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Abstract

We consider a special class of operators acting in discrete spaces and discuss certain
its properties related to specters and approximations. These properties can be useful
for constructing approximate solutions of corresponding operator equations.
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1 Introduction

The discrete Calderon—Zygmund operator is constructed on continual ones by
standard digitization. One chooses integer lattice in multi-dimensional space, takes
the values of continual kernel in lattice points and constructs the corresponding
singular convolution. This is a digitization in space of coordinates. Calderon—
Zygmund operator’s spectra is defined by image of its symbol. If the spectra is
well “visible”, for example it is a smooth curve, then this curve can be identified
by set of its own points which are near each other. This is frequency digitization
in the space of impulses. These digitizations have interesting exceptions and a lot
of specific properties. We will discuss some of these properties and consider some
generalizations on more general class of digital pseudo-differential operators.
These considerations are very closed to so-called inverse problems. According to
Wikipedia this is an inverse problem in a certain sense. We cite: “An inverse
problem in science is the process of calculating from a set of observations the
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causal factors that produced them: for example, calculating an image in X-ray
computed tomography, source reconstruction in acoustics, or calculating the
density of the Earth from measurements of its gravity field. It is called an inverse
problem because it starts with the results and then calculates the causes. This is
the inverse of a forward problem, which starts with the causes and then calculates
the results.”

We consider some properties of special integral operators (singular integrals)
which were systematically studied by Calderon and Zygmund as bounded operators
in L,(R™)-spaces.

More precisely, given kernel K(x) one constructs an integral operator, in which
the integral is treated in the principal value sense [1, 2, 11, 12]

(Ku)(x) = v.p. /K(x—y)u(y)dyzlgmo / K =yu(y)dy.

R™ [x—y| > ¢

They considered generalizations (1) also, if the kernel is more complicated namely
it is the function K(x, y), x € R", y € R™ \ {0}, and under fixed x the kernel K(-,y)
defines Calderon—Zygmund operator according to formula (1). The last operators
they called singular integrals with variable kernels.

These considerations and developed methods have led to the calculus of
pseudo-differential operators [3, 4] and boundary value problems [8, 13, 14].
Calderon—Zygmund operators are very convenient models for studying more
general operators, and since such operators appear in a lot of applications one
needs studying equations with such operators. Moreover, the Calderon—Zygmund
operator is really the convolution only, but the convolution theory gives the
“mathematics” by which one describes the interaction “input-output” for a
linear system. Finally, Calderon—Zygmund operator is a multidimensional
analogue of Hilbert transform which is widely used in digital signal and image
processing.

A lot of questions related to Calderon—Zygmund operators and equations and
similar difference and discrete equations were considered in author’s papers
[16-27]. Everywhere we have used Fourier analysis and methods of the theory of
boundary value problems for analytic functions.

2 Digital pseudo-differential operators

2.1 Discrete Calderon-Zygmund operators: symbols and specters

Let Z™ be an integer lattice in R™. We will use the following notations. Let T™ be
the m-dimensional cube [~ 7]", h > 0,h = h~".

If uy(x),x € hZ™, is a function of a discrete variable then we call it “discrete
function”. For such discrete functions one can define the discrete Fourier transform
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(Faua)(&) = iig(&) = Y & ug(Hh", & enl”,

Xehz™

if the last series converges, and the function #(&) is a periodic function on R” with
the basic cube of periods AT™. The discrete Fourier transform is a one-to-one
correspondence between the spaces Ly(hZ™) and L,(AhT™) with norms

1/2
lluall, = <Z Iud(f)l2h’")

xehz"

and
1/2
- - 2
= | [ laae)Paz

cehT"

Given Calderon—Zygmund kernel they construct discrete singular convolution
(Ka)(®) = Y KE—yu@)h", xehz" 2)
VEhZ"™ y#%

and convergence of the series may be treated as

Jim Y K= (),
YECNN(hZ™) y#x

where Cy is a cube in R™ of size N € N :
Cn = {x € R™: max |x] SN}.
1<k<n

In Definition (1) the truncation at infinity is not essential because first such oper-
ators were defined on infinitely differentiable functions with compact support, and
after obtaining L,-estimate one can consider limit case taking into account that these
functions are dense in L,(R™).

We have considered the operator (1) and (2) in the space L,(R™) and its discrete
analogue /,, because we will seriously apply the Fourier transform. Comparing a
symbol of the operator K

a(&) =v.p. / €™ K (x)dx
R"l

and a symbol of the operator K,

(@)= S K@
£€hz™\{0}

we have obtained the following result [17, 18, 20].
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Theorem 1 Let K(x) be a function satisfying the following conditions

l. K(x) =t ™K(x), Vt > 0;
2. K(x) € C($™h);

3. / K(0)do =Q

Sm—l

Then operators K : Ly(R™) — Ly(R™) and K; : Ly(hZ™) — Ly(hZ™) have the same
spectra Yh > 0.

Conserving to introduced in n°2 discrete Calderon—Zygmund operator we note
that as for as the lattice Z™ is infinite set we need finite approximation in this case
too; here the important fact is that specters of discrete and continual operators are
the same.

2.2 Finite approximations for discrete Calderon-Zygmund operators

Here we will introduce a special discrete periodic kernel Ky n(X) which is defined as
follows. We take a restriction of the discrete kernel K;(x) on the set Qy N hZ™ =
QN and periodically continue it to a whole 2Z". Further we consider discrete
periodic functions u,y with discrete cube of periods Qj{,. We can define a cyclic
convolution for a pair of such functions u, y, vy by the formula

(g * van) () = > gy (% = F)van(F)h". 3
o 3)

(We would like to remind that such convolutions are used in digital signal pro-
cessing [5, 6]). Further we introduce finite discrete Fourier transform by the formula

(Fanuan)(&) = Z ugn(X)e Mhm, EcRY

xeoy

where R% = RT™ N hZ™. Let us note that here ¢ is a discrete variable.
According to the formula (3) one can introduce the operator

Kynttan(%) = Y Ky (& = )ugn(F)h"
yeoy

on periodic discrete functions u;y and a finite discrete Fourier transform for its
kernel

O'dN Z Kd zx Chm é S R%

ieo!,
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Definition 1 A function Jd,N(E), ée R4, is called s symbol of the operator Ky y.
This symbol is called an elliptic symbol if o x (&) # 0,VE € R4,

Theorem 2 Let 6,(&) be an elliptic symbol. Then for enough large N the symbol
oan(&) is elliptic symbol also.
Proof The function

Z KdSN()E)eméhm, f S hT’",

xeQy,
is a segment of the Fourier series

> Ka(9)eh", &€ hT™,
fehz"

and according our assumptions this is continuous function on #T". Therefore values
of the partial sum coincide with values of g,y in points & € Rj‘f,. Besides these
partial sums are continuous functions on AT™. [J

As before an elliptic symbol g, (&) corresponds to the invertible operator K y
in the space L,(Q%).

2.3 General concept

We will use the discrete Fourier transform to introduce special discrete Sobolev—
Slobodetskii spaces which are very convenient for studying discrete pseudo-
differential operators and related equations.

For the divided difference of second order we have

(A,(Cz)ud)(fc') :h’Z(ud(xl, cen X+ 2R X)
—2ug (X1, oy xp F Ry X)) Fug(Xn, X Ry X))

and its discrete Fourier transform

so that

(Adud)(ﬁ) = h72 i(eiih'é" — 1)2ﬁd(é)
k=1

m

Let us denote (> = h=2 3 (e~% — 1)? and introduce the following
k=1
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Definition 2 The space H*(hZ™) consists of discrete functions uy(x) for which the
norm

1/2

ludll, = /(1+|Ci|)s‘ﬂd(é)|2d‘f
i

is finite.

We will consider all functions defined on the cube AT™ as periodic functions in
R™ with the same cube of periods.

Let Xd(f) be a periodic function in R™ with the basic cube of periods #T™. Such
functions are called symbols. As usual we will define a digital pseudo-differential
operator by its symbol.

Definition 3 A digital pseudo-differential operator A, in a discrete domain Dy is
called an operator of the following kind

(Aqug)(X) = Z Ag(E)e N, (8)dE, X € Dy,
yenz" 7,

An operator A, is called an elliptic operator if

inf |A, > 0.
ess inf |A4(C)|

Remark 1 One can introduce the symbol A4 (%, &) depending on a spatial variable X
and define a general pseudo-differential operator by the formula

M) = Y / Au, ST G,()de, i € Dy,

yehZ AT

For studying such operators and related equations one needs to use more fine and
complicated technique.

Definition 4 By definition the class E, includes symbols satisfying the following
condition

c1(1+ )72 <1Aa(O)] < e (1 + |2 4)

with positive constants ¢, c; non-depending on A.
The number o € R is called an order of a digital pseudo-differential operator A,.

Roughly speaking the order of a digital pseudo-differential operator is the power
of h with the sign “minus”.
Using the last definition one can easily get the following property.
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Lemma 1 A digital pseudo-differential operator A; € E, is a linear bounded
operator H*(hZ™) — H*~*(hZ™).

2.4 Reduction of order

According to our previous considerations a discrete Calderon—Zygmund operator is
an operator of order zero. For an arbitrary pseudo-differential operator of order «
with symbol A,(&) we can write

Aq(&) = ( Ad(¢)

K2+

where (k? + (*) satisfies the condition (4) for some k. Thus, the first factor is
symbol of Calderon—Zygmund operator, and the second one is a fractional power of
the discrete Laplacian. Hence, we need studying such operators, but here we have
considered only the first operator.

)z(k2 +0),

3 Spectral projectors
For simplicity we consider the plane case m = 2. Then S' is the unit circumference.
Let S, be a part of S! intersected by the cone (see also [7, 15])

cl = {xe R : x, > alxy|, a >O},

m,(x) is a function (multiplier) equals to 1 on S, and O on other piece of s'. We
formulate the problem as follows. What kind of an operator corresponds to such
multiplier in Fourier image ?

Theorem 3 We have the following property Yu € Ly(R?)
2au dn,d
F(mg - u) = lim ai(ny, 1) dindn,

o R? (& - 7]1)2 - az(fz — M+ if)z . (5)

Proof Let ©(x,y) be the indicator of C¢. Let us consider the integral (t > 0)

/ / O (x, y)u(x, y)e Vdy;
R

it is a Fourier transform of the product of two functions u(x, y) and ®(x,y)e™ ™
which are absolutely integrable (the last property allows us to apply a convolution
theorem). Let us find a Fourier transform of function @ (x,y)e ™.
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//ei("iﬂ'”)@(x,y)eﬂydxdy: //ei(quﬂ’”)effydxdy
R ct

+oo +o0
/ / ix¢ ly (n+it) dxdy _ / / e[y(}]w‘»i‘r)dy eixfdx
—00 alx|

+00

_ —il_ : / eia|x|(11+ir)eixcfdx
n+it

0 +00
+ e*lax (n+it) txcdx + ezwc (n+it) 1xfdx
i(n+it)
—00 0
0 +00
e x(é—a(n+it)) dx + x(E+a(n+it))
i(n —i— iT)
—00 0

n+n( —an+n> l(€+a(f7+tr))>
2a(n +it) 2a

11+17:§ —a@(n+it)} E—-a(n+in)’

The convolution of the last function with #(&,#n) and passage to the limit under
T — 40 gives the formula (5). [J

Remark 2 The sector size is

o = 2arctan(1/a)

We will denote the operator (5) in the following way

ur— Gg.

4 Calderon-Zygmund operators and spectral resolution

Here we consider Calderon—Zygnund operators with kernels as in Theorem 1. If is it
possible to reconstruct the operator knowing its spectra? The answer is positive with
some reservations if we know what kind of an operator we would like to construct.
More precisely we can prove the following theorem if the spectra of K is a smooth
closed curve in a complex plane.

Theorem 4 Two-dimensional Calderon—Zygmund operator can be reconstructed

on its spectra up to rotations s! - sl
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Proof In the case m = 2 the image ¢ : S' — spec K = y necessarily goes around
smooth curve in a complex plane. Let’s take a partition of curve by points (vertices)
A €y, k=1,2,...,n, and on each arc /;_1; on y we choose an arbitrary point Tk
We are doing the same for S! taking its partition for n (equal) pieces s;_ 5, and then
each piece corresponds to certain /. (for near pieces of /. we take near pieces of S).
Each arc s;_;s; in S' will correspond to multiplier m,, (x) (let’s note that every G,
is Calderon—Zygmund operator), so that

and therefore

We will treat the latter formula in the following sense

F! (Z ;’kaakﬁ) = Z J4Ga .
k=1 k=1

Further, we can write

F! <k21: j:kmak IZ) Asp = kZI: ZkGukA/lku, (6)

1
where y = %.

Since As; represents a certain sector, it will be denoted by . Then we we
rewrite the formula (6) in the following way

F! (; j:kmakﬂ> = ,u; ZkocglGakAiku,

Now we recall that oy, a; are angle sizes which should be connected to ik. Using the
notation o; ' G, = G, and taking into account that the limit in left-hand side of the
latter formula exists we obtain (up to a constant) the line integral over y

K= / G, di. (7)
v

in the right-hand side.
It is obviously that if we will have some small additional information on the
spectra, we can reconstruct the operator exactly. [

Remark 3 The formula (7) is very similar to spectral decomposition for a self-
adjoint operator (so called spectral theorem) [9].
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5 Conclusion

Some observations and connections between discrete and continuous operators are
presented in the paper. These author’s observations related to a spectra of operators
are inspired by Mark Kac question “Can one hear the shape of a drum” [10]. The
author hopes obtaining certain results for multidimensional case also.
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