100⟩, eV/atom 10.37 – 12.20j –

𝐸𝑓
⟨110⟩, eV/atom 10.43 – 10.64i 10.55

10.58j

𝐸𝑓
⟨111⟩, eV/atom 10.20 – 10.31i 10.34

10.29j

𝐸𝑓
𝑜𝑐𝑡, eV/atom 10.21 – 12.42i –

12.27j

𝐸𝑓
𝑡𝑒𝑡, eV/atom 11.03 – 11.72j –

𝑇𝑚, K 3695 ± 17 3695e 3450 ± 100k 3540 ± 10
𝛥𝐻𝑚, kJ/mol 40.5 52.3e – –

35.4f

aRef. [36].
bRef. [37].
cRef. [38].
dRef. [39].
eRef. [40].
fRef. [41].
gRef. [11].
hRef. [42].
iRef. [43].
jRef. [44].
kRef. [45].

Table 2 shows the results of our calculations of a number of prop-
erties of bcc lattice’s defects and thermal properties of tungsten de-
termined using the POT_W potential, known experimental measure-
ments, the DFT results, and the recent GAP potential [11]. Among
the formation energies of interstitial atoms, we present the values of
configurations with the lowest formation energies as they are most
important configurations in modeling radiation damage defects. We
also present the values of the surface energies among the surfaces with
Miller indices (100), (110), and (111).

Table 2 also demonstrates that the values of the vacancy formation
energy 𝐸𝑓

𝑣 and the vacancy migration energy 𝐸𝑚
𝑣 calculated using the

POT_W potential are within the range of the experimental values of
these quantities. POT_W value of 5.58 eV of the self-diffusion activation
energy 𝑄𝑑𝑖𝑓𝑓

𝑣 by the vacancy mechanism is close to the corresponding
value of 5.5 eV, established from experimental studies [38]. POT_W
value of the surface formation energy (110) is qualitatively consistent
with the data of the DFT calculations, according to which this surface
has the lowest energy. However, the given by POT_W sequence of (100)
and (111) surface formation energies is different from that given by
DFT [43] and GAP [11]. The smallest POT_W value of the formation
energy of the interstitial atoms is the dumbbell configuration ⟨111⟩ in
accordance with the DFT data [43].

It should be noted here that when multiplying the POT_W value of
𝐸𝑓
𝑣 =3.77 eV/atom by a factor of 1000, we get a numerical value close

to the melting point of tungsten 3695 K. This coincidence is consistent
with the empirical rule relating the energy of vacancy formation and
the melting point, expressed in eV and K, respectively, which is often
true for metals [46]. It is interesting to note that for the DFT values of
these quantities in tungsten this rule is also fulfilled. However, the DFT
significantly underestimates the values of 𝐸𝑓 and 𝑇 in W. The POT_W
𝑣 𝑚
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Fig. 4. The dependence of the relative lattice constant on temperature for the bcc
tungsten, calculated using the POT_W potential and measured experimentally [47].

Fig. 5. Dispersion curves of bcc tungsten phonons along the directions of high
symmetry of the Brillouin zone for POT_W potential (solid red lines) compared to
the experimental data [48] (triangles, circles, rhombuses) and the results of our DFT
calculations (dotted lines).

potential predicts the melting point value and thermal expansion of
tungsten in perfect agreement with the experimental data [47] as can
be seen in Fig. 4. Moreover, the predicted value of the melting heat of
40.5 kJ/mol is consistent with the values of this quantity of 52.3 and
35.4 measured experimentally in [44,45], respectively.

Fig. 5 shows the results of our calculations of the phonon dispersion
curves using the POT_W potential and the DFT. The POT_W potential re-
produces phonon dispersion for the bcc lattice in close agreement with
the experiment [48], especially at low frequencies, which is consistent
with the excellent quantitative description of the elastic constants (see
Table 1). The POT_W potential predicts the maximum difference from
the experimental data at the point H, which is about 1 THz. On the
other hand, the POT_W potential shows better agreement with the
experiment than the DFT for the wave vectors [𝜁𝜁𝜁] between points
H and 𝛤 .

In general, as can be seen from the above comparison, the POT_W
potential predicts several characteristics of tungsten, including the
properties of the vacancy, the interstitial atoms, the surface, the ther-
mal vibrations of the atoms, the melting point and the heat of melting in
good agreement with the known experimental data. At the same time,
the POT_W potential reproduces the considered values with higher
precision than the DFT methods and the interatomic potential, the
parameters of which are optimized based on the DFT target values
only. The DFT errors are explained by the use of model representa-
tions of the exchange–correlation energy functional for the electron
subsystem [49], which can be inherited in interatomic potentials. It
indicates the advantage of the approach used in the construction of
5

Fig. 6. The vacancy formation Gibbs energy 𝐺𝑣𝑎𝑐 , enthalpy 𝐻𝑣𝑎𝑐 and entropy 𝑆𝑣𝑎𝑐

determined employing Eqs. (6)–(9) for the POT_W potential.

POT_W, based on the simultaneous use of experimental data and a large
number of modified DFT values. Meanwhile, it ensures the reliability
of the quantitative prediction and the transferability of the potential to
configurations not used for optimization.

To test the computational cost of our potential we conducted an-
nealing of the BCC tungsten supercell containing 1999 atoms and one
vacancy at a temperature of 650 K for 100 steps with a timestep of 1 fs
for the POT_W and GAP [11] potentials employing LAMMPS package.
The results demonstrate that our new potential is about 470 times faster
than the GAP one. In particular, the computational costs are 16.2 and
7617.8 μs/atom/step for the POT_W and GAP potentials, respectively,
on 1 core of Intel Core i7 2670QM processor. For more details please
see Supplementary materials, folder Comparison_with_GAP.

3. Self-diffusion in bcc W

We employ the following expression to calculate the diffusion coeffi-
cient 𝐷(𝑇 ) in the assumption of the mono-vacancy diffusion mechanism
[19]:

𝐷(𝑇 ) = 𝐶𝑣𝑎𝑐 (𝑇 ) ×𝑁 ×𝐷𝑣𝑎𝑐1(𝑇 ). (3)

In Eq. (3), 𝐶𝑣𝑎𝑐 (𝑇 ) is the vacancy concentration at temperature 𝑇 ,
𝑁 is the number of nodes in the simulation cell, and 𝐷𝑣𝑎𝑐1(𝑇 ) is the



Computational Materials Science 202 (2022) 110962V.N. Maksimenko et al.

o
p

u

e

𝑆

v
n
b
b
F
v
m
o
c

d
a
o
i

Fig. 7. The mean-squared displacements 𝑍 of atoms in a cell of 2000 nodes with
ne vacancy calculated employing our molecular dynamics package with the POT_W
otential.

Fig. 8. Dependence of the coefficient 𝐷𝑣𝑎𝑐1 on 1∕𝑘𝑇 . The red circles are values obtained
from MSD data with our molecular dynamics package, the blue squares are values
obtained from MSD data with the LAMMPS [30] package.

diffusion coefficient in a model solid solution containing one vacant
node in the simulation cell with periodic boundary conditions.

The vacancy concentration’s dependence on temperature is deter-
mined as follows:

𝐶𝑣𝑎𝑐 (𝑇 ) = 𝑒𝑥𝑝(−𝐺𝑣𝑎𝑐 (𝑇 )∕𝑘𝐵𝑇 ), (4)

where 𝐺𝑣𝑎𝑐 (𝑇 ) is the Gibbs energy of vacancy formation, which also
depends on temperature. To determine these dependencies, we per-
formed calculations using the Gibbs–Helmholtz equation for 432-site
bcc supercells with and without the monovacancy.

𝐺𝑣𝑎𝑐 (𝑇 )
𝑇

=
𝐺𝑣𝑎𝑐
0 (𝑇0)
𝑇0

− ∫

𝑇

𝑇0

𝐻𝑣𝑎𝑐 (𝑇 ′)
𝑇 ′2

𝑑𝑇 ′. (5)

To use this equation we calculated the Gibbs energy 𝐺𝑣𝑎𝑐
0 (𝑇0) at

𝑇0 = 400𝐾 within the quasiharmonic approximation (QHA) and va-
cancy formation enthalpies at the temperatures 400–3695 K (up to the
melting point of W) with temperature step of 5 K. At each temperature,
we performed the MD simulations of the NPT ensemble for 100000
steps with a time step of 1 fs. Next, we approximated the obtained from

𝑣𝑎𝑐
6

Eq. (5) dependence 𝐺 (𝑇 ) by the third-order polynomial following the r
Fig. 9. The self-diffusion coefficient of tungsten 𝐷(𝑇 ) calculated using molecular
dynamics package with the POT_W potential and Eq. (12) in comparison with
experimental data [50].

Table 3
The coefficients of the polynomial fit of the vacancy formation Gibbs energy 𝐺𝑣𝑎𝑐 (𝑇 )
for tungsten (Eq. (6)).
𝑔0, eV 𝑔1, 𝑒𝑉 ∕𝐾 𝑔2, 𝑒𝑉 ∕𝐾2 𝑔3, 𝑒𝑉 ∕𝐾3

3.816 −2.40 × 10−4 1.16 × 10−7 −3.23 × 10−11

approach used by Mendelev et al. [5].

𝐺𝑣𝑎𝑐 (𝑇 ) = 𝑔0 + 𝑔1𝑇 + 𝑔2𝑇
2 + 𝑔3𝑇

3 (6)

From this expression we determine the vacancy formation enthalpy
sing the Gibbs–Helmholtz equation
𝜕(𝐺𝑣𝑎𝑐∕𝑇 )

𝜕𝑇
= −𝐻𝑣𝑎𝑐

𝑇 2
, (7)

with which we obtain

𝐻𝑣𝑎𝑐 = 𝑔0 − 𝑔2𝑇
2 − 2𝑔3𝑇 3. (8)

Following standard definition 𝑆𝑣𝑎𝑐 = −𝜕𝐺𝑣𝑎𝑐∕𝜕𝑇 , we obtain the
xpression for the vacancy formation entropy from Eq. (6):
𝑣𝑎𝑐 = −𝑔1 − 2𝑔2𝑇 − 3𝑔3𝑇 2. (9)

The results of calculations of the thermodynamic properties of
acancy employing Eqs. (6)–(9) are presented in Fig. 6 and the poly-
omial coefficients are listed in Table 3. Fig. 6(a) demonstrates that
oth formation enthalpy and Gibbs energy of vacancy show the typical
ehavior as was previously obtained for other metals [4,5]. Meanwhile,
ig. 6(b) demonstrates minimum in the temperature dependence of
acancy formation entropy at about 1250 K. Above this temperature it
onotonically rises up to melting point and in the temperature range

f diffusion calculations (2600–3600 K) demonstrates the behavior
ommon for metals [4,5,19].

Fig. 7 shows the results of our MD calculations of the mean-squared
isplacements (MSD) of atoms in a 2000-node bcc supercell containing
single vacant node at six temperatures. For all temperatures, we

btained the linear dependencies of the MSD on simulation time, mean-
ng that the chosen duration of the modeling is enough for obtaining

eliable results.



Computational Materials Science 202 (2022) 110962V.N. Maksimenko et al.

F

A

𝐷

(
t
w

Table A.1
Parameters specifying the eight cubic splines that comprise the potential functions of the POT_W potential. The first part of the table lists the number of knots 𝑁 for each spline
and the range of the spline variables 𝑡𝑚𝑖𝑛 and 𝑡𝑚𝑎𝑥. The middle part of the table gives the values at equally spaced spline knots defined by 𝑡𝑖 = 𝑡𝑚𝑖𝑛 + (𝑖 − 1) ∗ (𝑡𝑚𝑎𝑥 − 𝑡𝑚𝑖𝑛)∕(𝑁 − 1).
inally, the derivatives of the splines at their end points are listed in the last part of the table.
i t 𝑡𝑚𝑖𝑛 𝑡𝑚𝑎𝑥 𝑁

𝛷 𝑟(Å) 1.7 6.0 30
𝜌 𝑟(Å) 1.9 6.0 25
𝐹 𝜌̄ 0.0 25.0 10
𝑓 1 𝑟(Å) 1.9 4.3 15
𝑓 2 𝑟(Å) 1.9 4.3 15
𝑔11 𝑥 −1.0 1.0 10
𝑔12 𝑥 −1.0 1.0 10
𝑔22 𝑥 −1.0 1.0 10

i 𝛷(𝑟𝑖) (eV) 𝜌(𝑟𝑖) 𝐹 (𝜌̄𝑖) (eV) 𝑓 1(𝑟𝑖) 𝑓 2(𝑟𝑖) 𝑔11(𝑥𝑖) 𝑔12(𝑥𝑖) 𝑔22(𝑥𝑖)

1 15.63017304 1.00000000 0.00000000 1.00000000 1.00000000 1.55077134 0.54963086 −2.24892545
2 10.98668821 0.99996621 −6.23422367 0.99988569 0.99986877 1.14078264 0.38077771 −1.58352371
3 7.42141129 0.99790293 −11.04475297 0.99392059 0.99393537 0.41067150 0.08835833 −0.42538250
4 5.08301344 0.98659356 −14.63134878 0.96045782 0.96551597 −0.10673851 −0.10189236 0.34219832
5 3.71678484 0.95776979 −17.29193798 0.87827039 0.89750045 −0.36390915 −0.17786389 0.67170103
6 2.91151065 0.90686541 −19.31836821 0.74485781 0.78271552 −0.38195268 −0.16034392 0.62179521
7 2.40346447 0.83283981 −20.90439604 0.57419213 0.62692610 −0.18667521 −0.07567721 0.24132147
8 2.06293606 0.73765213 −22.09351140 0.39269944 0.44951815 0.18390925 0.04418387 −0.43397397
9 1.79706504 0.62566547 −22.75507302 0.22885639 0.27709192 0.65078238 0.16051734 −1.30950716
10 1.54385618 0.50311988 −22.88165535 0.10364254 0.13593761 0.89961578 0.21438953 −1.78501509
11 1.28229724 0.37710876 0.02663694 0.04333588
12 1.02272437 0.25467302 −0.00593799 0.00001547
13 0.77692219 0.14256482 −0.00864271 −0.00755342
14 0.54310086 0.04709598 −0.00206036 −0.00201214
15 0.31666731 −0.02659203 0.00000000 0.00000000
16 0.09936083 −0.07528320
17 −0.09883858 −0.09861790
18 −0.26109609 −0.09985999
19 −0.37274121 −0.08510084
20 −0.42605892 −0.06219531
21 −0.42438672 −0.03858040
22 −0.38079967 −0.01921434
23 −0.31191627 −0.00658560
24 −0.23447601 −0.00093271
25 −0.16106135 0.00000000
26 −0.09889924
27 −0.05105292
28 −0.01861048
29 −0.00277173
30 0.00000000

i 𝛷′(𝑟), 𝜌′(𝑟), 𝐹 ′(𝜌̄) (𝑓 1)′(𝑟) (𝑓 2)′(𝑟) (𝑔11(𝑥))′ (𝑔12(𝑥))′ (𝑔22(𝑥))′

(eV/Å) (Å−1) (eV/Å) (Å−1) (Å−1)

1 −34.95234299 0.0 −0.44556916 0.0 0.0 0.0 0.0 0.0
N 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Fig. 8 shows the smoothing of data on the MSD of atoms using the
rrhenius dependence,

𝑣𝑎𝑐1(𝑇 ) = 𝐷0 × 𝑒𝑥𝑝(−𝐸∕𝑘𝐵𝑇 ), (10)

where 𝐷0 is the pre-exponential factor and 𝐸 is the activation energy.
As can be seen from Fig. 8, the dependence of 𝐷𝑣𝑎𝑐1 on 1∕𝑘𝐵𝑇 is

linear with a high quality of fitting. The obtained from this dependence
activation energy 𝐸 = 1.54 eV is slightly lower than the vacancy
migration energy at 0 K (1.81 eV, see Table 2), which can be explained
by the influence of thermal fluctuations and thermal expansion. The
calculated parameters of this Arrhenius type dependence lead to the
following expression of 𝐷𝑣𝑎𝑐1 as a function of temperature.

𝐷𝑣𝑎𝑐1 = (5.56 ± 0.60) × 10−10 × 𝑒𝑥𝑝
(

−(1.54 ± 0.03)𝑒𝑉
𝑘𝐵𝑇

)

𝑚2∕𝑠 (11)

Multiplying the coefficient 𝐷𝑣𝑎𝑐1(𝑇 ) (Eq. (11)) with the vacancy
concentration 𝐶𝑣𝑎𝑐 (𝑇 ) (Eq. (4)) according to the formula for 𝐷(𝑇 )
Eq. (3)) and taking into account the value 𝑁 = 2000, we get the
emperature dependence of the self-diffusion coefficient for tungsten,
hich is illustrated in Fig. 9.

𝐷(𝑇 ) = 1.11 ⋅ 10−6 × 𝑒𝑥𝑝
(

−(𝐺𝑣𝑎𝑐 (𝑇 ) + 1.54)𝑒𝑉
)

𝑚2
(12)
7

𝑘𝐵𝑇 𝑠
As can be seen from the comparison in Fig. 9, the agreement with
the experimental data is satisfactory. The performed MD calculations
using the POT_W potential are independent from the experimental mea-
surements, and such good reproduction between two methods indicates
their reliability. The above-mentioned results prove the accuracy of
the POT_W potential for the simulation of the diffusivity processes in
tungsten.

4. Conclusions

In this paper, we constructed the interatomic potential for tungsten
(POT_W) within the N-body approach that accurately takes into account
angular dependence and many-body interactions. This method was
previously successfully used to construct the interatomic potentials
with the excellent reproduction of thermal properties, such as melting
point and thermal expansion, and properties of point defects, which
are crucial for the reliable simulation of diffusion properties. The fitting
database includes empirical and theoretical data, covering a wide range
of different atomic configurations to increase its transferability. The
fitted quantities, such as cohesive energy, elastic moduli, the lattice
parameter of the bcc structure as well as relative energies between
bcc and other commonly known structures, are reproduced in excellent

agreement with the target values. Moreover, the potential predicts
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quantities not included in the optimization procedure, such as phonon
spectra, formation energies of the point defects and surfaces. The
POT_W potential demonstrates the ability to describe the bcc lattice
parameter in close agreement with the experimental data in a wide
temperature range from room temperature up to a melting point, which
is necessary for the accurate simulations of diffusion processes. Melting
properties coincide with the experimentally measured values within
the error of calculations, which means the correct reproduction of the
homologous temperature. As a result, the calculation results of self-
diffusion in bcc W employing the POT_W potential are in adequate
agreement with the experimental points. The temperature dependency
of the Gibbs energy of vacancy formation is considered for these
calculations. The constructed potential is suitable to calculate the ther-
modynamic and diffusion characteristics of W and perform simulations
involving diffusion processes such as the radiation damage in tungsten.
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