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Parametric X-ray radiation generated by a beam of relativistic electrons in a single-crystal wafer is studied in
the Bragg geometry under conditions of multiple electron scattering at target atoms. Expressions are obtained
that describe the spectral-angular and angular radiation density under conditions of multiple electron scat-
tering. An increase in the influence of multiple scattering on the spectral-angular radiation density is demon-
strated both with an increase in the target thickness and a decrease in the energy of relativistic electrons. It is
shown that the asymmetry of the electron-field ref lection relative to the target surface considerably affects the
spectral-angular and angular densities of parametric X-ray radiation under the condition of strong multiple
scattering.
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INTRODUCTION
Parametric X-ray radiation (PXR) arises due to

scattering of the Coulomb field of a relativistic elec-
tron by systems of parallel atomic planes of the crystal
[1–3]. Currently, there are kinematic [4, 5] and
dynamic [2, 3] approaches to the description of PXR.
In contrast to the dynamic kinematic approach, it
takes into account the interaction of each atom only
with the primary or refracted wave in a single crystal,
i.e., the interaction of an atom with the wave field,
which is created in a single crystal as a result of aggre-
gate scattering at other atoms, is neglected. Significant
progress in describing the PXR of relativistic electrons
in single crystals has been achieved using the dynamic
approach [6, 7]. Clear confirmation of the objectivity
and expediency of using the theory of PXR is experi-
mental observation of the peak of parametric X-ray
radiation along the velocity of a relativistic electron
[8], which is not predicted by kinematic theory.

Further development of the dynamic theory of the
parametric X-ray radiation of a relativistic electron in
a single crystal in the Laue and Bragg scattering geom-
etry was presented in [9, 10] in the general case of
asymmetric electron-field reflection with respect to
the target surface, when a system of parallel reflecting
layers of a target can be located at any given angle to
the target surface. The theory of coherent X-ray radi-
ation for beams of relativistic electrons in a single crys-

tal in the Laue scattering geometry was developed in
[11], where the influence of the divergence of a beam
of relativistic electrons on coherent X-ray radiation
was shown. In [12], the dynamic theory of the coher-
ent X-ray radiation of a diverging beam of relativistic
electrons generated in a single-crystal wafer in the
Laue scattering geometry was considered under con-
ditions of the multiple scattering of incident particles.
The conditions are shown under which the contribu-
tion of diffracted bremsstrahlung radiation can be
neglected.

This work is devoted to studying the spectral-angu-
lar characteristics of PXR excited by a beam of relativ-
istic electrons crossing a single-crystal wafer in the
Bragg scattering geometry, taking into account multi-
ple scattering at target atoms. To take into account
multiple scattering, we use the traditional method of
averaging the spectral-angular and angular radiation
densities over an expanding electron beam with recti-
linear trajectories. The influence of multiple scatter-
ing and asymmetry of the reflection of the electron
field relative to the target surface on the PXR spectral-
angular density is investigated.

GEOMETRY OF THE RADIATION PROCESS
Let us consider a beam of relativistic electrons

crossing a single crystal in the Bragg-scattering geom-
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etry (Fig. 1). We introduce the angular variables  
and  in accordance with the definition of the veloc-
ity of a relativistic electron isolated in the beam  and
unit vectors  in the direction of the photon momen-
tum emitted near the direction of the electron-velocity
vector, and ng in the direction of Bragg scattering:

(1)

where  is the angle of radiation, measured from the
axis of the radiation detector   is the angle of devi-
ation of the considered electron in the beam, mea-
sured from the axis of the electron beam   is the
angle between the direction of propagation of the inci-

dent photon and the axis  and  is the
Lorentz factor of the electron. The angular variables
are considered as the sum of components parallel and
perpendicular to the sectional plane: 

  and  is the initial
divergence of the electron beam.

SPECTRAL-ANGULAR DENSITY
In [13], the theory of the coherent X-ray radiation

of a beam of relativistic electrons in a single crystal in
the direction close to the beam axis in the Bragg-scat-
tering  geometry was developed (Fig. 1). Expressions
were obtained that describe the spectral-angular char-
acteristics of parametric X-ray radiation near the
velocity of a relativistic electron. With similar reason-
ing and using similar designations in this work, an
expression is obtained for the spectral-angular density
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of the PXR of a relativistic electron, taking into
account the deviation of the direction of its velocity V
relative to the electron-beam axis e1 (angle ( ψ||)):

(1a)

(1b)

where

(2)

At a fixed value of , the asymmetry parameter 
defines the orientation of the input target surface rela-
tive to the ref lecting layers, which is determined by the
angle  Parameter b(s) is equal to half the path of the
electron in the target Le = L/sin(θB + δ), which is
expressed in X-ray extinction lengths in the crystal

The angular density of the PXR is obtained from
(1) after integration over the frequency function

 using the ratio  which

follows from the expression for  in 2):
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Fig. 1. Geometry of the irradiation process.
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Since the PXR spectrum is very narrow under the
condition  for integration, we use the well-

known approximation  → πaδ(x) and obtain

the angular density of the PXR:

(4)

Since electrons are multiply scattered at atoms of
the medium, we will average the spectral-angular and
angular PXR density over the angular distribution of
electrons in the beam in the form of a Gaussian func-
tion, which varies with the path length in the target 
due to the multiple scattering of an electron:

(5)

i.e., averaging over an expanding beam of emitting
electrons with rectilinear trajectories along the path
length of an electron in the target Le = L/sin(θB + δ),
where  is the initial divergence of the electron beam,

 is the mean square

of the angle of multiple scattering of an electron per
unit length, taking into account its dependence on the
length of the path traveled  in a single crystal [14], Es
≈ 21 MeV. The averaged expressions for the spectral-
angular and angular PXR density taking into account
multiple scattering take the form:

(6a)

(6b)

In the absence of multiple scattering, we will aver-
age the spectral-angular and angular PXR densities
over all possible rectilinear electron trajectories in the
beam according to the Gaussian function
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 In this case, we will

leave the designations unchanged:

(7a)

(7b)

ANALYSIS OF THE SPECTRAL-ANGULAR 
DENSITY OF PXR: NUMERICAL 

CALCULATIONS
We consider a beam of relativistic electrons with

the energy E = mγ, crossing a single-crystal C(111)
carbon wafer with the thickness L (Fig. 1). Let the axis
of the beam of relativistic electrons  be located at an
angle of θB = 16.2° to the considered reflecting system
of parallel atomic planes of the single crystal; the
Bragg frequency is ωB = 10.9 keV. Numerical calcula-
tions will be carried out for σ-polarized waves (s = 1).

Let us consider the effect of multiple scattering on
the spectral-angular density of PXR with a fixed
observation angle θ. Figure 2 shows curves con-
structed by formulas (6a) and (7a), describing the
spectral-angular densities of PXR for a fixed observa-

tion angle of  ≈ 4.84 mrad,  = 0 at the
maximum angular density of PXR at a target thickness

2 2
0

2 2
0 0

1( , ) exp .f t ⊥ ψ + ψψ = − πψ ψ 

∞ ∞

⊥
−∞ −∞

 ψ− ψ ω = ψ ψ ω
ω Ω ω Ωπψ  

2

22 ( ) 2 ( )
0PXR PXR

2
0

exp
,

s sd N d Nd d
d d d q

∞ ∞

⊥
−∞ −∞

 ψ− ψ = ψ ψ
Ω Ωπψ  

2

2( ) ( )
0PXR PXR

2
0

exp
.

s sdN dNd d
d d

1e

2 /
0

−
⊥θ = γ − χ ⊥θ

Fig. 2. PXR spectral-angular densities at a fixed observa-
tion angle  excluding (1) and taking into account
(2) multiple scattering: L = 15 μm, ε = 1, γ = 300,  =
4.84 mrad,  ψ0 = 1 mrad. Here and below, ph is a
photon and e is an electron.
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of L = 15 μm. The dotted line corresponds to PXR
without taking into account multiple scattering and
the solid line, taking into account multiple scattering.
It can be seen that, under the conditions under consid-
eration, the multiple scattering of beam electrons sig-
nificantly affects the spectral-angular PXR density.
Figure 3 shows curves similar to Fig. 2, but with a
smaller target thickness of L = 5 μm. It can be seen
that with a decrease in the target thickness, the effect
of multiple scattering is significantly weakened, which
is associated with a decrease in the path of the electron
in the target. Figure 4 shows curves similar to Fig. 3,
but at a three times lower electron energy (γ = 100).
Figure 4 implies the significant effect of the multiple
scattering of relativistic electrons by atoms of the
medium, which is a consequence of an increase in the
mean square of the angle of multiple scattering with
decreasing energy.

Let us consider the angular PXR density and the
effect of multiple PXR scattering on it. Figure 5 shows
the curves plotted by formulas (6b) and (7b) describing
the angular densities of PXR for different target thick-
nesses L. The dashed curve corresponds to the angular
density of PXR without taking into account multiple
scattering, and the solid curve, taking into account
multiple scattering. Figure 5 shows an increase in the
PXR angular density with increasing target thickness.
It is seen that under the conditions under consider-
ation at L = 10 μm and above, the multiple scattering
of beam electrons significantly affects the PXR angu-
lar density.

Let us consider the influence of the asymmetry of
the reflection of the electron field relative to the target
surface on the spectral-angular and angular PXR den-
sities under conditions of the multiple scattering of rel-
ativistic electrons at target atoms. The reflection
asymmetry is determined by the parameter

 By changing the angle δ between the

target surface and the system of parallel atomic planes
of the single crystal (Fig. 1), we change the parameter

 at the fixed Bragg angle θB. In the case when ε > 1,
the angle δ < 0, Fig. 1 shows a positive angle δ. Figure 6
shows the curves plotted by formula (6a), describing
the spectral-angular density of PXR under conditions
of strong multiple scattering (similar to the curves in
Fig. 2), for various asymmetry parameters ε: ε = 1 (δ = 0),
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Fig. 3. Same as in Fig. 2, but at L = 5 μm.
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ε = 3 ( δ = –8.3°), ε = 5 (δ = –10.9°). Figure 6 shows
the significant influence of the asymmetry of reflec-
tion on the width of the peak of the PXR spectrum,
which can also lead to an increase in the angular den-
sity of the PXR (Fig. 7).

CONCLUSIONS
A dynamic theory of parametric X-ray radiation

generated by a beam of relativistic electrons in a single-

crystal wafer in the Bragg-scattering geometry under
conditions of the multiple scattering of incident parti-
cles is developed. Expressions are obtained that
describe the spectral-angular and angular PXR densi-
ties with and without allowance for multiple scattering
of the beam electrons at target atoms. The effect of
multiple scattering on the spectral-angular and angu-
lar PXR densities is investigated for different target
thicknesses and different energies of relativistic elec-
trons. Enhancement of the effect of multiple scattering
on the spectral-angular density of PXR is demon-
strated with an increase in the target thickness and a
decrease in the energy of relativistic electrons. It is
shown that asymmetry with respect to the target sur-
face of reflection of the electron field on the spectral-
angular and angular PXR densities is shown under
conditions of the strong multiple scattering of relativ-
istic electrons at target atoms. The results of this work
can be useful in setting up new experiments to study
the properties of PXR and provide more accurate
interpretation of experiments under conditions of
dynamic diffraction and reflection asymmetry.
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Fig. 6. PXR spectral-angular densities for various asym-
metry parameters ε: L = 15 μm, γ = 300,  = 4.84 mrad,

 ψ0 = 1 mrad.
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