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Abstract. We investigate the linear conjugation problem for polyanalytic functions using function theory and 
Cauchy-type integrals. We explicitly construct a canonical matrix-function by using the recurrence procedure 
and use it to study the linear conjugation problem. We found a solutions of the linear conjugation problem and 
given a formula for its index by using Cauchy type integrals. We got a representation of the solution of the linear 
conjugation problem through the canonical matrix-function, which is constructed explicitly.
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Аннотация. Опираясь на теорию функций и интегралы тина Коши в работе рассматривается задача линей
ного сопряжения для полпаналптпческих функций. Применяя процедуру рекуррентности, строится канони
ческая матричная функция, которая используется для изучения задачи линейного сопряжения. Мы нашли 
решение задачи о линейном сопряжении п дали формулу для ее индекса с номош;ью интегралов тина Коши. 
Получено представление решения задачи линейного сопряжения через каноническую матрицу-функцию, 
которая построена явпо.
Ключевые слова: Задачи линейного сопряжения, формула Гурса, сингулярный интеграл Коши, канони
ческие матрицы-функции, сингулярные интегральные уравнения.
Для цитирования: Чан Куанг Выонг. 2020. Задача линейного сопряжения. Прикладная математика & 
Физика, 52(2): 55-61. DOI 10.18413/2687-0959-2020-52-2-55-61.

1. T h e  G ou rsa t Form ula. Let ^  ^ rabset of ш d a, ^^^^on on D  u(z) =  u{x ,y )  in
a complex variable z =  x +  iy. This function is called poly-analytic if it is a solution of the equation

d n u = 0 .  (1.1)

where
d I f d  3 \

+  i-dz 2 \ dx dy J '

To emphasize on the dependency of n analytic (bi-analytic when n =  2).
It is clear that when n = 1  the equation (1.1) is the Cauchy-Riemann condition and its solutions are 
analytic functions.



It is well known that any function u is represented in the form

2̂ —1
u(z) =  ^ i(z ) +  гф2 {г) +  —  Фз{г) +  . . .  +  --------—  ̂ „(z ), (1.2)

2! (n — 1)!

where ф̂  (z  ̂ functions on D.  When n=2 the formula takes the name Goursat, that we conserve
also in the general case for any n. In particular, from this formula, it follows that the analytic functions

D
n

d
—  [zk ф(z)] =  kzk—1ф(z), (1.3)
oz

k ф (n — 1)
functions and function u G C ” (D^ Л е equation (1.1). So

dn—1u  ̂ . .
dZn—1 =  фn(z), 

where фn(z  ̂ ^^nction, and from (1.3)

d 1

dZ"—1

z:n— 1
u(z) ^  T— m фn(z)(n — 1)!

=  0.

According to the induction, hence the validity of the formula (1.2^ for all n.
From (1.3^ m d  (1.2), we have

dj —1u zn—j
-d— 1 =  фо (z) +  Zфj+1(z) +  . . .  +  (^^— j ) ! ф„ (z), 1 <  j  <  n . (1.4)

Put

(1.5)
U =  (U1 , . . . ,  U„), Uj =  dj —1u /d z j —1,

ф =  (ф1, . . . , фn), P  =  (Pij )n,

where P (z) is a upper triangle matrix determined by

zj —*
P ij(z) =  Г ------^ , j  -  i.— (j — *)!

So the relationship (1.4) can be written in the matrix form

U =  Рф. (1.6)

It is easy to check that the determinant of ^  ^ ere fore , relation (1.6) can be transformed
to ф =  P —1^  ̂ Goursat formula (1.2^  ̂ ^ ^ ly tic  functions ф— in the same way

u
For the upper triangle elements of the inverse matrix P — 1, we have the following expression

^ 1 ) —— —*
( P—1)i—( z ) = ,  j -  *. (1.7)

In fact, let Д be the matrix with elements

Д .. Л  1, j  — i = 1,
Д*— 1 0 ,  j  — i =  1.

Then, we have the identical expression

(Д ‘ )<— ^ i : j —i = k, 0  < k < " —1.

clearly, Д ”  =  0. From this notation, we can write

n—1 Zk 
k!P  <z) =  E  к г Д ‘ '

k=0



So, this sum coincides with the series in all k — 0  P (z ) =  exp(zД). Therefore,

n—1 Zk
P —1(z) =  exp(—гД ) ^  - (  —1)kД^,

k=o !

this coincides with (1.7).
Let ^  ^ of the infinitely distant point to, this means, it contains the exterior

of {|z| — the poly-analytic function u(z^  ̂ rnth |z| — R, satisfies the
following inequalities

|Uj (z)| <  C  |z|1—j : j  =  1 : . . . , n :  (1.8)

with some integer  ̂ ^^^-alently, U— (z) =  O(|z|1—j  ̂ ^ e n  z ^  to.
Due to (1.6), (1.7), we have the following expressions for the components ф ^ f  ф

фк ( z ) = ^  j — ;  U— (z).
j=k >

Therefore, the similar inequalities (1.8) are also valid for these components. We also have

ф— (z) =  O(|z|1—j ̂  ^ e n  z ^  to, j  =  1: . . . , П:  (1.9)

C
2. Linear C on ju g a tion  P rob lem s. Let Г be a smooth oriented contour on the complex plan, which 

is composed of simple contours Г 1, . . . ,  Г^^ ^^^^ement is the open set D  =  С\Г composed
of connected components Do, D 1 , . . . ,  D^^ ^ e r e  D^ ^^rtains a neighborhood of to,
the others are bounded. There is no lost of generality, we can assume that

dDo =  Г 1 U . . .  U Г т о , 1 <  mo <  m. (2.1)

Let’s designate C  (_D ̂  ^^^^^^he с lass ^ G C  (D^  ̂ ^тегу do main D— is continuously extensible
to the boundary. Obviously, we can define the unilateral boundary values of ^ ( t ^ y  ^ ±(t) =  lim ^(z) at 
points tin^^ Л е point z ^   ̂ left (right) of Г with a superior signal (inferior). It is
clear that this function is continuous.

Together with this class, we also consider the Holder class. Let C^(G^ of functions ^
satisfying Holder condition in domain G, i.e.

|^(z1 ) — ^ (z 2 )|<  C|z1 — z2 |̂ , zj G G,

with some exponent 0 <  ^ the conditions ^ G C^(G^ m d  ^ G C^(G) are equivalent. In
this notations, ^ G C^(_D^ means that ^ G C ^(D 0  ̂ ^^^Med sub-domain D 0 С D.
Therefore, ^ G C ^ (D j), 1 <  j  <  ш й  ^ G C ^ (D 0 П {|z| <  R}^^ any R  >  0.

Given n X ^ ^^^^^^unction B (t) =  (B . j (t))J ^^^ontour ^ class C^, whose determinant is
u

dj —1u
Uj =  ^ - 1  G C ^(I?), 1 <  j  <  n,

(2.2)

U j(z) =  O ^zl1 j  ̂ ^ e n  z ^  to, j  =  1, 

Consider the linear conjugation problem:

^d*—1u \+  ^  ( dj—1u \ —
— E  B ij \ я— r )  =  f i , 1 <  i <  n . (2.3)d Zi—1yO Z

j=1  ̂ '

With the substitution U =  Pф, this problem is the linear conjugation problem

ф+ — Gф— =  g, (2.4)

For a analytic vector function ф G C^(_D ̂  ^ ^ r ix  coefficient G =  P —1B P  and the right side
g =  P —1/ .  Due to (2.2), we have

deg ф. <  l — j\ ^ e n  z ^  to, j  =  1 , . . . ,  n. (2.5)



With the help of the Cauchy type integral

d ^ ) ( z )  =  : ! -  /  (2.6)2-Ki Jг  - -  z

this problem, by the usual manner, may be reduced to a equivalent system of the singular integral equation
(see, for example: «Singular integral equations», [N. I. Muskhelishvili, 1946]).

T h e o re m  2.1. If ^  G С^(Г)^ function ф =  disappears on the unbounded domain
and belongs to the class C ^ (D ), and its contour values satisfies the Sokhoski-Plemelj formulas

2ф± =  +  S^. (2.7)

with

(S ^ )(-o ) =  ^ - 0 G Г (2.8)
г  - -  - 0

Cauchy singular integral. Where, I^   ̂ is limited by С^(Г) ^  C ^ (D ).
The inverse is also true: any analytic function ф G C ^ (D ) the condition deg ф <  ж — 1 in

unbounded domain with some integer number ^^^^^^^^^^^epresent-able as ф =  I^  +  p with density
If G C ^(Г) ^ ^ n om ial p(z) ,  subjected to the conditions

degp <  ж — 1. J  f ( - )q (- )d-  =  0. degq <  —ж — 1.

where the last condition o f orthogonality is understood in the relation to the polynomials q(z). Where, the
polynomials o f negative degree are assumed as equa,l to zero.

The last affirmation of the theorem occurs in the fact that, in the neighborhood of to, the function 
I f  possesses the decomposition in Laurent series:

W 1 /*
( I f ) ( z )  ^ C k z - k -1 . Ck =  — 2-  /  f ( - ) - kd-. (2.9)

k=o г

In particularly, for an integer number ж <  — ̂   ̂ ^^  ̂ randition deg I f  <  ж — 1 can be expressed in zero 
equality form

j ^ f (-)q(-)d- =  0.

for polynomial  ̂ tos  deg q <  —ж — 1.
S f

C  ̂ (Г).
3. Functions o f  can on ic m atrices. Suppose that the matrix-function G  G C^ (Г) is invertible. By

definition, an analytic matrix function X (z  ̂ of ^ ^ ^ ^ ^ c  in relation to G if it belongs to the
class C ^(D ), has finite order in the unbounded domain, satisfies the relation

X  +  =  G X - . (3.1)

and the condition
A  =  lim X (z )d iag (z ® 1 . . . . .  z®n). det A  =  0. (3.2)

in the unbounded domain with some integer number Жj.
By the theory of singular equations, there exists a matrix ^  mteger numbers жх. . . . .  ж„

G

жх +  . . .  +  жп =  Ind G. Ind G =  —— : In det G ( - ) p . (3.3)
2ni г

n = 1

A =  lim z® X (z )  =  0. ж =  Ind G. (3.4)

In this case, the canonic function is built directly. Suppose that m =  ^̂  ^  the Г contour is simple, 
the conjunction D 0 (D^^ ^^ h is contour and the point z0 G D 0 is fixed. Consider
G 0(-) =  (- — z0) ± ^  - G Г̂  ^^^^ r̂ior) is selected if contour Г is oriented counter-

G G0

X ( z) ^  J 1. z G D 0.
X0(Z)  ̂ (z — Z0) - *. z G D i.



G0 G0
Observe that the Cauchy index of G 1 =  G —1̂  жго, therefore InG 1 G C ^ (r ). Consider

one integral Cauchy type Y  =  I (In G 1^̂ belongs to a C^(_D), disappears in the infinite, and
according to (2.7), satisfies the condition Y  + — Y — =  In G 1  ̂ ^ ^ ^ fo r e , X  =  eY ш d G are canonical. 
The general case when Г =  Г 1 U . . .  U Гт  Ĝ  ̂ ^^riction  of ^  on Г̂  ̂ m d  X̂  ̂ ^ ^h e G— canonic
function. So the product X  =  X 1 • • • X ^  ш a G canonic function.

X (z )  G
where

deg ф <  l — 1, (3.5)

can be constructed explicitly.
In fact, due to (3.1), vector function ф =  ( ^1: . . . : ^ n) =  X —1ф satisfies the condition of contour 
— ф— =  ( X+)  —1g due to (3.2), condition (3.5) becomes to

deg ф— <  l +  Ж— — 1, 1 <  j  <  n.

As consequence, theorem 2.1 can be applied to ф, and we have

Ф(.-) =  I ( X + l M t  +  p(z).

As a observed above, this function in the neighborhood of to possesses the decomposition in Laurent 
series of the form (2.9) with coefiicient

aj =  /  [(X  +) —1g](t)t—j —1dt, j  <  —1,
2ni T

and a0 +  . . .  +  a ẑ® =  p(z^  ̂ the condition d egфк <  l +  ^k — 1 reduces in the fact that
deg pk <  l +  ^k — 1 ^nd

^ [ ( X  +) —1g]k(t)qk(t)dt =  0, 1 <  k <  n,

where the polynomials tos deg qk <  — (l +  ̂ k) — 1. Obviously, this conditions guarantees that the order
in the unbounded domain of vector function diag(z— , . . . ,  z — )ф(z^ exceed l — 1.

In this way, all solutions of the original problem (2.4), (3.5) are described by the formula

ф =  X  (I3 +  p), ?  = ( X  +) —1g,

where polynomial vector p =  (p1 , . . .  ,p n  ̂ tos degpk <  l +  *k — 1̂  density  ̂satisfies the conditions
of orthogonality

J  Hk(t)qk(t)dt =  0, 1 <  k <  n,

where the polynomial tos deg qk <  —(l +  ^ k) — 1.
In particularly, the index ж =  Ind G +  nl.
In the case of the problems (2.4), (2.5), the order at infinity of function ф— has to be aligned and is 

reduced to the form (3.5), this can be made with the help of the diagonal matrix function

Q (z)  ̂ diag(1, (z — z0 ) —1::. . . :  (z — z0 ) 1—"), z G DD 0 , 0, (3.6)

where z0 G D \ D 0 is fixed.
D 0

components Г—, 1 <  j  <  m 0  ̂ ^^^ratour ртоЬ1 em ф =  ^ф (2.4) is replaced to the linear conjugation
problem ^ __

ф+ — С?ф— =  3, (3.7)

where С? =  (Q +) —1GQ^^ right side 3  =  (Q+) —1g- The condition (2.5) at infinity become to (3.5).
Due to (1.2), we have the following result.

T h e o re m  3.1. Let Xl (z)  ̂ corresponding to coefficient matrix G  =
(Q +) —1P —1B P Q ^ ^ n d  a3j, 1 <  j  <  n, be their partial index.

To solve the problem (2.2), (2.3) it is necessary and sufficient that condition / =  (X +) —1(Q +) —1P —1/
satisfies the following orthogonality

J  fk (t)?k(t)dt =  0, 1 <  k <  n, (3.8)



where the polynomials cfk ^ s  deg §k <  —(1 +  жk) — 1 {  polynomials with negative degree are assumed as 
zero ).

Under these conditions, the general solution of this problem is given by the formula

u(z) ^  фj (z )7^
zj-1

^  j  (j — 1) ! ’

ф(z) =  Q(z)XT (z)
2ni

■f(-)d-
- — z +  P5(z ) (3.9)

where the polynomial vector p> =  (p? ! . . . .  .p>n) Ле condition degp>k <  1 +  жk — 1. 1 <  k <  n.
From the theorem, the space of the solution of homogeneous system has the same dimension with the 

class of the polynomial vector p> =  (pji.. . .  .pT„̂  ^ e r e  deg f>k <  1 +  жk — 1. So this dimension is equal to

s+ =  (1 +  ж i)+  +  . . .  +  (1 +  ж „)+.

In the same manner, the number of conditions that is solved linearly independently is equal to

s =  (—1 — жi) +  . . .  +  (—1 — ae„) .

where for an integer s put s± =  (|s| ±  s)/^^ the index s+ — s-  of the problem is equal.

We know that

s+ — s =  n1 +  Ind G?.

det r? =  det Q -< - > det B.

(3.10)

det Q +(-)

First suppose that all contours Г̂  ̂ m (2.1^ with respect to the D 0, i.e counterclock
wise. Then Q ± (-) =  1. - G Г \ dD 0 and

det Q +(-) =  1.

det Q - (-) =  (- — z0 ) - " (" -1 )/2 .-  G Гj. 1 <  j  <  m 0 . (3.11)

therefore
det Q (-)

j= i det Q +(-)

from (3.10) the index s+ — s of the problem is equal

s+ — s =  IndB +  n1 —

— n( n — 1) 
2 .

n(n — 1) 
2 .

(3.12)

For arbitrary n, let ^  ^^^^^riangular matrix, i.e B jj =   ̂ ^ e n  i >  j .  We have matrix
^  this property possessed also the matrix G? =  (Q + )-1 P -1 B P Q - .

G
T h e o re m  3.2. Let G G C^(Г)  ̂ ^^^mgular matrix, i.e G jj =  0 to i >  ^ ^ n d  G n (-) =  0,

- G Г  1 <  i <  n̂  mnonic matrix ^  and its partial index ж* =  IndGjj.
P rove . First, suppose that all diagonal elements of Gj  ̂^ ^ a l matrix ^  form X  =  1 + Y ,

where Y (z^ ^^^^^ears in ^  t o  element Yjj =  ^ o  i >  ^^^^^urns into Y  + =  G Y -  +  G — 1 or
Y  + — Y -  =  (G — 1) +  (G — 1)Y - . Write this relation coordinately

Y+ — Y -  =  Gij ^ . < , < j  G. i Y - . i < j .

From this, we have the following equalities

1,n ^п-1,п =  Gn-1,n.

Yn-2,n-1 — Yn-2,n-1 =  Gn-2,n-1.
^n-2,n — ^n-2,n =  Gn-2,n +  Gn-2,n-1Yn-1,n .

Yn-3,n-2 — Yn-3,n-2 =  Gn-3,n-2.
Yri-3,n-1 — Yn-3,n-1 =  Gn-3,n-1 +  Gn-3,n-2Yn-2,n-1. 

Yn-3,n — Yn-3,n =  Gn-3,n +  Gn-3,n-2Yn-2,n +  Gn -3 ,n -1 ̂ П,-1,n.

(3.13)

(3.14a)

(3.146)

(3.14C)

and so on.

1

г



Therefore, using theorem 2.1, we have

^^—1,n =  IG n—1,n: (3.15a)

^ „—2,n—1 =  IG n —2,n—1:
^ „—2,n =  1 (Gn—2,n +  Gn—2,n—1 ̂ „—1,n):

(3.15b)

^^—3,n—2 — IG n—3,n —2:
Yn—3,n—1 =  I  (Gn—3,n —1 +  Gn—3,n—2 Y„ —2,n—1): (3.15c)

^ „—3,n =  I  (Gn—3,n +  Gn—3,n—2^„ —2,„ +  Gn—3,n—1^„ —1,„ ):

and so on. As a consequence, ^  determined and X  =  1 +  ^  ^^^rnic with ж— =  0 in
G** =  1 , 1 <  i <  n

G
reduced to the case considered above by presentation G in the product form

G =  G (1)G (2): G (1) =  diag (G 11: . . . , Gnn): (3.16)

where the diagonal elements of the triangular matrix G(2  ̂ ^ u a l to ^ ^ e t  X (1)i be a canonic function
G**

In other words, by (3.1), (3.2), X+1). =  GjjX^1)̂  rnd X (1)i (z)z®i ^  ^ s  z ^  ^ e r e  ж* =  IndGn.
So

X (1) =  diag ( X (1)1: . . . , X (1)„) (3.17)

G (1̂  (3.2) in relation tо the correlation G (1). Let us consider the
Г

^̂ (2) =  (X (1)) 1G(2)X (1): (3.18)

where the diagonal elements of (?(2  ̂ ^ u a l to 1.
So, by what it has been proven above, there exists

lim X (2)(z) =  1.

We will affirm that the canonic matrix ^  ^^^^al coefficient ^  ш an X  =  X (1)X (2). In fact, the
equality

X (1)X (2) =  G(1)G(2)X(1)X (2) 

having in mind the equality X(+) =  G (1)X (1̂  ^ ^ ^ s  to X((2) =  (f (2)X (2).
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