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Abstract—A theory of the coherent X-ray radiation produced by a beam of relativistic electrons in an artificial
periodic structure and propagating along the electron-beam axis is developed. Expressions describing the
spectral-angular densities of parametric X-ray radiation in the direction close to the electron velocity vector
(FPXR) and of transition radiation (TR) and their interference are obtained in the Bragg scattering geometry.
An analysis based on the obtained expressions for the spectral-angular density shows possibilities of their use
to determine the optimal parameters of the experiment recording the FPXR. The advantages of the experi-
ment recording the FPXR at low electron energies (  50 MeV) are shown.
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INTRODUCTION

The authors of [1] were the first to consider the
coherent X-ray radiation of relativistic electrons in an
artificial periodic structure in the approximation of
dynamic diffraction theory in the form of contribu-
tions of parametric X-ray radiation (PXR) and dif-
fracted transition radiation (DTR). PXR in an artifi-
cial periodic structure is produced as a result of the
diffraction of pseudophotons of the Coulomb field of
relativistic electrons by target layers analogously to
PXR generation in a single crystal as a result of diffrac-
tion at a system of parallel atomic planes [2, 3]. DTR
is a consequence of the diffraction of photons of tran-
sition radiation generated at the input target surface at
target layers by analogy with DTR in a single crystal
[4–6]. The dynamic theory of the radiation of relativ-
istic electrons in periodic layered media [1] describes
the experimental data given in [7] well. It is necessary
to note that the radiation process in periodic layered
media was traditionally considered in the Bragg scat-
tering geometry and only for the particular case of
symmetric reflection of the electron field with respect
to the target surface where the angle between the target
surface and reflecting planes was zero. Such consider-
ation was also performed in [1]. In the general case of
asymmetric reflection in the Bragg scattering geome-
try, the process of the coherent X-ray radiation of a
relativistic electron in a periodic layered structure was

first considered in [8], and then it was considered for
beams of relativistic electrons in [9]. The manifesta-
tion of dynamic diffraction effects in the coherent
X-ray radiation of relativistic electrons propagating
through an artificial periodic structure in the Laue
scattering geometry was analyzed in detail in [10].

The theory of relativistic particle PXR in a single
crystal predicts radiation not only near the Bragg-
scattering direction, but also near the particle-velocity
direction (forward PXR (FPXR)) [11, 12]. In the gen-
eral case of the reflection of an electron Coulomb field
that is asymmetric with respect to the target surface, in
the Laue scattering geometry, the theoretical descrip-
tion of relativistic-electron FPXR in a single crystal
was presented in [13]. For the case of symmetric
reflection in the Bragg scattering geometry, a detailed
theoretical description of relativistic-electron FPXR
in a single crystal was given in [14]. FPXR has only
been discovered experimentally in a single crystal and
only in the Laue scattering geometry [15].

It is necessary to note that the FPXR of relativistic
electrons in a periodic layered medium has not been
observed experimentally. FPXR is the dynamic effect,
and its experimental recording is very important for
the dynamic theory of coherent X-ray radiation.

In this paper, for the general case of electron-field
reflection which is asymmetric with respect to the tar-
get surface, we consider the coherent X-ray radiation
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Fig. 1. Geometry of the radiation process.
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of a beam of relativistic electrons in a periodic layered
medium in the direction near that of the beam axis in
the Bragg scattering geometry. We obtain and study
expressions describing the spectral-angular radiation
density.

GEOMETRY OF THE RADIATION PROCESS

We consider a beam of relativistic electrons propa-
gating through a periodic structure in the Bragg scat-
tering geometry (Fig. 1); it consists of alternating lay-
ers with the thicknesses  and  and permittivities 
and  respectively (  is the period of the lay-
ered target). The reflecting layers were located at an
angle  to the target surface (Fig. 1), which corre-
sponds to the case of asymmetric reflection of the
radiation field (  is the particular case of symmet-
ric reflection). We introduce the angular variables 

 and  in accordance with the definitions of the rel-
ativistic-electron velocity  and unit vector  (in the
direction of momentum of the photon emitted near
the direction of the electron velocity vector) and  (in
the Bragg scattering direction):

(1)

where  is the angle of coherent X-ray radiation (PXR
and DTR) in the Bragg scattering direction measured
from the radiation-detector axis   is the angle of
deflection of the considered electron in the beam
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measured from an electron-beam axis   is the angle
of coherent X-ray radiation near the relativistic-elec-
tron velocity direction (FPXR and TR), and

 is the electron Lorentz factor. The
angular variables are considered in the form of the sum
of components parallel and perpendicular to the figure
plane:   We consider FPXR
and TR in the direction of the vector  (Fig. 1). We
call the angle  the initial divergence of the beam of
radiating electrons (Fig. 1). The angle  determines a
cone limiting the portion of the electron beam beyond
the limits of which the density of electrons decreases
by a factor of  or more as compared with that at the
beam axis.

SPECTRAL-ANGULAR RADIATION DENSITY

When solving the problem, we consider the equa-
tion for the Fourier transform  =

 of the electromagnetic
field produced by an electron in a periodic layered
medium; it follows from the Maxwell system of equa-
tions:

(2)

where  is the Fourier trans-
form of the current density of a radiating electron,

 is the average permittivity of the periodic lay-
ered medium, and  and  are the Fourier coeffi-
cients of the expansion of the periodic-structure per-
mittivity in terms of the vector 

(3)

where  

The vector  is analogous to the reciprocal lattice
vector in the crystal; it is perpendicular to the target

layers, and its length is   In

the case of  expression (2) describes the elec-
tric field in a homogeneous amorphous medium.
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In the periodic structure under consideration, the
quantities  and  have the following form

(4)

Expression (4) implies the relations used below:

(5)

The influence of the material on radiation forma-
tion and propagation is determined only by  and

 In this case, near the front and rear target
boundaries (at a thickness on the order of that of the
largest layer), these values change along the boundary,
because they change along the boundaries of layers
with thicknesses  and  as they are cut off. But since

coherent-radiation formation and scattering occur in a
large number of layers, the changes in  and 
under consideration near the target boundaries do not
affect the spectral-angular radiation density in any
way.

Because the electromagnetic field produced by a
relativistic electron in the X-ray frequency range is
transverse, the electromagnetic waves  (inci-
dent) and  (diffracted in a periodic layered
medium) are determined by two amplitudes with dif-
ferent values of the transverse polarization

(6)

where the vectors  and  are perpendicular to the
vector  and the vectors  and are perpendicular
to the vector  The vectors   lie in the
plane of the vectors  and  ( polarization), and the

vectors  and  are perpendicular to it (  polariza-
tion). Within the framework of the two-wave approxi-
mation of dynamic diffraction theory, if (6) is taken
into account, Eq. (2) reduces to the well-known sys-
tem of equations [16]:

(7)

The quantities  and  in system of equations (7)
are defined as follows:

(8)

where  is the angle between the electron-beam axis
and the reflecting layers (the Bragg angle). The length
of the reciprocal lattice vector is defined by the expres-
sion  where  is the Bragg fre-
quency. The system of equations (7) at  and 
describes  polarized fields. At  system (6)
describes -polarized fields; in this case, if 
then  and, in the opposite case, 

We consider the most interesting case where the
electron path length in the plate  is
larger than the X-ray wave extinction length in a peri-
odic layered medium, i.e.,  which is
the condition for the manifestation of dynamic effects
in the radiation. At the same time, we consider a peri-
odic layered medium as a thin nonabsorbing target, in

which the photon path length in the target  is
significantly smaller than the length of X-ray wave
absorption in the periodic layered medium  =

 i.e.,  For
the process of the coherent X-ray radiation of a beam
of relativistic electrons, by analogy with [8], we obtain
an expression describing the spectral-angular FPXR
density:
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(9e)

where the notation is introduced:

(10)

Because the inequality  is valid

in the X-ray frequency range,  is the fast func-
tion of the frequency  therefore, for further analysis
of the FPXR and TR spectra, it is very convenient to

consider  or  as the spectral variable
characterizing the frequency 

For fixed  the asymmetry parameter  deter-
mines the orientation of the input target surface with
respect to the reflecting layers.

As the angle  of electron incidence on the
target decreases, parameter  becomes negative, and
then its modulus increases (in the limiting case,

), which also leads to an increase in  On the
contrary, as the incidence angle increases,  decreases
(the limiting case, ). In the case of asymmetric

reflection where  the asymmetry parameter
 In Fig. 1, the positive direction of the angle  is

indicated.

The parameter  taking values in the interval
 determines the degree of electron-field

reflection from the target layers; this is due to the
character of the interference of waves reflected from
different layers, namely, either constructive 
or destructive  one.

Spectral function  (9b) is represented in the
form of terms describing the contributions of two

branches of X-ray waves  and  and also of their

interference term  to the FPXR spectrum. The
wave vectors, whose lengths have the form

(11)

correspond to each X-ray wave. Expressions (11) fol-
low from the solution of the dispersion equation

 – 
following from (7).

The contributions of the first  and second 
FPXR branches are significant in the case where the
corresponding equations
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icand in (11) is negative. The total ref lection region is
defined by the inequality:

(13)

from which it is seen that the width of this region is
determined by 

We obtained an expression describing the spectral-
angular density of the transition radiation:

(14a)

(14b)

Expression (14) is valid for all possible values of
 and differs significantly from the formula for

TR from an amorphous plate with the same thickness L.
This difference is caused by dynamic diffraction
effects. It is significant only in the neighborhood of
the Bragg frequency  Beyond the region

 the spectral function takes the form of
the well-known expression for the TR in an amor-
phous dielectric plate

(15)

It follows from expression (15) that the destructive
interference of TR waves emitted from the input and
output target surfaces completely suppress frequencies
that are far from the Bragg frequency under the reso-
nance condition
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We obtain an expression describing the FPXR and
TR interference:
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tion of the electron velocity  from that of the elec-
tron-beam axis  given by the angle  are
the main result of this paper. These expressions are
obtained for the general case of asymmetric electron-
field reflection with respect to the target surface and
contain a dependence on the asymmetry coefficient 
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we carry out numerical calculations for different
parameters and analyze the properties of the coherent
X-ray radiation and the possibility of observing the
FPXR of relativistic electrons generated in a periodic
layered medium. For definiteness, we consider coher-
ent radiation in a periodic layered medium consisting

− ε < ξ ω < ε
− ε − + ε ν < η ω < ε − + ε ν

( )

( ) ( ) ( )

( ) ,

(1 )/2 ( ) (1 )/2 ,

s

s s s

2 .ε

− −
⊥ ⊥ ⊥ ⊥

 ω = Ω − ω Ω π γ + θ − ψ + θ − ψ γ + θ − ψ + θ − ψ − χ 

2 ( ) 22
( )2 ( )TR

TR2 2 2 2 2 2 2
|| || || || 0

1 1 ,
( ) ( ) '( ) ( )

s
s sd N e R

d d

( ) ( )( ) ( ) ( )( )( )ξ − ε  = + − ξ + ξ − ε Δ η − ξ − ξ − ε Δ η
 Δ η ξ − ε 

( )2
( ) ( ) ( )2 ( ) ( ) ( ) ( )2 ( ) ( )
TR 1 2( ) ( )2

11 1 cos cos .
( )

s
s s s s s s s s s

s s
R b b

( )( )sξ ω

( )( ) 1/2.sξ ω ≤ ε

( )( ) 1/2,sξ ω ε@

= −( ) ( ) ( )
TR 2(1 cos( σ )).s s sR b

σ = π( ) ( ) 2 , is a natural number.s sb m m

−
⊥ ⊥

−
⊥ ⊥

−
⊥ ⊥

ω
ω Ω

= Ω
π γ + θ − ψ + θ − ψ − χ

×
γ + θ − ψ + θ − ψ − χ

− γ + θ − ψ + θ − ψ 

2 ( )
INT

2
( )2

2 2 2 2
|| || 0

2 2 2
|| || 0

( )
INT2 2 2

|| ||

1
'( ) ( )

1
'( ) ( )

1 ,
( ) ( )

s

s

s

d N
d d

e

R

 = − Δ η
( ) ( ) ( )
INT FPXR1,TR FPXR2,TR( )

1 ,
2 ( )

s s s
sR R R

( ) ( )
( ) ( )

( ) ( )( )( )

= ξ − ε + ξ
Δ η

 Δ η× + ξ − ξ − ε 
 

× ξ − ε ε + Δ η


( ) ( )2 ( )
FPXR1,TR ( )

1
( ) ( )

2 ( ) ( )21

( ) ( )2 ( ) ( )
2

1 2 3

sin
2

cos 2 / cos ,

s s s
s

s s
s s

s s s s

R

b

b b

( ) ( )
( ) ( )

( ) ( )( )( )

= ξ − ε − ξ
Δ η

 Δ η× + ξ + ξ − ε 
 

× ξ − ε ε − Δ η


( ) ( )2 ( )
FPXR2,TR ( )

2
( ) ( )

2 ( ) ( )22

( ) ( )2 ( ) ( )
1

1 2 3

sin
2

cos 2 / cos .

s s s
s

s s
s s

s s s s

R

b

b b

( )
FPXR1,TR

sR ( )
FPXR2,TR

sR

V
1,e ⊥ψ ψ�( , ),ψ

.ε
JOURNAL OF SURFACE INVESTIGATION: X-RAY, SYNCHROTRON AND NEUTRON TECHNIQUES  Vol. 14  No. 3  2020



COHERENT X-RAY RADIATION 591

Fig. 2. Spectral-angular FPXR density. The parameters are
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case of  and the parameters under consider-
ation, the spectral-angular density of the second
FPXR branch significantly exceeds that of the first
branch. We write the expression describing the spec-
tral-angular density of the second FPXR branch (9a)

and (9d) for -polarized waves at 

(18a)
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(18b)

where

We consider the dependence of the spectral-angu-
lar FPXR density of relativistic electrons on the obser-
vation angle ; in this case, we assume that 
Figure 2 shows curves constructed using formula (18а)
and which describe the spectral-angular FPXR densi-
ties for different observation angles at  The
function describing the angular FPXR density

 has a maximum at the

point  For the parameters

 and  under consideration,

this angle is  mrad, which is demonstrated by
the curve given in Fig. 3. However, in the case under
consideration, the angle of the maximum of the spec-
tral-angular FPXR density is  mrad (Fig. 2).
This is related to the fact that the maximum of the
dynamic spectral function  increases with decreas-
ing observation angle  the curves given in Fig. 4
demonstrate this effect. It is important to note that the
kinematic PXR theory does not predict the FPXR
peak.

Figure 5 shows curves demonstrating an increase in
the spectral-angular FPXR density with increasing
electron path in the target  it is
expressed in a double extinction length.

The obtained expression (18a) predicts the influ-
ence of the asymmetry of the electron-field reflection
with respect to the target surface on the spectral-angu-
lar radiation density. We consider the dependence of
the spectral-angular FPXR density on the reflection
asymmetry at a fixed observation angle. The curves
constructed using formulas (18a) and given in Fig. 6
demonstrate an increase in the amplitude of the spec-
tral-angular FPXR density with decreasing asymmetry

=
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Fig. 3. Angular part of the spectral-angular FPXR density.
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Fig. 4. FPXR spectrum. The parameters are 
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Fig. 5. Spectral-angular FPXR density for different elec-
tron paths in the target. The parameters are  mrad,
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Fig. 6. Influence of the reflection asymmetry on the spec-
tral-angular FPXR density for a fixed observation angle.
The parameters are  mrad,   and
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parameter  the spectral width decreases in this case.
For example,  (at  and ) and

 (at  and ). The case of sym-
metric reflection corresponds to 

In view of the fact that the transition radiation is
the background when experimentally recording FPXR
and studying its properties, it is necessary to analyze
the spectral-angular TR density and the influence of
the contribution of the FPXR and TR interference to

,ε
0.5ε = B 10=θ ° 3.4δ = °

1.5ε = B 10θ = ° 2δ = − °
1 ( 0).ε = δ =
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the coherent X-ray radiation. Figure 7 shows the
curves constructed using formula (14a) and describing
the spectral-angular TR density for a fixed observation
angle. The curves were constructed for different values

of the parameter  The solid curve in

Fig. 7 constructed at  corresponds to reso-
nance condition (16) at  It is seen from the fig-

ure that a small increase in the parameter  (in the

(1) (1)
ext2 .eb L L=

(1) 10.86,b =
7.m =

(1)b
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Fig. 7. Spectral-angular TR density for different  The
parameters are  mrad,   and  
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Fig. 8. Spectral-angular densities of the FPXR and TR and
their interference. The parameters are  mrad,
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Fig. 9. The same as in Fig. 8, but at  
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(1) 10.b =
electron path in the target) leads to a decrease in the
spectral-angular TR density on the right and to an
increase in it on the left, which can be useful for exper-
imental identification of the FPXR peak.

In some cases, the destructive interference of
FPXR and TR waves can be significant. Figure 8
shows the curves constructed using formulas (18a),
(14a), and (17a) and describing the spectral-angular
densities of the FPXR and TR and their interference.
It follows from the figure that, although the condition
for suppression of the TR background is satisfied far
from the Bragg frequency  ( ), the destruc-
tive interference of the FPXR and TR waves is, how-
ever, significant, which can make experimental FPXR
recording difficult under these conditions.

Figure 9 shows curves, which are analogous to
those in Fig. 8, but at  The constructive inter-
ference of the FPXR and TR waves follows from
Fig. 9, although TR waves with frequencies that are far
from the Bragg frequency are not suppressed.

Figure 10 shows curves, which are analogous to
those in Fig. 8, but in the asymmetric case at 
A multiple increase in the spectral-angular FPXR
density follows from the figure (compared with Fig. 8).

We consider the spectral-angular radiation density
in the case of smaller energies of relativistic electrons
(at ). In the case under consideration, the angle
of the maximum in the spectral-angular FPXR density
is  mrad. Curves describing the spectral-
angular densities of the FPXR and TR and their inter-
ference are constructed in Figs. 11 and 12. In Fig. 11,
the curves are constructed in the case of dominant
constructive FPXR and TR interference. The FPXR

Bω (1)η 0=

(1) 10.b =

0.5.ε =

100γ =

max 9⊥θ ≈
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and TR interference is destructive in Fig. 12; however,
the TR background is very small in the region of the
FPXR peak. This background is suppressed because of
destructive interference of the TR waves from the front
and rear boundaries; i.e., condition (16) is satisfied. It
is necessary to note that there is a significant decrease
in the FPXR peak amplitude at  as compared
with  however, the TR background decreases
to a larger extent.

We consider the spectral-angular radiation densi-
ties in the case of smaller energies of relativistic elec-
trons at  In this case, the angle of the maximum
in the spectral-angular FPXR density is  mrad.

100,γ =
200;γ =

50.γ =
max 12⊥θ ≈
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Fig. 10. Spectral-angular densities of the FPXR and TR
and their interference. The parameters are  mrad,
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Fig. 11. Spectral-angular densities of the FPXR and TR
and their interference. The parameters are  mrad,
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Fig. 12. The same as in Fig. 11, but at  
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Fig. 13. Spectral-angular densities of the FPXR and TR
and their interference. The parameters are  mrad,
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As was expected, an even larger decrease in the TR
background with respect to the FPXR peak amplitude
follows from Figs. 13 and 14.

If it is necessary, then formulas (9), (14), and (17)
make it possible to average them over all possible rec-
tilinear trajectories of electrons in the beam. For
example, in the case of a Gaussian distribution of elec-

trons in the beam  the

averaging of the spectral-angular densities has the form

ψ ψ
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(19)

To take into account the multiple scattering of radi-
ating electrons in the medium, it is possible to average
the spectral-angular radiation densities over the angu-
lar distribution of electrons in the beam in the form of
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Fig. 14. The same as in Fig. 13, but in the asymmetric case,
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a Gaussian function varying with the path length in
the target  because of multiple electron scattering:

(20)

i.e., we average over a spreading beam of rectangular
trajectories of radiating electrons at the electron path
length in the target  Here,

 is the average square

of the angle of multiple electron scattering per length

unit [17],  and  is the radia-

tion length. In this case, the averaging of the spectral-
angular densities has the form

(21)

CONCLUSIONS
We have developed a dynamic theory of coherent

X-ray radiation generated by a beam of relativistic
electrons in the direction near to the beam axis in a
periodic layered medium. The radiation process was
considered in the Bragg scattering geometry for the
general case of asymmetric electron-field reflection
with respect to the target surface. Based on the two-
wave approximation of dynamic diffraction theory, we
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obtained expressions describing the spectral-angular
densities of the FPXR and TR and their interference
term. We showed the possibility of observing FPXR. It
was shown that the FPXR and TR interference can be
constructive and destructive. A decrease in the asym-
metry parameter  can lead to a significant increase in
the amplitude of the spectral-angular FPXR density. A
decrease in the energy of radiating electrons leads to
that in the amplitude of the spectral-angular FPXR
density; however, a significant decrease in the TR
background is a positive moment in this case.

The performed analysis and the obtained expres-
sions for the spectral-angular densities of the FPXR
and TR (and for their interference) can be used to
determine the optimal parameters of an experiment
recording a FPXR beam of relativistic electrons prop-
agating through a target made of a periodic layered
material.
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