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Аннотация. В цилиндрической области евклидова пространства для многомерного уравнения Эйлера -  
Дарбу — Нуассона рассматриваются спектральные задачи Дирихле и Пуанкаре. Решение ищется в виде 
разложения но многомерным сферическим функциям. Доказаны теоремы существования и единственно
сти классического решения. Получены условия однозначной разрешимости поставленных задач, которые 
существенно зависят от высоты цилиндра.
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1. Introduction Two-dimensional spectral problems for hyperbolic equations are extensively studied 
(see for example [Kalmenov, 1993; Moiseev, 1988; Sabito, 2000; He K. Ch. 2000], and their multivariate 
analogues are studied in [Aldashev, 2003; Aldashev, 2005; Aldashev, 2006; Aldashev, 2014]. This is because 
three or more independent variables have difficulties of a fundamental nature. There is a highly attractive 
and convenient method of singular integral equations. Applied for two-dimensional problems, it cannot be 
used in virtue of absence of complete theory of multidimensional singular integral equations. The theory of 
multidimensional spherical functions, by contrast, is quite fully studied. These functions have important 
applications in mathematical physics, in theoretical physics, and in the theory of multidimensional singular 
integral equations. The author proposes that in solving the spectral problems of Dirichle and Poincare



fo r  th e  m u lt id im e n s io n a l E u le r -D a r b u -P o is so n  e q u a t io n , th e  d e c o m p o s it io n  b y  sp h e r ica l fu n c t io n s  sh ou ld  
b e  used .

2. Statement o f the problem and result. L e t -  b e  th e  cy lin d r ica l reg ion  o f  th e  E u c lid e a n  
sp a ce  ^ n t s  ( x 1, ..., x m , t)^ %  th e  c y lin d e r  Г  =  { ( x , t )  : |x | =  1^  ̂ p la n es  t =  в  >  0
a n d  t =  0  ̂ w h ere  |x  ̂ ^ ^ ^ ^ ^h  o f  th e  v e c t o r  x  =  ( x 1, . . . , x m ). T h e  p a rts  o f  th ese  su rfa ces  th a t
fo r m  th e  b o u n d a r y  d ^ ^ ^ o m a i n   ̂ E m o te d  b y  In  th e  re g io n  we

Y

ЛA xU  -  utt -  y U t  =  YU, (1 )

w h ere  A ^  w ith  re s p e c t  t o  th e  v a ria b les  X 1, . . . , x m  m  >  2, a -  a n d  a  is a  real
n u m b er .

B y  u a (x ,t^  o f  e q u a t io n  (1 ) fo r  g iv en  a .
A s  m u lt id im e n s io n a l D ir ich le t  a n d  P o in c a r e  p r o b le m s , w e co n s id e r  th e  fo llo w in g  p ro b le m s .
P r o b l e m  1 . F in d  a  so lu t io n  t o  e q u a t io n  (1 ) in  th e  reg ion  П^ Л е  c l  ass C  (П ^  \ S 0 ) n  C  2 (П в ), 

sa tis fy in g  th e  b o u n d a r y  co n d it io n s

| (2 )

(3 )

(4 )

u a || =  0 , u a || =  0, Ua
So Гв a

u a
In t

|| =  0 ,
So

u a || =  0 , u a |
Гв

( t a —1Ua) =  0, u a =  0, u a „  =  0, a  >  1.
Гв Se

Problem 2. F in d  a  s o lu t io n  t o  e q u a t io n  (1 )  in a  d o m a in  П^ Л е  cla ss  C (П ^ \ S 0) n  C 2 (П в ), 
sa tis fy in g  th e  b o u n d a r y  co n d it io n s

d u a
|| =  0 , u a =  0 , u a
So Гв ad t

lim  t a (Ua -  U a’ 1 ) = 0 , Uc =  0, Ua S =  0, a  <  0,

(5 )

( 6 )

w h ere  u a ’ 1 (x ,t^  p r o b le m  fo r  e q u a t io n  ( 1 ) w ith  d a t a  u a ’ 1(x , 0 ) =  т ( x ) ,
dptUa’ 1 (x , 0 ) =  0 .

F u rth er, it  is c o n v e n ie n t fo r  us t o  m o v e  fr o m  th e  C a rte s ia n  c o o r d in a te s  x 1 , . . . , x m , t  t o  sp h erica l 
r, 0 1, ..., (9m —1, t, r  >  0, 0 <  0 1 <  2 n , 0 <  0, <  П, i =  2, 3 , . . . ,  m  -  1.

L e t {Y ”km (0^^ ^ ^^^^^radent sp h e r ica l fu n c t io n s  o f  o rd e r  n, 1 <  k <  kn ,
(m  -  2 ) !n !k ”  =  (n  +  m  -  3 ) ! (2 n  +  m  -  2 ), 0 =  (0 1, ..., 0m —1).

T h e n  th e  fo llo w in g  resu lt is va lid .
Theorem. 1 ) If y <  - м 2’П  ̂ all a  problems 1 and 2 have only zero solutions.
2 ) / /  a  <  0 or a  >  2̂  for  y  >  - м 2’”  problem, 1 has only a trivial solution, if and only if

sin  ^ Y  +  М2’”  =  0, s =  1, 2 ’ . . . .  (7 )

3 ) For 0 <  a  <  2 Шd y  >  - М2’”  problem 1 has only a zero solution if and only if, the condition

( 8 )co s Y +  м2’”  =  0, s =  1, 2 , . . . .

4 ) The solution of Problem 2 for  y  >  - м 2 n e *'*У a  is only trivial if and only if relation (8) holds,
where Дя’^ functions of the first kind J  , (m -2) ( z ) .’ ” +  2

a = 0

3. Information of tasks 1 and 2 to two-dimensional problems. In  sp h erica l c o o r d in a te s , th e  
e q u a t io n  ( 1 ) h as  th e  fo rm

m - - 1 ^  a  (9 )

m- 1

Urr +

d /

-  ^  g j s in m —j —1 0j  d 0 j  V
Sin

U r  ^^u  -  U t t  Ut =  YU,
r  r 2 t

d  \m —j —1 _ d  1

j
, g 1 =  1 , g j =  (sin  0 1 ... s in  0j —1) , j  >  1 .

It is w ell k n ow n  [M ik h lin , 1962], th a t  th e  s p e c tru m  o f  th e  o p e r a to r  ^ r f  e igen va lu es  An =
n (n  +  m ------- 2 ), n  =  0 , 1 , . . .   ̂ ^ ^ n  o r th o n o r m a l e ig e n fu n c tio n s  Y”km ( 0 ).

Sв

Гв



S in ce  th e  d es ired  so lu t io n s  t o  p ro b le m s  1 a n d  2 b e lo n g  t o  th e  cla ss  C 2 ( 0 e ), th e y  ca n  b e  so u g h t in  th e  
fo r m  o f  a  series

TO kn
u „ ( r , 0 , t )  =  E E  u a ,n (r ,t )Y „km (0 ) , (1 0 )

n= 0  k=1

w h ere  u a ,n (r , t )  a re  fu n c t io n s  t o  b e  d e te rm in e d .

S u b st itu tin g  (1 0 ) in to  (9 ) ,  u sin g  th e  o r th o g o n a lity  o f  th e  sp h er ica l fu n c t io n s  Ynkm (^ ) [M ik h lin , 1962], 
w e o b ta in

m  — 1 _ k _ k
a “ a,n “ a,nrr + u*a,nr — '̂ ‘ a,!

T  — k  — k
,ntt — y u a,nt — u a,n — Y u a,n =  0, k =  1, kn , n  =  0, 1,

w h ich , u sin g  th e  s u b s t itu t io n  u a ,n (r , t )  =  r  ( 2  ) u a ,n (r , t )  re d u ce s  t o  th e  eq u a tio n

^au a,n =  u a,nrr u a,ntt t u a,nt +  r 2 u a,n  Y u a,n =  0 , k =  1 , kn, n  =  0 , 1, ..., (1 1 a )

A „ =
(m  — 1 )(3  — m ) — 4A f

F u rth er , fr o m  th e  b o u n d a r y  c o n d it io n s  ( 2 ) - ( 6 )  fo r  th e  fu n c t io n s  u ^ n (r ,  t )  b y  v ir tu e  o f  (9 ) ,  w e r e s p e c t iv e ly  
h ave

(1 2 )

(1 3 )

(1 4 )

u a ,„ ( r ,  0 ) =  0, u a ,„ (1 ,  t )  =  0, u a ,„ ( r ,  e )  =  0, a  <  1, k =  1, k „ ,  n  =  0, 1, ..., 

,k
=  0, u a ,n (1 , t )  =  0, u a , „ (r , e )  =  0, a  =  1, k =  1, k„ , n  =  0 , 1 , . . . ,

In t t=0

( t “ - 1 u a ,n ) = 0 , u a ,„ (1 ,  t ) = 0 , u a ,„ ( r ,  e ) = 0 , a  >  1 , k =  1 , k „ ,  n = 0 , 1 , . . . ,

d u a,n
d t

+ ^ . . k
t=0

=  0 , u a ,„ (1 ,  t )  =  0 , u a ,„ ( r ,  e )  =  0 , a  >  0 , k =  1 , k n , n  =  0 ,1 ,  ..., (1 5 )

lin o t “ ( u a , „ — u a ,, 2 ) t = o,  u a , 2 ( 1 , t ) = 0 , u a , „ (r , e ) = o , a < o , k = l , k „ , n = o , l , . . . .  (1 6 )

In th is  w ay, p r o b le m s  1 a n d  2 a re  re d u ce d  t o  tw o -d im e n s io n a l sp e c tra l D ir ich le t  a n d  P o in ca re  p r o b le m s  
fo r  e q u a t io n  (1 1 a ) .  T h e  s o lu t io n  t o  th e se  p r o b le m s  w ill b e  s tu d ie d  in  s e c t io n s  4  a n d  5.

A lo n g  w ith  e q u a t io n  (1 1 a )  w e co n s id e r  th e  eq u a tio n

L Ou O,n =  u O,nrr — u O,ntt + u 0 ,n — Y u 0,n =  0, (11 o )

w h ich , u sin g  th e  ch a n g e  o f  v a ria b les  ^ ^ , n =   ̂ re d u ce s  t o  th e  eq u a tio n

M u k ,„  =  ukk„en  +  u k ,2 =  Yukk2 .

S o lu tio n  o f  th e  C a u c h y  p r o b le m  fo r  (1 7 ) w ith  d a t a ’

(1 7 )

u kk, „ ( e , e )  =  т2  (e ) ,
^ d u °,n d u ° ,n ^

d e  dn
«=n  =  v2  (e ) ,  0 <  e  < 7 7

h as th e  fo r m  [A ld a sh e v , 1991].

1 1 1 ^
u kk„ ( e ,  n ) =  о  т2  (n )R (n ,  n; e , n ) +  о  т2  ( e )R ( e ,  e ; e , n ) +  / [ ^ 2  ( e 1) R ( e 1 , e 1 ; e , n ) —

7 2 :

—т2  ( e 1) R ( e 1, n 1 ; e , n ) i « i= n i ] d e 1 +  ^  /  u k ,„ ( e 1, m ) R ( e 1 , m ; e , n ) d e 1 d n 1 ,

(1 8 )

w h ere  R ( e 1 ,n 1 ;e ,n )  =  P a [ (^1 - nl()g(f-—nn))(0+nn)+^ln l) ] =  ^ м (^ ) is th e  R ie m a n n  fu n c t io n  fo r  th e  eq u a t io n  

M u ° ,2 =  ^ 1958], P u (z^  ^ ^ ^ ^ M re  fu n c t io n , м =  n  + ( m - 3)

d N «=n  V 2  V d e  d n ^ «=n

д



(1 1 a
a n d  (1 1 0 ^̂  ^ ^ ^ ^ r o p e r t i e s  o f  th e  o p e r a to r  L a , th a t  are n ecessa ry  fo r  fu rth e r  stu d ies .

10  ̂ ^ s  a  u a ^  ^ ^ h e  e q u a tio n  L a u  =  0, th e n  th e  fu n c t io n

u 2  a =  t a -1  ua (1 9 )

is a  s o lu t io n  o f  th e  e q u a t io n  L 2—a u  =  0 .
2 0 Л f  u ^  ^ o f  th e  e q u a tio n  L a u  =  0 , th e n  th e  fu n c t io n

1 dua

t d t
=  U a+2 (2 0 )

is a  s o lu t io n  o f  th e  e q u a t io n  L a + 2U =  0 . 
30  ̂ a e r a t o r  L a has th e  p r o p e r ty

L a U a  =  t 1 —a L 2 —a ( t a —1U a). (2 1 )

T h e se  p r o p e r t ie s  a re  e s ta b lish e d  in  th e  sa m e w a y  as th e y  w ere  p ro v e d  ([W e in s te in , 1954]) fo r  th e  
e q u a tio n

A xu  -  u tt -  y u t =  0 . (2 2 )

F rom  e q u a lity  (1 9 ) w e h ave  u 2—a —2p =  t a + 2p 1u a + 2^ ^ ^ ^ ^ n g  fo r m u la  (2 0 ) p t im e s , a n d
th e n  (1 9 ) , w e o b ta in

u 2 a =
/ 1  d_ 
yidi^y

\ p
(t a + 2p—1

u a + 2p ) . (2 3 )

L e t p  >  0, q >  ^ ^ ^ ^ ^^ ^ ^ ^ atisfy ing  th e  in eq u a lit ie s  a  +  2p >  m  -  1, 2 -  a  +  2q >  m  -  1.
P r o p o s i t i o n  1 . I f  u jj’” (r, t^ ^ ^ ^ ^ h y  p r o b le m  fo r  e q u a t io n  (1 1 0 ) ) sa tis fy in g  th e

c o n d it io n

th e n  fu n c t io n

d
u o;” ( r ’ 0 ) =  0 ’ ;g iUO’’” ( r ’ 0 ) =  v ” ( r ) ’ (2 4 )

ua:2” (r,t) =  Y—a t—^  uO’”  (r,et)e(1 -  e2 ) —a —1de -  y —a r  ( - a )  D 0at2 uO;”  (r,t) (2 5 )

fo r  a  <  ^ ^ o f  th e  e q u a tio n  ( 1 1 a ), sa tis fy in g  th e  c o n d it io n

О
u a’’2” (r , 0 ) = 0 ’ iim  ta  ;д iu a’,2”  =  v” ( r ) . (2 6 )

I f  0 <  a  <  1, th e n  th e  fu n c t io n

u a ’’2” ( r , t )  =  Y2 —fc+2q
f1  q

\ i д t У

=  Y2 —a + 2q

t 1—° + 2^  uO’”  ( r , e t ) ( 1  -  e 2 ) q—a  d e  

u 0 ’’”  ( r , t )
2 q—1r ( q 1 -  f  +  1 ) D 0t° 1

t

(2 7 )

is a  s o lu t io n  o f  th e  e q u a t io n  (1 1 a  ̂ ^^^^^^Mata (2 6 ) , w h ere  V ^ r ( a ) y c  =  2 Г ( ),  F ( z )  is th e

g a m m a  fu n c t io n , D a t ^^OTator [N a k h u sh ev , 2006], a n d  Ug’” (r , t )  is a  s o lu t io n  o f
( 1 1 0)

u0 :” ( r ’ 0 ) =
v” (r )

(1 -  a ) ( 3  -  a ) . . . ( 2 q  +  1 -  a ^  d td  u0 ;” ( r ’ 0 ) =  0 . (2 8 ')

P r o p o s i t i o n  2 .  I f  u g ’” (r , t^ ^  ^ ^ ^ h y  p r o b le m  fo r  e q u a t io n  ( 1 1 0 ) sa tis fy in g  th e
c o n d it io n

th e n  fu n c t io n

d
uO;” (r , 0 ) =  т ” ( r ) ,  д i u0;” (r , 0 ) =  0, (2 8 )

u a ’’” ( r , t )  =  Ya I uO’”  ( r ,e t ) ( 1  -  e 2 )
O’ 1, ^ 0 - 1 ,ы е  =  2 —1 Y a H  2 ) t

a 1 a
0t2

O’1/  
u o;” ( r , t )

1



fo r  a  >  ^ ^ o f  e q u a t io n  (1 1 a ) ,  sa tis fy in g  c o n d it io n  (2 8 ).
u

(2 8 ) , th e n  th e  fu n c t io n
P r o p o s i t i o n  3 .  I f  u k,2 (r ,  t^ ^  ^ ^ ^ h y  p r o b le m  fo r  e q u a t io n  (1 1 o ) sa tis fy in g  c o n d it io n

k;2 ( r , t ) ^  uk;2 ( r , e t ) ( 1  — e 2 ) - 2 in [t (1  — e o )]d e
k,1 (3 0 )

is a  s o lu t io n  t o  th e  p r o b le m  fo r  th e  e q u a tio n  L 1u k 2 =  0 w ith  in itia l d a ta

k,1
u i ,2,
in  t t= 0

=  т2  ( r ) . (3 1 )

T h e  e v id e n ce  fo r  th e  a b o v e  s ta te m e n ts  is e s ta b lish e d  s im ila r ly  h o w  th e y  w ere p r o v e d  fo r  e q u a t io n  (2 2 ) 
a n d  m u lt id im e n s io n a l w ave  e q u a tio n s  Д x u  — u tt =  0 [A ld a sh e v , 1991; A ld a s h e v , 1976; T e rse n o v , 1973; 
T e rse n o v , 1982].

W e  g iv e  s o m e  co ro lla r ie s  fr o m  P r o p o s it io n s  2, 3. W e  first co n s id e r  th e  ca se  a  <  0, a  =  — (2 r  +  1 ), r  =  
0 , 1 , . . .  ^ f  u k,2 (r ,  t^ C a u c h y  p r o b le m  fo r  (1 1 0 ) w ith  d a ta

u kk;2 (r , 0 ) =

th e n  it fo llo w s  fro m  s ta te m e n t 2 th a t

тп0 (r) д

( a  — 1 ) . . . ( a  +  2p — 1 ^  d t u o ,,2 (r , 0 ) = 0, (3 2 )

k,1
+op ,2 ( r , t )  =  Y a + o Л  u kk;2  ( r , e t ) ( 1  — e 2 ) a + p - 1 d e

is a  s o lu t io n  o f  th e  e q u a t io n  L a + 2 pu  =  0, sa tis fy in g  th e  in itia l c o n d it io n (3 2 ).
T h e n  fro m  re la t io n s  (2 3 ) a n d  (1 9 ) it fo llo w s  th a t  th e  fu n c t io n

ua,,22(r,t) =  t 1 - ^ Г д дt ^ p ( t “ + 2 p -1 u a + 2 p ,2 ) =  Yk+2p2p - 1Г ( f  +  p ) t 1 - “ D - f
k,1 / 

u o ; 2 ( r , t ) (3 3 )

is a  s o lu t io n  t o  e q u a t io n  (1 1 a )  a n d  sa tisfies  c o n d it io n  (2 8 ).

N o w  let a  =  —(2 r  +  1 ) Л f  u k,2 (r ,  t^ ^ ^ ^ ^ a u c h y  p r o b le m  fo r  (1 1 0) w ith  d a t a  (2 8 ) , th en
it  is e a sy  t o  o b ta in  fr o m  (1 9 ) , (2 3 ) a n d  fr o m  P r o p o s it io n  3 th a t

k,1 
" - (2r +  1) 2 ( r , t )  =  t 2(r+ 1)

Л  д \ r + 1

\ t d t /
u kk,2  ( r , e t ) ( 1  — e 2 ) - 2 in ( t (1  — e 2 ) )d ee 2) -  2 (3 4 )

is a  s o lu t io n  t o  th e  C a u c h y  p r o b le m  fo r  (1 1 a ) , sa tis fy in g  th e  c o n d it io n  (2 8 ). 
U sin g  [N a k h u sh ev , 2000] th e  re la t io n  (3 4 ) ca n  b e  w r itte n  as

k,1
^ - ( 2 r + 1) ,2 ( r , t )  =  a t 2(r+ 1)D r + 1

u 0,,2  ( r , t )
, a  = Г г ' ( 1 )  — г ' ( 2 )  , ,— ^ ------ in t. (3 5 )

5 . P r o o f  o f  t h e  t h e o r e m  f o r  p r o b l e m  1 . 1) C a se  a  <  1. G iv e n  fo rm u la s  (2 5 ) a n d  (2 7 ) , w e re d u ce  
p r o b le m  (11a)^ ^ ^ ^ h l e t  p r o b le m  fo r  (1 1 0) w ith  d a ta

u a ;22 (r , 0 ) = 0 ,  u a ;22 ( l , t ) = 0 ,  u a ;22 ( r , в ) = 0 , k = 1 , k 2 , n = 0 , 1 , . . . ,

fo r  a  <  ^ ^ ^ ^ ^ ^ ^ ^ ^ r o b le m  fo r  e q u a t io n  (1 1 0), w ith  th e  c o n d it io n

д
u a i ( r ,  0 ) = 0 , u a ’22 ( 1 , t ) = 0 , u a ,,22 ( r , e ) = 0 , k = 1 , k2 ,  n = 0 , 1 , . . . ,k,2 k,2

dt

(3 6 )

(3 7 )

fo r  0 <  a  <  1.
T h e  fo llo w in g  are  sh ow n  in  [9,10^^ ^  I f  y  <  —м 2 ^ р т o b le m s  (1 1 0 )̂  a n d  (1 1 0), (3 7 ) h ave  only-

ze ro  so lu t io n s ; 2 )F o r  y  >  —м? ^ ^ ^ ^ le m  (1 1 0), (3 6 ) h as  o n ly  a  tr iv ia l s o lu t io n  i f  a n d  o n ly  i f  th e  c o n d it io n  
(7 )  is sa tis fied ; 3 )F o r  y  >  —м 2 ^ (1 1 0), (3 7 ) h as  o n ly  a  z e ro  s o lu t io n  i f  a n d  o n ly  i f  re la tio n  (8 )
h o ld s .

F u rth er, u sin g  S ta tem en ts  1-3 , w e es ta b lish  s im ilar  resu lts  fo r  th e  p r o b le m  (1 1 a ) , (1 2 ).



2 ) C a se  a  =  1  ̂ t o  p r o b le m  (1 1 ^ ) , (1 3 )w ill  b e  so u g h t in  th e  fo r m

uk ,2 ( r , t )  =  u k ;2 ( r , t )  +  uk ;2 ( r , t ) ,  (3 8 )

k,1 
'*1,2

(1 1 1 )

where u ^ ,2 (r, t  ̂ r f  the equation (111)̂  data -fnf =  0̂  rnd u ^ ,2 (r , t ) is solution of the

ddtuk;2(r, 0) = 0, uk;2(1,t) =  —uk;2(1,t), uk;2(r ,e )  =  —uk;2(r ,в ), k =  1,k2 , n =  0 ,1 ,.... (39)

uk,,21 (r, t) =  0. (111),
(110),

Using formulas (21), (19) problem (11a )̂  to the case a  <  1. studied.
Thus, it follows from (10) that Theorem 1 is valid for Problem 1.
6. Proof of Theorem 1 for Problem 2. Now we consider Problem 2, which is reduced to problems 

( 1 1 a ) ^ a n d  (11a), (16).
If a  >  0̂  ^^^m (29) that problem (11a), (15) reduces to the Poincare problem for

(110)
For a  <  0, a  =  —(2r +  1), r =  0 , 1 ,  ̂ s o lu t io n  to problem (11^), (16) in the form

(38), where uO,’,2j(r, t̂  ^ Cauchy problem for (11a) with the condition

О
ua;22(r,0 ) =  0, lim t“ ^ u a ;22(r,t) =  0, (40)

and uO,,2(r, t̂  ^ in care  problem for (11a) with condition (39).
Problem (11a)^ to the homogeneous Cauchy problem for (110)

with data u0,2(r, 0) =  0, u0,2(r, t) =  0, which has the trivial solution that follows from (18).
Problem ( 1 1 a ^ u c e d  to Poincare problem (110), (37).
Further, let a  =  —(2r +  1)̂  ^ ^ u tio n  to problem (11a), (16) in the form (38), where

uO,,2(r,t^ Л е Cauchy problem (11a)^ and uO,,2(r,t) is solution to the Poincare
problem for (11a) with the condition (39).

Since uO,,2j(r, t) =  0̂  ^ ^ 'ir tu e  of (35) problem (11a), (39) reduces to the Poincare
(110),

Therefore, the validity of theorem 1 follows from (10) and it is proved for problem 2.
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