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Abstract. We suggest some constructions to develop the theory of boundary value problems on manifolds with a non-smooth
boundaries. We discuss basic principles for such a theory and describe main results that we have obtained to this time. Further, we
show how these results are related to the theory of boundary value problems on non-smooth manifolds.

INTRODUCTION

In this paper we would like to present basic ideas and results which can be useful for constructing the theory of
boundary value problems for elliptic pseudo-differential equations on manifolds with a non-smooth boundary.

There are a lot of books [1, 2, 3, 4, 5, 6] in which similar problems are discussed but they use distinct methods and
consider certain “singular manifolds” of other types.

Some papers are very closed to this text [7, 8, 9] but these are related to algebraical aspects of such a theory.

The paper [10] is classified as asymptotical aspect of such a theory, some author’s studies and results can be found
in[11, 12].

Author’s results were presented in the book [13]. Generally these results concerned to the two-dimensional situa-
tion. Here we present our main ideas and results which are under consideration last years [11, 12, 14, 15, 16, 17, 18]
and these latter considerations are related to multi-dimensional case especially. Here we continue these studies and
give certain concrete constructions for special boundary value problems.

BASIC PRINCIPLES

We use a few basic principles on which the theory holds. We will describe briefly all these postulates because these
are very simple and give the key for understanding the theory. As a model we will take the following operator

uw) — [Alxx—yut)dy, xeD, (1)
D

where A(x,y) is “kernel” of the operator, i.e. A(x,y) = F, é_l)yA (x,&), F is the Fourier transform,

(&) = (Fu)(§) = [ ¢ Sux)dx,

Rm

D C R™ is a bounded domain (for simplicity) with a boundary dD. Such operator (1) is called a pseudo-differential
operator in D [19] with the symbol A(x, &).

We will suppose here that the symbol A(x, &) satisfies some smoothness properties (for example, A(x, &) is contin-
uously differentiable on D x R™) and the condition

a(l1+[6)* <A S <cr(1+]6)%, aeR.

Let us note the latter condition guarantees the boundedness of the operator (1) in Sobolev—Slobodetskii spaces
H*(D) — H*"%(D) [19].

The main problem of the theory is describing Fredholm properties of the operator (1).

Definition 1 Operator (1) is called an elliptic operator if

ess inf |A(x,&)|>0.
xeD,EcR™
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Such symbol is called elliptic symbol.

It is convenient considering operators (1) in Sobolev—Slobodetskii spaces H*(D) [19]. We will remind the definition
[19]. By definition, this space consists of functions (distributions) # from H*(R™) which supports belong to D. A
norm in the space H*(D) is induced by the H*(R™)-norm

1/2

luel s = /|ﬁ(§)|2(l+|§|)2sd§ ;
where the sign ~ over u denotes its Fourier transform

(&) = / u(x(eEdx.

Rm

Everywhere below we consider only elliptic symbols, and H (D) denotes the Fourier image of the space H (D).

Local principle

This principle was introduced by I.B. Simonenko [20] more than a half-century ago. It asserts in a simplest form that
an operator of a special type operator of a local type) has Fredholm property iff all certain other operators (its local
representatives) have the same property. It seems there is no news but the essential point is that local representative
of an operator can have more simple structure than the starting general operator. As we will see below it is real fact.

Complicated Operator at a Boundary Point

This concept is related to the first principle. We will explain it for the case when the boundary dD is a smooth surface.
This case includes two types of local representatives. If the point xo € D is an inner point then a neighborhood of the

point is diffeomorphic to R” and the local representative of the the operator (1) looks as follows

u(x) — /A(XO7X—y)u(y)dy, x e R™. )
Rm

To obtain Fredholm property (= invertibility property) for such operator(2) in “local” Sobolev—Slobodetskii space
H*(IR™) it is necessary and sufficient to require the ellipticity condition [19, 20].

If the point xop € dD is a boundary point then a neighborhood of the the point is diffeomorphic to half-space
RT = {x e R" :x=(x1,...,%),Xn > 0} (rectification of a boundary), and the local representative of the the operator
(refl) looks as follows

ulx) — [ Alox—y)uly)dy, xeR. Q)

RY
The latter operator (3) acts in “local” Sobolev—Slobodetskii spaces H*(R’!'). Such operators (3) are called usually
Wiener—Hopf operators. The ellipticity condition for their invertibility is not enough. Principal role takes factorization
technique based on classical Riemann boundary value problem [19]. The dimension of a kernel (co-kernel) of the

operator (3) is defined by so called index of factorization. We denote it by ,,—1 (xp), generally it depends on the point
X0 € oD.

Conjugation Problem and Factorizability Principle at a Boundary Point

This idea was applied by the author earlier [13] and it related to a new type of local representatives of the operator
(1). They appear when the boundary dD includes some singular points in which smoothness property does not hold.
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For example, if xo € dD such that its neighborhood is diffeomorphic to a cone C C R™ and a neighborhood of dD
transforms to a neighborhood of dC then local representative of the operator (1) is the following

u(x) — /A(XO,x—y)u(y)dy, x€eC, “)
C

and we need to study invertibility properties of the operator (4) in “local” Sobolev—Slobodetskii space H*(C). There-
fore, if you want to do it or not you must invent how to find the inverse operator for (4).

Multidimensional Riemann boundary value problem and the wave factorization

For this purpose the author has studied a certain multidimensional variant of Riemann boundary value problem [13]. It
appears if we try to apply the Fourier transform to study the operator (4). As a result we obtain some multidimensional
singular integral equation with a special kernel; this equation is a generalization of one-dimensional singular integral
equation with the Cauchy kernel.

Bochner kernel Let C be a convex cone non-including a whole straight line. This kernel is defined by the formula

. *
B(z) = /e’y'zdy, z=x+Ii1, TEC,
c

where E': {xeR":x-y>0,y € C}. The Bochner kernel is holomorphic function in radial tube domain T(E‘) =

R"+i E‘C C™ [21, 22, 23]. Only one cone exists in the real line, and for this case the Bochner kernel transforms into
Cauchy kernel.

Conjugation problem Up to now there is no any way to solve such singular integral equations excluding the
Wiener—Hopf method (= method of Riemann boundary value problem). This method is based on a special represen-
tation for coefficient of conjugation problem (or in other words for the symbol of a “local operator”). The author has
used this idea for the multidimensional Riemann boundary value problem and has introduced the concept of wave
factorization for an elliptic symbol.

If we consider the cone R¥ x C"* where C"* is a convex cone in R” ¥ non-including a whole straight line then
the existence of k-wave factorization for the symbol A(-, &) with respect to the cone C™ % means the following. The
symbol A(-,€) admits the representation

A('véﬁ’él) :A#("éﬁvé/) 'A:('vél/vél)a
where §" = (&1,-,&). &’ = (&t1,-,Em), factors A (-,E",E"),A_(-,&",&") admit holomorphic continuation with re-

spect to the &’ (for fixed £”) into radial tube domains T (C™*), T (— C™*) respectively with some estimates in which
the index , of k-wave factorization takes part (one can find the rigorous definition in [13]). The value of the ; is
essential for a solvability of corresponding conjugation problem.

Unfortunately, existence of k-wave factorization is one of main problems, that’s why this is the third postulate.

GENERAL CONCEPT: OPERATOR APPROACH

As we have seen there are distinct types of “local operators” (2),(3),(4) for the operator (1). We will denote all such
operators by unified formula

u(x) — [ A(xo,x—y)u(y)dy, x€ Dy, (5)

Dy,

meaning D,, as one of above domains.
It is convenient to consider the operator A on a manifold with such a family of local representatives in Sobolev—
Slobodetskii spaces H*(D) for which its “local” variant will be the space H* (D).
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Definition 2 Symbol of the operator (1) is called the operator function A(x) : D — {A, }xep which is a family of local
representatives of the operator (1). The operator (1) is called an elliptic operator if its symbol consists of invertible
operators.

In other words, symbol of the operator (1) is operator family (5) when xq varies in D.

Canonical Domains and Model Operators

Definition 3 Canonical domains in Euclidean space R™ is such a domain which is diffeomorphic to one of the fol-
lowing cones: Rm,Rﬁ,Rk x C"* k=0,1,---,m—2, where C"* is a convex cone in R"* non-including a whole
straight line.

Remark 1 If we put by definition R” x C = R™ R~ x C! = R" R x C" = C™ then an arbitrary canonical domain
will be a cone of the type Rfx "k k=0,1,--- ,m—2,m—1,m.

Definition 4 A model operator is called an operator of type (5) in some canonical domain with the symbol A(-,€)
non-depending on a spatial variable.

Manifolds with a Singular Boundary

To define a domain (manifold) D with a singular boundary we will introduce different types of neighborhoods. For a

smooth compact manifold all neighborhoods {U;} have the same type, these are diffeomorhic to R”. But if a manifold
has a smooth boundary even then there are two types of neighborhoods related to a place of a neighborhood, namely

inner neighborhoods and boundary ones. For inner neighborhood U such that U C D we have the diffeomorphism

o : U — R™. For a boundary neighborhood such that U N dD # 0 we have another diffeomorphism @; : U — R’
May be this boundary dD has some singularities like conical points and wedges. A conical point at the boundary 1s

such a point for which its neighborhood is diffeomorphic to the cone C™, a wedge point of codimension k,1 < k <

m — 2, is such a point for which its neighborhood is diffeomorphic to the cone R¥ x C"*. So if the manifold D has
such singularities we suppose that we can extract certain k-dimensional sub-manifolds, namely (m — 1)-dimensional

boundary d D, and k-dimensional wedges Dy, k = 0,--- ;m — 2; Dyis a collection of conical points.

Operators on Manifolds
If D is a compact domain (manifold) then there is a partition of unity. It means the following. For every finite open
covering {U j}lj‘.zl of the manifold D there exists a system of functions {¢; (x)}’;:17 ¢j(x) € C*(D), such that
e 0<gi(x) <1,

e supp ¢; CUj,

So we have
k
flx) = Zl ®;j(x) f(x)
j=

for arbitrary function f defined on D.

Since an every set U, is diffeomorphic to an open set D,{ = R¥ x C"* for some k we have corresponding diffeo-
morphisms ®; : U; — Di. Further for a function f defined on D we compose mappings f; = f- @; and as far as
supp f; C U; we put f i=fjo wj_l so that f iz Di — R is a function defined in a domain of m-dimensional space R™.

On the manifold D we fix a finite open covering and a partitions of unity corresponding to this covering {U;, f j}?: 1

and choose smooth functions {g;}"_; so that supp g; C V}, U;CVj,and g;(x) =1 forx € supp fj,supp fin(1—g;) =
0.

020002-4



Definition 5 The operator A on the manifold D can be represented in the form
L ~
A=Y fi-Aj-g+T,
Jj=1

where T : H*(D) — H*~%(D) is a compact operator, A | is one of model operators (5) in which the change of variables
wjwas done.

Fredholm Properties

Invertibility of local operators  First conclusion from the local principle is the following.
Theorem 1 The operator A has Fredholm property iff it is an elliptic operator.

Let us denote ;(x) the indices of k-wave factorization of the symbol A(x, &) with respect to the cone C=* at points
XEM,k=0,1,--- ,m—2 and assume that the functions (x),k=0,1,--- ,m— 1, can be continued into M} because it
is possible M "M # 0.

Proposition 1 Let the classical symbol A(x, ) admits k-wave factorization with respect to the cone C"™* with indices
k(x),k=0,1,--- ,m—2 satisfying the conditions

lk(x)—s| < 1/2, VxeM, k=0,1,---,m—1. 6)

Then the operator A : H* (M) — H*~%(M) has Fredholm property.

Remark 2 Let us note that (m — 1)-wave factorization is usual factorization in Eskin’s sense and it always exists
[19].

On boundary conditions Let us suppose that one of conditions (6) does not hold. It means that there is at list
one point x, € dD. If xy is a smoothness point at the boundary dD then you can look [19]. We suppose here that x
is a conical point so that Dy, = C and for this this convex cone C its boundary is given by the equation x,, = @(x').
Moreover we suppose that o(xo) —s = n+¢€,|e| < 1/2. Then the local representative Ay, is not invertible, but it is
possible to describe its kernel [16, 17].

Let C be a convex cone in the space R™, and this cone does not include any whole straight line, it is important
because we use the theory of analytic functions of several complex variables [21, 22, 23]. Moreover we suppose that a
surface of this cone is given by the equation x,, = @(x),x' = (x,--- ,x,_1), where ¢ : R”~! — R is a smooth function
in R\ {0}, and ¢(0) = 0.

Let us introduce the following change of variables

= X
h = x»
Im—1 = Xm—1

tm = Xm— @)

and we denote this operator by Tj, : R™ — R™ so that points from lower half-space will be fixed.
Theorem 2 A kernel of the operator Ay, in the space H*(C) consists of functions of the following type

n—1
A EWV.oF (;)cku’)s“‘) <xm>> ,

where A(&) is factor of 0-wave factorization for the symbol A(xo,&), 8 is the Dirac mass-function, and V_g is a
special integral operator defined by changes of variables in m-dimensional space and the Fourier transform, c;(x’)
are arbitrary functions from the space where H* (R™"™1), s; = s —(xo) +k+1/2, k=0,1,2,...n— 1.
We have the a priori estimate
n—1
lully < const ¥ e
k=0

where [-]5, denotes the H* (R™~1)-norm.
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Therefore, to obtain invertibility for such operator A,, and to annihilate the kernel we need to add some additional
conditions. As a rule such conditions are chosen as boundary conditions.
Remark 3 It is very unpleasant but it may be happened that we need distinct number of conditions for different
placements of the point xy. But I think such a problem is now very far from nearest ones.

DESCRIPTION OF OPERATOR V, AND ITS PROPERTIES

To obtain explicit expression for V, we need to choice a concrete cone. We consider here C=C{ = {x e R" : x =
(X', Xm),xXm > alx'|,a > 0}, the notation Ty, = T, V,, =V, and use the transmutation formula

FT, ' =V_,F.
Let us fix u € S(R™) and evaluate

(FT'w(E) = [ 51 w0y = [ €uly v+ aly Dy
Rlll Rm

P e e
= /e”“ge Emal¥yy (X)X dxyy = /e’x Semiomalln(y &,)dxX
R’n Rm

where 4(x',€,) denotes the Fourier transform of the function u(x’, x,,) with respect to the variable x,,. According to
properties of the Fourier transform we denote

Fﬂ%é/(e_iélna|X/|) = Ka(é/a ém)a

and obtain an integral representation for the operator V_,:

(FT, 'w)(&) = [ Kul&' 1" En)i(n' Eu)an,
Rlﬂ

where K, (&', &,,) is the Fourier image of corresponding distribution.

Since the function e~67@¥'| is not integrable in R™! we need some regularization method , and we mean the latter
formula as follows

. —1 / .
‘lrll)‘I})FX’_)i’(e lZma‘X ‘), Im = gm — l"[,'7 T> 0,
so that

(FTa_l’/‘)(é) = Tg%h Ka(é/ - n/»zm)ﬁ(ﬂ',im)dn',
Rm

According to above

. T ’
Fx/—n‘.j’(e :zma\x'l) _ / X8 p—izmalx ‘dx’,
Rm—1

and we cam use certain technical methods developed in [24] to find the following representation.
Proposition 2 The function K, has the following form

m—2

iaz,, 2" 'n 7 T(m/2)
(E2+&2+--82 —a22)""”

Ka(§/7zm) =

where 7, = &, —iT,T > 0.
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So, we have

- o 1 iazyI'(m/2)d(n’,&n)dn’
(V—au)(é) - Tli)r(lil+ n.m/ZRW/I (‘él n |2 az 2 )m/z : (7)
Corollary 1 If a — O then
_ . 1 iazyI'(m/2)ia(n’, ém)drl
(Vo) (6) _cllli%TLM nm/2 / (| =2 —a? 2)’"/2 = (& 6m)-

Rm—1

Corollary 2 If £, — 0 then

li _qll = lim lim
(Vo) = g, e |
Rm=

1 iaz,X'(m/2)a(n’,&n)dn’ .,
= M(é aO)
/ (J&" —n'P—a222)""

Theorem 3 The kernel of the equation (5) consists of functions of the following type

a(g) =A2'(8) (;Ck(§7€m) ,',il> :
where

Ck(g ) gm) = (Vfaék)(g/a gm)

Thus, for unique identification of the functions Cy(&/,&,,) we need some additional conditions. We consider some
variants below.

Casem =2

First, we need to note that 2-dimensional case was studied without operator Vy, but to verify this way we have
constructed the operator V, for this case also. Second, for 2-dimensional case we have only one type of a cone
(excluding rotations) C¢ = {x € R? : x = (x1,x2),X2 > alx{|,a > 0}. Thus, we have the following boundary function
@(x1) = alx|. For this function we have evaluated the operator V,, [16] using analytic properties of the Fourier
transform, and it looks as follows

i(&1 +a&y, &) +i(& —ay, &)

7 a(n.&)dn (1n.&2)dn

1 2 2

+ "Pon 514—6152— 275/51—052—
Casem =3

We have a lot of cones in this case, and we consider some of them.
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4-sided angle. The boundary function for this case is the following @(x) = aj|x;| + a2 |x2], i.e. the conical surface
is described by the equation x, = ay|x{| +as|x2|. The cone looks as follows Cy,q, = {x € R? : xy > ay|xi| +az|xal}.
Let us introduce two operators defined on functions of three variables

~+oo

(Slu)(§1,§2,€3)=v,p2;/u(faézi3-w~'7
i [u(&n.&)d
(Szu)(él,ézaé):v.pﬂf%.

—o0

If we will denote corresponding operator by 7;, 4, (change of variables) and its transmutation operator by V4, then

we obtain

1a2

W81 —a183,8 — ax83,83) +i(& + a1 &3, 8 — a2 &3,63)
2

(Vayay 1) (&1,62,83) =

+%(51ﬁ)(§1 +a183,86 —a2&3,83) — %(Slﬂ)(il —a183,86 —ax83,&3)

(&1 —a183,8 +ax83,83) +ii(& +a183, 6 +a283,83)

L
4

F DG g b+ b, &)~ (O1)(G — @ & tab &)

($20) (&1 — a1&3, 80 + @283, &3) + (S2) (&1 + @165, 82 + 4283, 63)
2

+(81820) (81 + @183, 82 + @283, 83) — (515208) (&1 — a1 83,60 + 4283, E3)

($20) (&1 — 183,80 — @283, &3) — (S2) (&1 + @163, 80 — 4283, 63)
2
—(81820) (&1 +a1E3, & — ar &3, E3) + (S15201) (&1 — a1 &3, & — an&s, &3).

This case was studied in [17] (see also [25]) and here we give the final form only
Circle cone.  According to the formula (7) we have for C{

+

Vo) (ErEr Es) 1 / iazzT'(3/2)ii(n1,M2,E3)dnidny

= lim .
70+ 7:3/2Rz ((51 *n1)2+(§2*n2)2*022§)3/2

Multidimensional and Complicated Cases

There are a lot of cones in multidimensional Euclidean space which can be constructed from those that we have
considered. We will enumerate some of them.

o Rfx Ce C R,

o Cupay X CL C R™3;

e (0,+o0) x Ct C R,

e (0,+0) X C% X Cyyqy C R4,

o R¥ x (0,400) X C% X Cyyq, C REFMH4,

For every of these cases we will obtain special type of the integral operator Vj, and every particular case will
generate its own formula for a general solution. We will consider such possibilities in forthcoming publications.
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INTEGRAL CONDITION AND SOLVABILITY

Taking into account Theorem 2 we consider the equation with a model operator
(Au)(x) =0, xe€Cq, 8)
in the cone C¢ with symbol A(&) for n = 1. Then we have the following formula for a general solution in view of (7)
7(&) = A7 (E)V-ato())

with an arbitrary function ¢q € H~+1/2 (R™1). Let us suppose that the following condition

oo

/ u(x',xm ) dxy = g(x'), ©

where g(x’) is given function from H**!/2(R”~1). According to the Fourier transform properties we have
a(g',0)=g(&"),
and taking into account Corollary 2 we can find ¢y(&’) immediately from the equality
#(E,0) = AZ (E,0)60(E)),
more exactly
(&) =Ax(E',0)5(&).

Therefore, we can formulate the following result.
Theorem 4 The boundary value problem (8), (9) has unique solution in the space H*(C%.) for arbitrary given function

g(xX') € HSPV2(R™=1Y of the following type

—1
AE G
—/———— lim
m/2 T—0+
RrRm—1

HE e = / iasz(m/2)A¢(n’,O)g”(n’)dn’7 =it TS0,

2
(1 ' —a2)™
A priori estimate

|ulls < const[gls1)2

holds.

CONCLUSION

Here we have tried to show how much possibilities gives the developed approach, and how we can find some integral
representations for certain boundary value problems. General concepts of this approach was described in author’s
papers [26, 27] but as you see there are a lot of difficulties to realize these ideas. But we hope that this point of view
can be useful and can give a new impulse to develop the theory.
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