@ axioms

Article

On Solvability Conditions for a Certain Conjugation Problem

Vladimir Vasilyev *

check for

updates
Citation: Vasilyev, V.; Eberlein, N. On
Solvability Conditions for a Certain
Conjugation Problem. Axioms 2021,
10, 234. https://doi.org/10.3390/
axioms10030234

Academic Editor: Chris Goodrich

Received: 23 July 2021
Accepted: 17 September 2021
Published: 20 September 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affi-

liations.

Copyright: © 2021 by the authors. Li-
censee MDPI, Basel, Switzerland. This
article is an open access article distri-
buted under the terms and conditions
of the Creative Commons Attribution
(CC BY) license (https:/ /creativecom-
mons.org/licenses/by/ 4.0/).

and Nikolai Eberlein

Department of Applied Mathematics and Computer Modeling, Belgorod State National Research University,
Pobedy Street 85, 308015 Belgorod, Russia; 649377@bsu.edu.ru
* Correspondence: vladimir.b.vasilyev@gmail.com; Tel.: +7-4722301300; Fax: +7-4722301012

Abstract: We study a certain conjugation problem for a pair of elliptic pseudo-differential equations
with homogeneous symbols inside and outside of a plane sector. The solution is sought in corre-
sponding Sobolev-Slobodetskii spaces. Using the wave factorization concept for elliptic symbols, we
derive a general solution of the conjugation problem. Adding some complementary conditions, we
obtain a system of linear integral equations. If the symbols are homogeneous, then we can apply the
Mellin transform to such a system to reduce it to a system of linear algebraic equations with respect
to unknown functions.

Keywords: pseudo-differential equation; conjugation problem; wave factorization; solvability condition

1. Introduction

The theory of pseudo-differential equations on manifolds with a smooth boundary
was systematically developed, starting from the papers of M.I. Vishik and G.I. Eskin [1,2] in
the middle of the last century. After this start, L. Boutet de Monvel [3] published a paper in
which he suggested an algebraic variant of the theory, including the index theorem. These
studies were continued and refined by S. Rempel and B.-W. Schulze [4], and then such
results have became useful for situations of manifolds with non-smooth boundaries [5-7].

The first author has started to develop a new approach for non-smooth situations in
the middle of the last century [8], and general concepts of the approach are presented in
the book and latest papers [9-11]. This paper is related to this approach, and it is devoted to
some generalizations of classical results for the Riemann boundary value problem [12,13] in
which we consider model pseudo-differential equations in canonical non-smooth domains
instead of the Cauchy-Riemann operator. These studies were indicated in [14], and here we
develop these results, obtaining more exact and refined solvability conditions. We formulate
the solvability conditions in terms of a system of linear algebraic equations similar to well-
known Shapiro-Lopatinskii conditions [2]. The Mellin transform [15] is used to reduce the
problem for homogeneous elliptic symbols to the mentioned algebraic system.

2. Auxiliaries

A pseudo-differential operator A in a domain D C R" is defined by its symbol A(¢&)
in the following way

u(x) — A(@)ei(y_x)'éu(y)dydﬁ, x €D,
il

where the function u is defined in the domain D. The symbol A({) is a certain measurable
function defined in R™. The space H*(D) consists of functions from Sobolev-Slobodetskii
space H*(R™) with supports in D. The norm in H*(D) is induced by the H*-norm

1/2
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where ii is the Fourier transform of u:

(&) = [ e*fu(x)dx.
RVN

We start our considerations from measurable symbols A (&), satisfying the condition

ca(T+[2D* <A < (1 + 12"

with positive constants c1, ¢, and the number «, we call an order of the pseudo-differential
operator A. Such operators are linear bounded operators H’(D) — H* *(D) [2].

In this paper, we consider plane case m = 2 and canonical plane domain D = C% =
{x € R?: x = (x1,x2), %2 > al|x;|,a > 0}. For such domains, the key role for the solvability
description for the pseudo-differential equation

(Au)(x) =v(x), xe€Cl,

takes the wave factorization concept for the symbol A(¢) [9].
Let us reiterate that the radial tube domain T(CY ) over the cone CY is called the
following domain R? +iC% of a two-dimensional complex space C? [9].

Definition 1. By wave factorization of A(Z) with respect to cone C, = {x = (x1,x2) €
R?: xp > alx;|, a > 0}, we mean its representation in the form

A(G) = Ax(§)A=(S),

where the factors A (¢), A= (&) must satisfy the following conditions:
(1) A () is defined, generally speaking, on the set {x € R? : a®x3 # x2} only;

(2) A4(&) admits an analytical continuation into radial tube domain T(C%.) over the cone
*

Ci={xe R?: ax, > |x1|}, which satisfies the following estimate:
ARV E+in)| < c(+]g|+ 7)™, vTeCt.

* *
The factor A— (&) has similar properties with — CY. instead of C°_ and a— a instead of z.
The number  is called index of wave factorization of A() with respect to cone C1.

Let us note that if the factors A (&), A=(¢) are homogeneous of order & and a— z,
respectively, and then the symbol A(&) is homogeneous of order «, then one can discussho-
mogeneous wave factorization. The corresponding definition is given in [9].

3. Statement of the Problem

Let us denote I = {x € R? : x, = a|xq|,a > 0}. We study here the following
conjugation problem. Finding a function U(x) which consists of two components

f Ui(x), x e
U(x) = { U (x) xeR\CT

in the space H*(R? \ T'), and the function should satisfy the following conditions

(AU)(x) =0, x €R*\T
+oo
/ Uy (x1,x2)dxy = go(x1), x1 €R

oo @
/ U,(xl,xz)dxz = gl(xl), X € R

—0o0

ue(x) —u_(x) = g2(x), xeT,
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where 1, u_ are boundary values of U from C% and R? \ C%, respectively, and the func-
tions g9, g1 € H*"/2(R) and g, € H*"!/2(T) are given. Since we seek a solution in the
space H*, then such spaces H**1/2 are chosen according to the theorem on restriction on a
hyper-plane [2].

If we consider the equation

(Au)(x) =0, xeCf, 2)

separately, then we can use one of key results from the book [9], Theorem 8.1.2; more
precisely, it is the following: if the symbol A(¢) admits the wave factorization with respect
to the cone C with the index & such that 2—s = n +J,n € N, |ffi| < 1/2, then a general
solution u € H*(C" ) of Equation (2) has the following form

1) = AZ1E) L (a(@ — ad2) (@1 +ada)* + BelGr +a22) (61 — aga)"),

where ay, by are arbitrary functions from H%(R), sy =s —@&+k+1/2,k=0,1,...,n — 1.
Furthermore, we have a priori estimates
n—1
[lul[s < C Z ([ak]s, + [bels,),
k=0

where []s; denotes the H*(R)-norm.
In this paper, we consider the case n = 1 so that we have the following formula for a
general solution

U4 (&) = AL (E)(@0(81 — ag2) + bo (1 + aga)).-
For the second equation
(Au)(x) =0, x € R*\C%. (3)

we have an analogous formula for a general solution

U_(&) = AZNE) (co(&1 — adp) +do (&1 + ac)),

where ¢, dg are a distinct pair of arbitrary functions.

Now, our main goal is to describe the procedure to uniquely determine four arbi-
trary functions in general solutions of the Equations (2) and (3) using boundary and
integral conditions.

4. A System of Linear Integral Equations

Using properties of the Fourier transform [2], we write integral conditions in the form

U (&,0) = A;l(gho) (d0(G1) + bo(81)),

U_(£1,0) = AZ'(£1,0)(60(Z1) + do (1))

It gives the first two relations

AZ1(81,0)(@0(81) +bo(E1)) = &o(&1)
AZN(E1,0)(60(81) + do(E1)) = &1(Z1).

We introduce new variables

4)

G1—adr =t
G1t+ad =1t
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and re-denote
- <t2—|—f1 th —H

a = Vi(ty,t
+ AT ) (1, t2),

2 7 2a 2 2a

so that the boundary values u+ will be boundary values v+ for new variables 1, t,. Thus,
general solutions of the Equations (2) and (3) take the form

t t1 tp—t t t1 th—t
A#( 2th b 1) Ea#(tl,tz), A( 2t 1, 2 1) Ea:(tl,tg),

Vi(t1, 1) = a2 (t1,02) (@0(t1) + Do(t2)),

V_(t, 1) = aZ' (t1, £2) (Go(tr) + do(£2)).
Therefore, using properties of the Fourier transform [2] we obtain

—+o00
/ a1, t2) (G0 (1) + bo(t2))dty = 4(0, 1)

—00

“+o00

/ a1, t2) (Ao (1) + bo(ta) )dta = 04 (11,0),

o

[ =t 2)@olt) + do(t2)) ity = 5-(0,t2),

+o00

/ = (11, 1) (Co(t1) + do(£2))dts = G (£1,0).
Let us introduce new notations

“+o00 “+o00

ri(t2) = /ﬂ;l(flltz)dfl, ra(t) = /ﬂ;l(h,tz)dfz,
+o00 +00
7’3(t2) = /a;l(fl,fz)dtl, 1’4(t1) = /a;l(tl,tz)dtz.

We rewrite integral relations by using the above notations.

+oo
/ ﬂ;l(tl,tz)ﬁo(tl)dﬁ + Eo(tz)?’l (t2)*

—00

— [ a2t ta(t)db —do(t2)ra(t2) = gai(t2),
+00
(ol + [ a7, t2)bo(ta)dt — ra(t1)do(tr) -
+o00
— [ aZl (b t)do(t2)dt2 = gaty),
where $»1(t2), $22(t1) are Fourier transforms of the function g,, which is considered as two
parts related to angle sides.
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So, we have the following relations for determining the unknown functions d, bo, €0, do.
Of course, according to the equalities (4), we can write

bo(81) = A£(£1,0)80(&1) — (1),

do(G1) = A=(81,0)81(81) — €0(81),

and can obtain the following integral system with respect to unknowns d, ¢o:

—+o0

/ a'(t1, 1) (h)dty — o (t2)71 (t2) —
40 -
/ aZ (ty, t2)E0(tr)dty + Eo(t2)r3(t2) = fu(ta)
o )
ra(t)ao () — / a7 (b, ) (t2)dty — ra(t1) G (1) +
=
[ o=t t)ak))dt: = falt),

where we have denoted

fi(t) = ga1(t2) — Ax(t2,0)30(t2)r1 (f2) — A=(t2,0)g1(t2)r3(t2)
+o0

fa(t) = §n(t) — / a!(h, t2) A (t2,0)80(t2)dtr+

—00

+o0
/a;l(h,fz)A:(tz,O)gl(tz)dtz-

—00

Finally, we obtain the following assertion.

Theorem 1. If the symbol A(&) admits wave factorization with respect to the cone C. with the
index a such that @ —s = 14, |6| < 1/2, then unique solvability of the problem (1) is equivalent
to unique solvability of the system (5).

The next section is devoted to study the system (5).

5. Homogeneous Symbols and Applying the Mellin Transform

We consider here the case when the symbol A(¢) is positively homogeneous of order
« and the factors A (¢) and A= () are positively homogeneous of order & and a— z,
respectively.

Lemma 1. The functions ry,ry are positively homogeneous function of order 1 — @, and the
functions r3, r4 are positively homogeneous functions of order 14 e&—u.

Proof. Let us verify. Indeed, for A > 0, we have

+o0
n) = [ a7t At)dn,

—00

and after the change of variable t; = Af we obtain
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+o0
r(A) = A / 0 (AL At = AN "1 (t2) = AV *r (1),

Analogously,
—+00

r3(At) = /ﬂ;l(tl,)\fz)dh,

—00

and after similar change we have

—+00
r3(At2) = A / 0= (AL Aba)dE = AN~ @) gy (1) = AT (1),

—00

Similar conclusions are valid for rp,7r4. O

Remark 1. If & = «/2, then all functions rq, 1, 13,74 have the same order of homogeneity, which
equals to 1 — a.

Lemma 2. The functions a;l(tl, t2)ry 1(tz),a;él(tl, ta)ry L(t1) are homogeneous functions of

order —1 with respect to variables t1, to, and the functions a=" (t, t2)r3  (t2), a=" (t1, t2)r; 1 (t1)
are homogeneous functions of order —1 too.

Proof. According to Lemma 1, we have

a (A, Ab)ry H(Ak) = A™%a M (b1, 1) AT (1) =

Al (h, k) (k)

Analogously,
-1 A A -1 A _Aaef:x —1 /\afaefl -1 _
a_ (A, At)ry (M) = a_ (ty, t2) )r3 () =

/\71[1;1 (i’l, tz)l’;l (i’z).
The same is valid for the left two functions. O

Let us note that Lemmas 1 and 2 are almost the same, as in [9].
Now, we divide by r; and r;

—+o00
/ a ' (t1, 1)1y (t2)d0(t)diy — g (ba) —

. —00
/ aZl (ty, 1)y (R2) 0 (t)dty + o (t2)ry  (t2)ra(t2) = fu(t2)ry ! (£2)

. B
do(t) = [t )y () o t2)dts — ralt)rs ()eo(h)+
-

[ o=ttt (e (t))dts = falt)rs (1),

—00
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and we obtain the following system of two linear integral equations
+00
/ Ky (ty, t2)ao(ty)dty — do(t2)—
+0c0
/ Ko (t,t2)80(t1)dtr + Go(t2)R(t2) = Fi(t2)
» ©)
do(ty) — [ Ka(tr, 2)ao(t2)dtz — Q(tr)eo (1) +
—+o0
/ Ky(t1, t2)C0(t2))dtr = Fa(t1),

after new notations with
Ki(t, 1) = a ' (t, 02)ry ' (t2), Ka(tr, 1) = a=! (t1, 02)ry ' (t2),

K3(t, t2) = ﬂ;l(flltz)ril(fl)rK4(f1,fz) =a_l(ty, )1y (1),
R(ty) = r; Ht2)r3(t2), Fi(t2) = fi(ta)ry (1),
Q(t) = ra(t)ry ' (t), Ba(tr) = fa(t)ry ! (1),

Lemma 3. Let @ = a/2. The kernels of integral operators K1, Ky, K3, Ky are homogeneous of order
—1, and the functions R, Q are homogeneous of order 0.

Proof. Using Lemma 1 and Lemma 2, we obtain the required assertion. []

Now, we will rewrite the system (6) as a system of integral equations on the positive
half-axis to apply the Mellin transform.

~+o00 0
/Kl(tl,tz)ﬁo(tl)dtl—i- /Kl(tl,tz)do(tl)dtl—ﬁg(tz)—

~+o0 ! 0 -
— /K2(tlrt2)50(tl)dt1+/K2(tl/t2)50(t1)dt1+50(t2)R(t2>:Fl(tZ)

’ +o00 - 0

dg(t) — /Ka(tl/tz)ﬁo(tz)dfz— /K3(t1,t2)170(f2)df2—Q(fl)fo(f1)+

' +oo - 0
+/K4(f1,f2)50(t2))dt2+/K4(f11f2)50(t2))dt2ZFz(tl)/

0 —00

The next step is the following. We would like to transform the latter system toa 4 x 4

system on a positive half-axis. For this purpose, we introduce two additional unknown
functions and new notations.

We denote forall t; > 0

M (ty,t2) = Ki(—t1,t2), Ma(ty, tr) = Ko(—t1,12),

and forallt, > 0

Mz (ty, tr) = Ks(t1, —t2), Ma(t1, t2) = Ka(ty, —t2),
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and we put also for ¢t > 0
a(t) = aog(—t), a(t) =2a(—t), Gi(t) = F(-t), Ga(t) = F(-t).

Thus, we have the following system of linear integral equations with respect to
four unknown functions d, @1, ¢y, €1 in which all kernel and functions are defined for
positive t1, to:

“+o00 “+o0

[ Kt t)ao(t)dt + [ Mty t2)m ()t = ao(t2) -
0 0
—+00

—+o00
_ / Ka(t1, t2)d (1) dty + / Ma(t1, b2)é1 (R)dts + &0 (82)R(t2) = Fi (£2)
0 0

+o00 +o00

/Kl(f1,*t2)ﬁo(f1)dt1+ / My (ty, —t2)dq (ty)dty — a1 (t2)—
0 0
+o0 +00

— /Kz(t1,—fz)50(f1)dt1 + / My (t1, —t2)¢1(t1)dty 4 &1 (t2)R(—t2) = Gy (t2)
0 0
—+o00 —+oo

ao(ty) — /Ka(ilftz)ﬁo(tz)dfz— /M3(t1/t2)511(t2)d1‘2— Q(t1)co(t1)+
0 " 0 .
+ / K4(i’1, fz)fo(fz))di’z + / M4(t1, tz)ﬁl(tz))dfz = Fz(i’1)
oo ! oo !
a(t) — /Ks(—flffz)ﬁo(tz)dfz - /Ms(—f1,f2)ﬁ1(fz)dt2 —Q(—t)er(t)+
0 0
oo +oo

+/K4(—f1,f2)50(f2))dt2+/M4(—t1,t2)51(t2))dt2:Gz(—ﬂ).
0 0

Further, we introduce notation:

t t
R(tp) =4V 72 - 0, Q) =M ~ 0,
ry, tr <0 72, H < 0

Ki(t1, —t2) = ki(ty, t2), Mi(t1, —t2) = m(ty,t2),i = 1,2, and Kj(—t1,t2) = kj(ty, t2),
Mj(—tl,tz) = m]'(tl,tz),j =3,4.
Now we can rewrite our system as follows.
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+00 oo
/Kl(fbfz)ﬁo(tl)dtlt/Ml(flffz)%(tl)dfl*ﬁo(fz)*
0 0

+o0 oo
- / Ka(t1,t2)80(t1)dts + / My (ty, t2)C1(t)dty +1180(f2) = Fi(t2)
0 0
+o0 +00
/k1(f1,f2)ﬁo(t1)dt1+/m1(f1,fz)51(t1)dt1—ﬁl(fz)—
0
+00 oo
- / ka(t1,t2)C0(t)dty + / ma(ty, t2)C1(t)dty + 281 (t2) = Gi(ta2)
o . @)
ﬁo(h)— /Kg,(tl,tz)ﬁo(tz)dtg— /M3(t1,f2)ﬁ1(t2)dt2—qlfo(tl)—i-
0 »
/K4 tl,tz)Co(tz dt2+ / My tl,tz)Cl(tz))dtz = Fz(tl)
0
+oo ~+o0
i (ty) — /k3(f1/f2)flo(t2)dt2— /ms(t1,t2)51(t2)df2—¢7251(f1)+
0 0
+o0
+ / ka(t, t2)E0 (k) )dts + / ma(t, )1 (12))dts = Ga(hh).

Now, we can apply the Mellin transform to the system (7). Let us restate that the
Mellin transform for the function f of one real variable is the following [15]

~+o00

Fw) = [ 27 flxdx,

0

and the function f exists for a wide class of functions.

We will use the following notations for the Mellin transforms. For K;(t1,t2), k;(t1, t2),
M;(t1,t), mi(t1,t2),i = 1,2, the notation K;(u),k; (1), Mi(p), #;(1) denotes the Mellin
transform of the functions K;(1,t),k;(1,t), M;(1,t), ml(l t), respectively For Kj(t1,t2),
ki(t1,t2), Mj(t1,t2), mi(t1,t2),j = 3,4, the notation K; (1), ki(w), Mj(p),1;(n) denotes the
Mellin transform of the functions K;(t,1).k;(t, 1), M ( 1),m;(t,1), respectlvely

Applying the Mellin transform to the system (7), we obtain at least formally the
following system of linear algebraic equations

(K () — 1) (p) + My () (p
(Ro(p) +r1)éo(p) + Ma(p)ér () = By

k1 (o () + (

ka(1)eo(p) 4:(7?12(#) + 72)51A(}4) = él(l‘)' ®)
(1= Ks(p))ao(u) — Ma(p)ar () +

(Ra(pt) = q1)80(n) + Ma(p)e1(n) = Ex(n)
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A matrix of the (4 x 4)-system (8) is the following

Ri(p)—1)  Ma(p)  Ko(u)+r  Ma(p)

A(p) = ki(p)  in(p) =1 ko) dia(p) +r2
1-Ks(p)  —Ms(p) Ka(p) —q1 Ma(p)

—ka(p)  T=iz(p) k() a(p) =42

6. Solvability Conditions

Here, we can formulate the following assertion on the solvability of system (5) for
homogeneous kernels (see also [9]).

Theorem 2. Let A (¢) and A= (&) be homogeneous non-vanishing functions of order /2 and
—u/2, respectively, and differentiable away from the origin, r1(t2) # 0,Vty # 0,r2(t1) # 0,
Yty # 0. The system of linear integral Equation (5) is uniquely solvable if, and only if, the condition

inf|det A(u)| #0, Ru=1/2 9)
holds.

Proof. Basic elements of the proof were given in the above considerations and Lemmas 1-3.
The condition (9) is related to properties of the Mellin transform [2,9,15].

Nevertheless, we will give some explanations. If we have the wave factorization,
then we obtain the system (5). For homogeneous factors A (&) and A-(¢), the system (5)
transforms into the system (7). The latter system of linear integral equations has kernels
which are homogeneous of order —1. That is why we can apply the Mellin transform. If we

have the expression
—+o0

/ K(t1, ta)u(ty)dt,
0

in which the kernel K(t1, f;) is a homogeneous function of order —1, then after applying
the Mellin transform we obtain the following expression

+o00 400
/tg_l(/ K(tl,tz)u(tl)dt1>dt2.

0 0
The change of variable in the inner integral t, = xt; leads to the following integral

+00

+o0
/tﬁ‘lx?‘l(/ th(tl,xtl)u(tl)dtl) dx,
0

0
and after rearrangements of integrals we obtain the following product

—+o00

+oo
/tﬁ"lu(tl)dh / A UK(1, x)dx = a(p)R(p),
0 0

where i denotes the Mellin transform of u.

So, using the Mellin transform, we can obtain the system of linear algebraic Equation (8),
which is equivalent to the system (7). Lemma 3 is needed for this purpose. The condition (9)
is a necessary and sufficient condition for the unique solvability of such systems and the
applicability of the inverse Mellin transform.

Since we suppose the factors A, A— are differentiable, then the Mellin transform is
applicable for the kernels K;. The functions under the integral can be assumed to be smooth
enough, taking into account further approximation in H*-spaces. [



Axioms 2021, 10, 234 11 of 11

Remark 2. A priori estimates for a solution of the problem (1) can be obtained by the methods
described in [9]. We will give these estimates in next papers.

7. Conclusions

In this paper, we have shown that a certain conjugation problem can be reduced to
a system of linear algebraic equations. One can consider other conjugation problems for
homogeneous elliptic symbols using this approach. Perhaps it is reasonable to consider
different boundary conditions which are local, such as Dirichlet and Neumann conditions.
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results. All authors have read and agreed to the published version of the manuscript.
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