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Abstract. We study special boundary value problem in a plane sector for a model elliptic pseudo-difterential equation in Sobolev—
Slobodetskii spaces. Using special factorization for an elliptic symbol we construct the solutions and study the case when size of
the cone tends to zero. It was shown that such a limit can exist if the boundary function is solution of certain integral equation.

Introduction

Earlier one of the authors studied elliptic pseudo-differential equations in domains with singular points at a boundary
[1]. The following equation

(Au)(x) = v(x), x€eC, (1)

was studied, where C is a convex cone in Euclidean space R™, A is a pseudo-differential operator with the symbol
A(¢) satisfying the condition

ci(I+ DT <A@ < eo(1 +1€D°,
and it looks as follows

(Au)(x) = f f A©)e e y(y)dédy, x e C.
C

Rm

The main goal is obtaining conditions for unique solvability for the equation (1) in appropriate functional spaces,
or invertibility conditions for the operator A. To describe such conditions a concept of the wave factorization for an
elliptic symbol was introduced [1]. Unfortunately, a number of solutions depends on an index of the wave factorization
[1] and to extract the unique solution one needs some additional conditions.

Similar problems were considered from different sides in papers [2, 3, 4, 5]. Some results were devoted to very
special case in which size of a cone tends to zero [4, 5]. There are certain interesting results concerning such cones.
Here we consider simple plane case when one needs to add some condition to the equation to obtain the unique
solution.

We use usual Sobolev—Slobodetskii spaces H*(R™) [6, 1] with the norm

2 = f PR + e de

Rm

and ~ over a function denotes its Fourier transform

&) = f e u(x)dx.

Rm
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A general solution

Here we will study 2-dimensional case and the cone C¢ = {x € R? : x, > alx;|,a > 0} under the condition 1/2 <
® — s < 3/2, where @ is the index of wave factorization (see below), s is an exponent of Sobolev—Slobodetskii space
H*(C%). The latter space consists of functions from H*(R™) with support in C{.

For simplicity we put v = 0. Let C¢ be a conjugate cone for the cone C¢:

.
2
Ci={x eR" 1 x = (x1,x2),axy > |x1},

C* = —-C%, T(C%) be a radial tube domain over the cone C%, i. e. a domain of a two-dimensional complex space C>
of the following type R? + iC¢.
We remind here that the wave factorization of an elliptic symbol A(¢) is called its representation in the form [1]

A(6) = Ax(HA=(6),

where factors A, (&), A=(£) must satisfy the following conditions:
1) Ax(&), A=(¢) are defined for all £ € R? may be except {£ € R2: |€1 ? = az_f%};
2) Ax(&), A=(¢) admit an analytic continuation into radial tube domains

T(C%), T(C?) respectively with estimates

JAZN (& + i) < or(1 + €] + [T,

JAZNE = in)| < ea(1 + €] + [T)*), VT eCY .
The number @ € R is called an index of the wave factorization.
If the symbol A(¢) admits the wave factorization [1] then one can show [2] that a general solution of the equation
(1) in Sobolev—Slobodetskii space H*(C¢) in Fourier image has the following form
Co(&1 + a&y) + Co(é) — a§2)+
2A:(61,6)

+00
) i Co(mdn f Colmdn
+AL (&), P | e rab -
+ & fz){vl’zﬂffl_,_a&_n Por) & =ae—n
where cg is an arbitrary function from H*~=*!/2(R).
Let us denote

ué) =

+a& —

. [ emdn
f comdn— _ = do(&1 +aty), v.p.— f _Golmdn__ _ do(&1 — a&). )
2 mJ &1 —agr =

Then we have

Go(é1 + aér) + Eo(&1 — a&r) + do(é1 + aéa) — do(€) — a&r) _

,6) = 2A.(61,6)
&E +abr) + d(é - a&) 3)
244(61,6) |

where we put &(&1 + ag>) = Co(&1 + ag2) + do(&1 + aér), d(& — a&r) = Co(&1 — agr) — do(é1 — adr).

Now main problem under consideration what kind of additional conditions we need to have for obtaining the
unique solution of the equation (1).

Let us assume that we know the following integral

+00

f u(x1, 3)dxs = g(x1). @)

—00
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For the Fourier images it means the following

&1, 0) = &),
and according to the formula (2) we have
D _ g
Ai(é‘:l s 0)
Thus at least formally we can find the function

co&1) = Ax(£1,0)g(61)

and then using formulas (2) we find dy(&)). Hence, the formula (3) gives the solution of the equation (1). Finally the
solution of the equation (1) under the condition (4) takes the following form
Ax(&1 +a&r, 0)8(&1 + adr) + Az (&1 — a&r, 0)8(&1 — ar) N

2A4(61,62)

w1, 862) =

1 vp i mA#(U, 0)g(mdn 1 vp i MA#(U, 0)g(mdn
2A4(61,6) ‘7T_ & +abr—n  28.6,6) '7T_ &1 —aé—n

Limit case

What we can say on #(¢) if @ — oo? This case corresponds to a thin cone for which its size tends to zero.
We can apply the change of variables
h =& +aé,
ty =& —aé,

and denote

Hh+th HH—n
ax(t), 1) = Ay (— -

2 7 2a
Then we rewrite denoting U(t,,1,) = it ("“2 M)

"2 04
~ Ax(t1,0)8(1)) + Ax(t2,0)8(
Ot ty) = #(11,0)8(11) + Az (12, 0)g( 2)+
2a.4(t, 1)
. +00 N . +00 5
1 o f Ax(.008(mdn 1 vpd f Ay (17,0)g(m)dn
2a4(11, ) th—n 2a4(1, ) 7w h-n
Then we have under a — +oo the following relation
t+t ~ Ax(t1,0)8(t)) + Ax(t2,0)28(¢
a(l 2,0)=U(t1,t2)= £(11,0)8(1)) + Ax(ny )8(2)+
2a4(t1, 1)
X +00 N . +00 5
1 pp L f Ax(n,0)g(mdn 1 ool f A, (n,0)g(n)dn )
2a(t, ) " w h-n 2a4(t1,1) 7w h-n

Let us denote A, (#,0)2(¢) = G(¢) and lim a,(t1, 1) = h(t, t2). Therefore according to the condition (4) we have
a—+oo

2h(ty, 1) ([1 * ”) = G(1) + G(t2) + (SG)(11) - (SG)(1a), ©)
where .
SG) = v.p.i f M
Vg t—n

Taking into account our above considerations we obtain the following result.
Theorem. If the symbol A(&1,&2) admits the wave factorization with respect to CS for enough large a then under
a — +oo the limit (5) exists, boundary value problem (1),(4) is solvable iff the condition (6) holds.

110006-3



Conclusion

Here some plane problems were considered. The same approach can be realized in a multidimensional space also.
Such situations will be studied in our forthcoming papers.
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