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Abstract—The possibility of implementing a previously proposed procedure for determining the beam
dimensions at a target is analyzed; it includes the measurement of two-dimensional angular distributions of
the coherent radiation of fast electrons for two distances between a crystal, where radiation is generated, and
a coordinate detector. The use of two mechanisms of parametric X-ray radiation and diffracted transition
radiation is considered. The limits of the method sensitivity and the influence of the departure of secondary
electrons and photons on them are discussed.
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INTRODUCTION
The divergence of the electron beam and its trans-

verse dimensions are ones of the most important
parameters of any accelerator. A large number of dif-
ferent procedures, including the use of wire scanners
and fluorescent screens, have been developed to mea-
sure them [1, 2]. Optical radiation produced during
particle propagation through thin metal plates or near
them, namely, optical transition radiation (OTR) [3]
and optical diffraction radiation (ODR) [4], respec-
tively, is widely used for accelerators. However, as was
shown recently, it is impossible to use OTR to measure
the profiles of electron beams of linear accelerators
used to create an X-ray free electron laser (XFEL),
because OTR becomes coherent in the case where the
longitudinal size of the electron bunch is comparable
with the wavelength of the recorded radiation [5].

The coherence effect can be avoided if radiation
with a wavelength that is smaller than the characteris-
tic bunch dimensions, in particular, the parametric
X-ray radiation (PXR) of electrons in crystals, is used
[6, 7]. Measurements of the angular distributions of
the PXR of fast electrons in thin crystals by means of
coordinate detectors [7–9] confirmed the possibility
of determining the beam dimensions (by a detector
located in the immediate vicinity of the crystal [7])
and changes in the forms of recorded distributions as
functions of the beam dimensions for the crystal [8].
The possibility of determining the dimensions of the

beam of particles at the target by means of a camera
obscura was also shown in [9].

It is not always possible to locate the coordinate
detector in the immediate vicinity of the radiation
source [7]. In addition, the problem of separating the
recorded angular distribution from the bremsstrahlung
background, the source of which includes components
of the accelerator construction, arises. The use of a
camera obscura [9] requires a considerable amount of
time to conduct measurements because of strict radia-
tion collimation and suggests azimuthal symmetry of
the angular distribution of the recorded radiation. As
was noted in the cited paper, the invalidity of this con-
dition leads to a systematic error in the results of mea-
suring the electron-beam dimensions at the target.

The authors of [10] using the approach in [11]
developed a procedure taking into account the influ-
ence of the transverse dimensions of the particle beam
at the target on the recorded angular distribution for
three mechanisms of the generation of coherent radi-
ation during the interaction of fast electrons with crys-
tals: PXR, diffraction bremsstrahlung (DB), and dif-
fracted transition radiation (DTR). Comparison of the
calculated results with the experimental data [12, 13]
showed good agreement and confirmed the adequacy
of the developed procedure. The analysis given in the
cited paper showed that the measurement of one-
dimensional angular distributions cannot provide the
required accuracy of determination of the dimensions
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PROPOSAL FOR A PROCEDURE 579
of the particle beam at the crystal because of a system-
atic error caused by the mutual influence of the beam
dimensions in a plane on the results of measuring the
angular distribution in another plane.

To solve this problem, it is proposed that the size of
the electron beam be determined in both planes using
the results of measuring the two-dimensional angular
distributions of the coherent radiation of electrons in a
thin crystal for two distances between the crystal,
where the recorded radiation is generated, and a coor-
dinate detector by means of the least squares method.
To prove the operating capacity of the method, the
author of the cited paper [10] used a model angular
distribution that is close to the angular PXR distribu-
tion, but not coinciding with it, which made it impos-
sible to reliably determine the limits of the method
sensitivity and applicability range.

Proceeding from the foregoing, determination of
the sensitivity of the proposed method and the limits
of its applicability range is important and urgent.

TAKING INTO ACCOUNT THE SPATIAL 
DIMENSIONS OF THE ELECTRON BEAM
We present a brief description of the procedure for

estimating the electron-beam size, following [10]. The
influence of the beam dimensions and the distance
between the crystal and the detector on the measured
two-dimensional angular distribution of coherent
radiation, for example, [7], can be described by the
following expression:

(1)

where   and  are the angular distri-
butions of coherent radiation for extended and point
beams of particles at the target; integration is per-
formed within the limits of the full solid angle. The
function  describes the relation
between the variables of each of these distributions in
the case of the spread of points of electron incidence
for the crystal and can be represented in the following
form for the two-dimensional Gaussian distribution of
such a spread:

(2)

where   are the characteristic dimensions of the
beam in the horizontal and vertical planes and R is the
crystal–detector distance. As is seen from the given
expressions, the change in the crystal—detector dis-
tance leads to that in the recorded angular radiation
distribution, which can be used to determine the beam
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size by comparing the angular distributions for differ-
ent crystal—detector distances.

It is necessary to pass to two-dimensional distribu-
tions because of the unavoidable problem of the
mutual influence of the dimensions in both planes on
the distribution of the radiation intensities in these
directions. For a detector located at the distance R, on
the basis of expression (1), the two-dimensional dis-
tribution of the radiation intensity  mea-
sured by it can be written in the following form:

(3)

where   is the convolution of the intrinsic
angular radiation distribution and the Gaussian one,
whose parameters are determined by the beam dimen-
sions and the crystal—detector distance in accordance
with expressions (1) and (2).  is the solid
angle covered by the component of the coordinate
detector located at the point   integration is per-
formed over it.

It is obvious that the difference between the distri-
butions  and  measured for the
distances R1 and R2 is only due to the characteristic
beam dimensions and the crystal—detector distances.
And these distributions are the result of convolution of
the angular distribution for a point particle beam

 and two two-dimensional Gaussian distri-
butions with the standard deviations 
and  where  are the characteristic
beam dimensions for the crystal.

We assume that  where k is a coeffi-
cient significantly differing from unity, and the solid
angles covered by the detectors in each measurement
are the same. Thus, for each of the distances, the
detector component dimensions differ by k times. In
this case, in the first approximation, it can be assumed

that  is the convolution of the distribution

 and the Gaussian one with a dispersion
that is dependent on unknown beam dimensions at the
target and on R1 and R2.

To determine the sought beam dimensions at the
target, it is possible to use the method of least squares
by minimizing the quadratic form:
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Fig. 1. (a) Vertical and (b) horizontal angular PXR distri-
butions. The curves correspond to (1) the Feranchuk—
Ivashin distribution, (2) the distribution for the point elec-
tron beam, (3) the distribution for the extended beam and
a distance of 1 m, and (4) the distribution for the extended
beam and a distance of 0.5 m. The points correspond to a
distance of 1 m; and triangles, to a distance of 0.5 m. 
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where m and n are the numbers of points of the mea-
sured distributions in the horizontal and vertical direc-
tions, and and  are the fitting parameters mini-
mizing this form and related to the beam dimensions
at the target    as follows:

(5)

To verify the procedure and to determine the limits
of its applicability, we simulate the determination of
the beam dimensions from two-dimensional PXR dis-
tributions using a variation of the convolution param-
eters in combination with the gradient-descent
method. Simulation was carried out under experimen-
tal conditions [12] including a Si crystal with the reflect-
ing (011) plane and an observation angle of 32.2°. The
characteristic angle of PXR photon escape was

 mrad, where  is the Lorentz
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factor and  keV and  eV are the
photon energy and the plasmon energy of the
medium. The electron energy was 255 MeV. The
dimensions of the detector components were 0.1 and
0.2 mm in both directions for distances of 0.5 and 1 m,
respectively. The dimensions of the electron beams at the
crystal were  mm and  mm. Figure 1
shows the vertical (Fig. 1a) and horizontal (Fig. 1b)
angular distributions passing through the reflection cen-
ter. The Feranchuk—Ivashin formula [14]

(6)

was used as the model PXR distribution (dependence 1).
Here,  is a factor, which characterized the
PXR yield and  is the angle of crystal-plane rotation
with respect to the electron-beam direction.

To obtain the angular distribution from the point
electron beam (dependence 2), the angular PXR dis-
tribution was convolved with the two-dimensional
Gaussian one with  mrad, where  is the
divergence of the electron beam. Under these condi-
tions, the contribution of the diffraction of actual pho-
tons did not exceed 10% [11]; and therefore, it was not
taken into account. Dependences 3 and 4 correspond
to an extended electron beam for distances of R1 =
2R2 = 1 m and R2 = 0.5 m. To take into account the
possible influence of the statistical straggling of the
measurement results, dependence 3 and 4 were made
“noisy” using the uniform distribution in the range of
values of ±10% at each point (points and triangles,
respectively).

The error in determining the fitting parameters and
estimating the beam dimensions obtained from it did
not exceed several percent. The dependence obtained
as a result of fitting almost coincides with dependence 4
and, therefore, is not given here.

To determine the method sensitivity and applica-
bility limits, we perform a cycle of estimations of the
beam dimensions obtained using this procedure and of
“noisy” angular distributions as functions of crystal—
detector distances. Simulation was performed for
beam dimensions of  mm and  mm.
The other parameters coincided with those described
above. The dependence of estimation of the beam size

 on the distance obtained as a result of fitting is
given in Fig. 2. We took standard deviations of the val-
ues obtained as a result of fitting from the average one
as errors. As before, we assume that the condition R1 = 2R2
is satisfied.

It is seen from Fig. 2 that, for R2 which are smaller
than 1.5 m, the error in determining the beam size
does not exceed 5−7%, and the values obtained as a
result of fitting coincide with those used in the simu-
lation. However, for large distances,  differs from
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Fig. 2. Dependence of the obtained estimates of the elec-
tron-beam dimensions on the crystal—detector distances.
Points correspond to the size in the horizontal plane. Tri-
angles correspond to the dimensions in the vertical plane. 
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the true value, while  coincides with the value used

in the simulation process as before,  mm.

Analysis showed that the reason is a decrease in the

difference between the dependences  and

 with increasing distance; therefore, for

large R2, the method loses its sensitivity. The criterion

for the absence of a difference can be assumed to be

the ratio of  < 0.3 mrad to the characteristic

angle  = 3.32 mrad, i.e.,  

Assuming that the observation angle and the crys-
tal—detector distance in the experiment [8] are close
to the limiting values, we can estimate the minimum
beam size available for the measurement using the
proposed method. The distance between the crystal
and the detector located at an angle of 22.5° was
350 mm. For smaller distances and observation
angles, the distance between the beam axis and the
detector center is smaller than 10 cm, which makes it
impossible to place the detector with protection at this
point.

Hence, using the criterion  where

 mrad, we obtain that the minimum beam

size that can be estimated using the proposed proce-
dure is on the order of 60 μm.

Thus, the procedure based on measuring the angu-
lar PXR distributions for two distances can provide the
measurement of a beam size of ~100 μm and more,
which is typical of accelerators of medium energies.
However, it cannot be applied to measure transverse
beam dimensions on the order of several tens of
microns in fourth-generation radiation sources [15],
precisely for which the problem of measurement of the
spatial dimensions of electron bunches with small lon-
gitudinal dimensions arose [5].

As shown in [16] and was confirmed in [17, 18], the
contribution of transition-radiation diffraction at the
reflection center becomes much larger than that of
PXR as the electron energy increases to 5 GeV. For an
electron energy of 10 GeV, the angular density of DTR
exceeds that of PXR by a factor of 500 or more because of

a sharp decrease in the characteristic radiation angle 
determining the angular distribution of the transition
radiation, and, consequently, of DTR. Therefore, the
PXR contribution at the center of the angular radiation
distribution can be assumed to be negligibly small.

The presence of the bright peak in the angular radi-
ation distribution [16, 23], whose form is like that of
the angular PXR distribution, in Figs. 1 and 3, makes
it possible also to use the above procedure to deter-
mine the dimensions of a high-energy electron beam.
In this case, the characteristic angle of the radiation

yield is close to  i.e., it turns out to be ten times or
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more smaller than  providing approximately the

same decrease in the transverse size of the electron
beam, which can be measured using the proposed pro-
cedure.

To confirm the foregoing, the results of simulating
the determination of the size of the 10-GeV electron
beam are given in Fig. 3. Simulation was performed
under the following conditions including Si crystal
(022) reflection and an observation angle of 32.2°. The
detector-element dimensions were 10 × 10 μm for the

smaller distance and 20  μm for the larger one.

The electron-beam dimensions at the crystal were

 μm and  μm. The electron-beam

divergence was  μrad. It is known, for example,
[19, 20] that the angular DTR distribution can be rep-
resented in the form:

(7)

where  and  is the factor charac-

terizing the DTR yield, which depends on the obser-
vation angle and the photon energy. The contribution
of this mechanism was not taken into account because
of the small DTR intensity.  To obtain the angular
radiation distribution from the point electron beam
(dependence 2), distribution 1 was convolved with
two-dimensional Gaussian distribution with a diver-

gence angle of  μrad. Two remaining depen-
dences correspond to the angular distribution for crys-
tal–detector distances of 2 and 1 m (curves (3) and (4)).
To take into account the possible influence of the sta-
tistical straggling of the measured data, the depen-
dences for the finite-dimensional beam were made
“noisy”, as in the calculation of the angular PXR dis-
tribution in Fig. 1.
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Fig. 3. (a) Vertical and (b) horizontal angular DTR distri-
butions. The curves correspond to (1) the calculation using
formula (7), (2) the distribution for the point electron
beam, (3) the distribution for the extended beam and a dis-
tance of 1 m, and (4) the distribution for the extended
beam and a distance of 0.5 m. The points correspond to a
distance of 2 m; and triangles, to a distance of 1 m. 
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As in the case of PXR, the error in determining the
fitting parameters did not exceed 5−7%, and the “fit-
ted” dependence almost coincided with dependence (4)
and, therefore, is not given.

To determine the method sensitivity for this radia-
tion mechanism and the electron energy range, we
performed a cycle of estimations of the beam dimen-
sions obtained using the proposed given procedure
and of “noisy” angular distributions as functions of
the crystal—detector distances. Simulation was per-

formed for beam dimensions of  μm and

μm. The other parameters coincided with

those given above. The dependence of the estimates of

the beam size  on the distance obtained as a result

of fitting is given in Fig. 4. As in the case of PXR, the
condition R1 = 2R2 is satisfied, and the standard devi-

ations of the values obtained as a result of fitting from
the average one were used as errors.

It is seen from Fig. 4 that, for crystal—detector dis-
tances that were smaller than 2 m, the error in estimat-

20 xσ =
30 yσ =

,x yσ�
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ing the beam size did not exceed 5−7%, and the esti-
mates coincide with the values used in the simulation.
For larger distances, the difference between the esti-
mate and the beam size increases with increasing dis-
tance, as in the PXR case. The difference begins to
exceed the standard deviation for R2 on the order of 2.5

and 5 m for the horizontal and vertical beam dimen-
sions, respectively, in the case where the condition

 where  begins to be

satisfied. As before, for small  there is barely a dif-
ference between the distributions for different dis-
tances, and the method loses its sensitivity as a result.
Here it should be mentioned that the difference begins
to be manifested for smaller distances with increasing
“noise” level.

The requirement  is a no less important

condition, i.e., the detector size  must be compa-

rable with the characteristic beam dimensions at the

target  If this condition is not satisfied, then there

is no difference between the distributions for different
distances. A detector with pixel dimensions of 11.2 ×
11.6 μm was used in the mentioned experiment [8];
therefore, we can assume that the minimal, reliably
determined beam size is ~10 μm.

The main requirement for successful application of
the proposed method for measuring the beam size is
the equality of solid angles covered by the detector ele-
ment for both distances. The departure of secondary
electrons and quanta from the element, where the
photon interacts with the detector material, to neigh-
boring ones distorts the measured distributions,
smoothing them. The influence of the effect is stron-
ger for smaller dimensions of the detector elements;
therefore, it is equivalent to an additional increase in
the particle-beam dimensions at the crystal.

, , 2 ch,' 0.1x y x y Rσ = σ ≤ Θ 1

ch γ
−Θ =

,'σ

, ,x y x yσ > δ
,  x yδ
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Fig. 5. Ratio of the radiation intensities for the long- and
short-range locations of detectors in the (a) vertical and
(b) horizontal planes. 
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To verify the significance of the influence of this

effect on the measurement result, we perform simula-

tion of implementation of the procedure with and

without inclusion of the influence of the effect of the

particle and quantum departure under the following

conditions: the electron energy was 10 GeV, the Si

crystal orientation was (011), the photon energy was

  keV, and the detector-element dimensions

were 10 × 10 μm and 20 × 20  μm for the crystal—

detector distances of 1 and 2 m. The electron-beam

dimensions at the target were 10 μm in the vertical

plane and 20 μm in the horizontal one. The electron-

beam divergence was 10 μrad. To simplify the simula-

tion process, instead of dependence (7), we used the

azimuthally symmetric spectral—angular distribution

of the transition radiation, which is often called the

Garibian formula [21].

Simulation was performed by means of the Monte

Carlo method for the parameters of an HR25 detector

[22] used in the experiment [8], where a P43 scintilla-

tor with the chemical composition Gd2SO2 and a

thickness of 30 μm was used. The procedure for simu-

lating the detector parameters was given in [23].

11.65ω =
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Figure 5 shows the ratio of the radiation intensities

recorded by the detector for two distances in the verti-

cal (Fig. 5a) and horizontal (Fig. 5b) planes. Simula-

tion was performed for a point electron beam without

considering the detector influence (curve), for a point

electron beam with inclusion of the influence of the

detector (triangles), and for an extended electron

beam without considering the influence of the detec-

tor (points).

It follows from Fig. 5 that the angular distributions

measured for two distances coincide if the electron-

beam dimensions at the target and the influence of the

departure of secondary particles and quanta are not

considered. For large observation angles, the spread of

the values is due to low statistics because of a sharp

decrease in the transition-radiation intensity with

increasing photon departure angle (Fig. 3). The inclu-

sion of the departure of secondary particles and

quanta (triangles) leads to a certain difference between

the angular distributions at different distances; but this

difference is rather small and does not exceed several

percent, which is close to the statistical straggling.

The influence of the beam size at the crystal

(points) is considerably more significant. The devia-

tion of the ratio of the radiation intensities from unity

reaches 15% or more. The electron-beam dimensions

in the vertical and horizontal planes are different;

therefore, the ratio of intensities recorded by the

detector for two different distances are also different in

the vertical and horizontal planes; our proposed

method for determining the electron-beam dimen-

sions in both planes is based precisely on this fact.

Simultaneous inclusion of the beam dimensions at the

target and the influence of the departure of secondary

electrons and quanta barely changed the ratio of the

radiation intensities as compared with the results of

the simulation, where the secondary radiation depar-

ture was not taken into account. Therefore, this

dependence is not given here.

Consequently, for photon energies of about 10 keV

and detector pixel dimensions on the order of 10 μm,

the influence of the departure of secondary particles

and quanta during the process of X-ray radiation

recording comparatively weakly affects the results of

measuring the beam dimensions by means of the pro-

posed procedure and (in the first approximation) can

be not considered.

In the X-ray frequency range, free-electron lasers

[15] operate up to wavelengths of ~0.1 nm, which cor-

responds to a photon energy of ~15 keV. Thus, the

wavelength chosen to verify the method applicability is

comparable with the longitudinal bunch dimensions,

which is insufficient for the exclusion of coherent

effects in the radiation. In the case of implementation

of the free-electron laser, the transverse electron-

beam dimensions are on the order of 100 μm or higher,
TRON AND NEUTRON TECHNIQUES  Vol. 14  No. 3  2020
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which makes it possible to increase the photon energy

by decreasing the observation angle and preserving a

rather large distance between the electron beam and

the detector axis, which is required to protect the

detector from the background, by increasing the dis-

tance between the crystal and the coordinate detector.

It is possible to decrease the radiation wavelength

tenfold or more, because the PXR and the DTR of

photons with an energy of  keV was reliably

recorded for an observation angle of 4° in the experi-

ment [20]. An increase in the recorded photon energy

can lead to an increase in the influence of the depar-

ture of secondary particles and quanta and requires in-

depth analysis, which takes into account the energy of

recorded photons, the characteristics of the chosen

detector, and other experimental factors.

CONCLUSIONS

The transverse dimensions of the particle beam 

can be determined using the results of measuring the

angular (spatial) radiation distributions for fast elec-

trons in thin crystals for two different distances

between the source and the coordinate detector. The

sought beam dimensions were determined by the fit-

ting of the distribution for a smaller distance using the

convolution of the distribution for a larger distance

and the two-dimensional Gaussian one, whose

parameters are unambiguously related to the beam

dimensions and the crystal—detector distances. The

method applicability limit is the condition

 For the PXR mechanism, the char-

acteristic angle  coincided with  and was close

to  for thin crystals and electron energies that are

higher than several gigaelectronvolts. For photon

energies on the order of 10 keV and a coordinate detec-

tor element size of 10 × 10 μm, the influence of the

effect of departure of secondary electrons and photons

from the pixel, where X-ray photons interact with the

detector, to the neighboring ones was small and can be

not considered in the first approximation.

An additional requirement is the validity of the

condition for the relation between the characteristic

beam size to the detector size  The simultaneous

validity of both requirements restricts the measured

beam size to a value of 60−100 μm for the PXR mech-

anism and an electron energy of at most 1 GeV and to

a value of 10−15 μm for the DTR mechanism and an

electron energy of several gigaelectronvolts or more.

The method can also be used for intermediate electron

energies in the cases where there is no dominant type

of radiation. For this reason, it is difficult to determine

its sensitivity range. Calculations taking into account

the contributions of all mechanisms, the crystal thick-

ness, and other experimental conditions are required.

~ 145 ω

,x yσ

, ch0.1 .x y Rσ > Θ
chΘ ph,Θ

1−γ

.~σ δ
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If it is necessary to measure the parameters of

beams with bunch lengths on the order of 0.1 nm or

less, it is possible to use smaller observation angles and

larger photon energies, which leads to an increase in

the effect of the influence of the departure of second-

ary particles and quanta from the point where photons

interact with the detector material to neighboring pix-

els. This problem requires more profound analysis,

results of which will be given in the following papers.

The proposed procedure for estimating electron

beam dimensions is model-independent and does not

require exact knowledge of the beam divergence and

the degree of crystal-structure perfection. The main

requirement is the identity of the angular radiation

distributions in measurements for different crystal—

detector distances. The procedure is slightly sensitive

to pulsed heating of the target if it does not lead to

crystal destruction [24] and can be used in the case of

intense beams of linear accelerators for free-electron

X-ray lasers.
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