
Journal of Physics: Conference Series

PAPER • OPEN ACCESS

Scattering of electromagnetic wave by dielectric
cylinder in eikonal approximation
To cite this article: V V Syshchenko 2016 J. Phys.: Conf. Ser. 732 012004

 

View the article online for updates and enhancements.

Related content
A note on Berwald eikonal equation
Cumali Ekici and Çimdiker Muradiye

-

Modified Eikonal Approximation for K-Shell
Capture in Asymmetric Ion-Atom Collisions
[Chin. Phys. Lett. 9 (1992) 456]
Kuang Yurang, Kuang Yu-Rang, Yang
Qifeng et al.

-

Recent developments in the eikonal
description of the breakup of exotic nuclei
P. Capel, F. Colomer, H. Esbensen et al.

-

This content was downloaded from IP address 212.232.72.102 on 29/12/2020 at 21:13

https://doi.org/10.1088/1742-6596/732/1/012004
http://iopscience.iop.org/article/10.1088/1742-6596/766/1/012029
http://iopscience.iop.org/article/10.1088/0256-307X/9/11/019
http://iopscience.iop.org/article/10.1088/0256-307X/9/11/019
http://iopscience.iop.org/article/10.1088/0256-307X/9/11/019
http://iopscience.iop.org/article/10.1088/0256-307X/9/11/019
http://iopscience.iop.org/article/10.1088/0256-307X/9/11/019
http://iopscience.iop.org/article/10.1088/1742-6596/724/1/012005
http://iopscience.iop.org/article/10.1088/1742-6596/724/1/012005
https://googleads.g.doubleclick.net/pcs/click?xai=AKAOjsu0MenmWws_Qhiefv9WFh4iSsRmkKwL2GsHMeCO8Ib6wtzttxKyZqNz0sT-Gh1BB1hFF7HegrFSXLjfT3BbZ4Rgk3kzRWBUPoU9231UorW5Ycjwm1bYmwAI26GFwjxWV52SEtwPhCwtWtuVG7Xb3nMp25OCetrDmhnR5eUn5_FCa3F8H1Z6BfLN0sECBh_dlehOII9nQ1EferCoaglGdvKZHmtH34M4Uz8dwtT5mQODMpkuU_BQ&sig=Cg0ArKJSzG4Qt1xmQeA8&adurl=http://iopscience.org/books


Scattering of electromagnetic wave by dielectric

cylinder in eikonal approximation

V V Syshchenko

Belgorod National Research University, Pobedy Street, 85, Belgorod 308015, Russian
Federation

E-mail: syshch@bsu.edu.ru, syshch@yandex.ru

Abstract. The scattering of the plane electromagnetic wave on a spatially extended, fiber-
lake target is considered. The formula for the scattering cross section is obtained using the
approximation analogous to eikonal one in quantum mechanics.

1. Introduction
The problem of multiple scattering of the electromagnetic wave under oblique incidence on the
system of parallel dielectric fibers was considered in [1]. The scattering on the single fiber had
been described there in the limit of infinitely thin fiber. The wave scattering cross section in
that case possesses the axial symmetry for small angle of incidence ψ ≪ 1.

The scattering cross section by the cylindric fiber of finite radius is calculated in the present
article using eikonal approximation. The possibility of substantial axial anisotropy of the
scattered radiation is demonstrated.

2. APPROXIMATIONS IN RADIATION SCATTERING THEORY
The equations for the electric field of a monochromatic wave E(r)e−iωt in non-uniform medium(

∆+
ω2

c2
ε

)
E = grad divE, (1)

div (εE) = 0 (2)

(where ∆ is the Laplasian operator and ε(r) is the dielectric permittivity of the medium for
the given frequency ω) could be easily derived from Maxwell equations (see, e.g. [2, §68]). The
solution of equations (1), (2) for the case of a spatially localized target in vacuum is convenient
to find as the superposition

E(r) = E(0)(r) +E(1)(r), (3)

where E(0) is the electric field of the incident wave that satisfies the equation(
∆+

ω2

c2

)
E(0) = 0. (4)

Hence the field E(1) in (3) has to be treated as the field of the scattered radiation.
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Equation (1) can be written using (2), (3) and (4) in the form(
∆+

ω2

c2

)
E(1) =

ω2

c2
(1− ε)E+ grad div ((1− ε)E). (5)

The last equation could be presented in the integral form,

E(1)(r) =

∫
G(r− r′)

{
ω2

c2
(1− ε(r′))E(r′) + grad div ((1− ε(r′))E(r′))

}
d3r′, (6)

where G(r− r′) is the Green function of equation (5),

G(r− r′) =

∫
eiκ(r−r′)

(ω/c)2 − κ2 + i0

d3κ

(2π)3
. (7)

The asymptotic of that function on large distances r from the domain where ε(r) ̸= 1,

G(r− r′)
∣∣
r→∞ → − 1

4π

eikf r

r
e−ikfr

′
, (8)

where kf = (ω/c)r/r is the wave vector of the scattered wave, is needed to find the field of the
scattered radiation. Substituting the last formula into (6) and integrating the second term by
parts, we obtain

E(scattered)(r) = E(1)(r)
∣∣∣
r→∞

= − 1

4π

eikf r

r

(
ω2

c2
I− kf (kf · I)

)
, (9)

where

I =

∫
(1− ε(r))E(r) e−ikfrd3r. (10)

We see that the integrand in (10) would be nonzero only in the domain where the dielectric
permittivity is not equal to unit. The origin of the scattered radiation from the motion of the
electrons in the medium excited by the incident wave becomes especially clear.

The integral form (6) of the field equation (5) that leads to (9), (10) is useful for construction
of various approximate solutions. The simplest case is

|1− ε| ≪ 1, (11)

when the difference (1 − ε) in (10) could be treated as a small perturbation, hence the whole
electric field in the target E(r) in (10) could be replaced by the field

E(0) = eie
ikir (12)

of the incident wave (where ki is the incident wave vector, |ki| = |kf |, ei is its polarization
vector, and the wave amplitude has no matter for computation of the scattering cross section).
This approximation is equivalent to Born approximation in the quantum theory of scattering
(see, e.g., [3]). According to that analogy, the approximation is valid under

|1− ε|
(aω
c

)2
≪ 1 (13)

(where a is the characteristic size of the spatial domain with ε ̸= 1) for aω/c≪ 1 and under

|1− ε|aω
c

≪ 1 (14)
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for aω/c≫ 1.
The situation when (11) is valid, but (14) is not, needs another approach. The analogy to

the quantum theory of scattering suggests the eikonal approximation in this case. The eikonal
approximation means that the solution of equations (1), (2) has to be found in the form (see
also [4])

E(r) = eikirΦ(r) = ei(ω/c)zΦ(r), (15)

where the direction of the wave incidence on the target ki is chosen as the z axis direction
and the function Φ(r) is supposed to change itself in space slow enough to neglect its second
derivations in (1). Hence the solution of equation (1) that coincides with the non-disturbed field
of the incident wave (12) under z → −∞ has the form

E(r) = ei exp

{
i
ω

c

[
z − 1

2

∫ z

−∞
(1− ε(r)) dz′

]}
. (16)

The value I (10) with the field (16) is equal to

I = ei

∫
e−ikf⊥ρ d2ρ

∫ ∞

−∞
(1− ε(ρ, z)) exp

{
i

[(ω
c
− kf z

)
z − ω

2c

∫ z

−∞
(1− ε(ρ, z′)) dz′

]}
dz.

(17)
Calculating the average energy flux of the scattered wave (7) to the solid angle dΩ and

dividing it by the average intensity of the incident wave we obtain the scattering cross section

dσ

dΩ
=

ω2

(4π)2c2
|kf × I|2 , (18)

3. THE SCATTERING ON THE DIELECTRIC CYLINDER
The formulae (17) and (18) describe the radiation scattering by the target of arbitrary structure.
Consider now the simplest case of uniform cylinder of the radius a and the length L → ∞ as
the target (figure 1), when the cylinder’s axis makes the angle ψ with the direction of the wave
incidence ki. The integrals in (17) could be calculated after rotation of the coordinate axes to
coincidence of the new axis z′ with the cylinder’s axis; the result could be written in the form

I = −iei(1− ε)
2π sinψ δ(ki∥ − kf∥)
ω
c − kf z −

ω
2c(1− ε)

× (19)

×

{∫ a

−a
e
i

[
−kfyy+(

ω
c
ε−kf z)

√
a2−y2
sinψ

]
dy −

∫ a

−a
e
i

[
−kfyy−(

ω
c
−kf z)

√
a2−y2
sinψ

]
dy

}
.

The presence of the δ-function expresses the equality of the components of ki and kf that parallel
to the cylinder’s axis, that means the azimuthal character of the scattering: since the absolute
values of the wave vectors ki and kf are also equal, the scattered radiation will be directed along
the surface of the cone with the axis along the cylinder and the half-opening angle equal to the
incidence angle ψ.

The azimuthal character of the scattering permits clear interpretation as a manifestation of
Cherenkov mechanism. Indeed, the incident wave produces a perturbation in the medium that
moves along the fiber with the phase velocity v = ω/(ki)∥ = c/cosψ > c. This superluminal
motion generates the radiation analogous to Cherenkov one. The half-opening angle of the
Cherenkov cone for this case θ = arccos(c/v) is just equal to ψ (figure 2).
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Figure 1. The radiation inci-
dence along the z direction on the
dielectric cylinder tilted by the an-
gle ψ.

Figure 2. Direction diagram
for the radiation scattered by the
cylinder on figure 1. White curve
represents the relative intensity
of the scattered radiation in the
limit of infinitely thin dielectric
fiber (precise result [1]), the
cone represents the azimuthally
symmetric scattering. The angle
of incidence is ψ = 0.4 radian.

Substitution of (19) into (18) gives (using the rule of δ-function squaring, [δ(ki∥ − kf∥)]
2 =

δ(ki∥ − kf∥) · L/2π) the cross section (averaged over polarizations of the incident wave):

dσ

dΩ
= Lδ(ki∥ − kf∥)F (ϕ), (20)

where the function F (ϕ) describes the angular dependence of the cross section; this dependence
is determined by the single parameter ϕ (the azimuthal angle in the plane perpendicular to the
cylinder’s axis) due to the azimuthal character of the scattering given by the delta-function in
(20):

F (ϕ) =
1

4π

(aω
c

)2
(1− ε)2(1 + cos θ)2

(
sinψ

1+ε
2 − cos θ

)2

× (21)

×

{[∫ 1

0
cos
(aω
c
nyξ
)[

cos

(
aω

c

ε− cos θ

sinψ

√
1− ξ2

)
− cos

(
aω

c

1− cos θ

sinψ

√
1− ξ2

)]
dy

]2
+
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Figure 3. Plots of the function F (ϕ) (21) for ε = 1.1, ψ = 0.1, aω/c = 50 sinψ as the
3-dimensional direction diagram (left panel) and the polar plot (right panel; the polar axis
corresponds to ϕ = 0 that is the direction of the incident radiation).

+
π2

4

 ε− cos θ√
n2y sin

2 ψ + (ε− cos θ)2
J1

(
aω

c sinψ

√
n2y sin

2 ψ + (ε− cos θ)2
)
−

− 1− cos θ√
n2y sin

2 ψ + (1− cos θ)2
J1

(
aω

c sinψ

√
n2y sin

2 ψ + (1− cos θ)2
)2 .

Indeed, both values in (21) that depend on the scattering direction, the angle θ between kf and
the z axis, and the projection ny of the unit vector (c/ω)kf on the y axis, could be expressed
via the azimuthal angle ϕ:

cos θ = (c/ω)(kf )z = cos

[
2 arcsin

(
sinψ sin

|ϕ|
2

)]
, (22)

ny = (c/ω)(kf )y = sinψ sinϕ, (23)

where the angle ϕ is measured from the direction (ki)⊥ (see figure 2).
The polar plots of the function F (ϕ) for some specific values of the parameters a, ω, ε and ψ

are presented in figures 3 and 4. We see the substantial azimuthal asymmetry of the scattering
cross section for large aω/c (that is for large ratio of the cylinder’s radius to the radiation
wavelength). Similar behavior had been demonstrated earlier for the transition radiation of fast
particles on the targets with cylindrical symmetry in Born [5] and eikonal [4] approximations.

4. Conclusion
The scattering of the electromagnetic wave under its oblique incidence on the linear extended
target is considered. The formula for the scattering cross section is obtained using eikonal
approximation. The azimuthal character of the scattering is demonstrated as well as the axial
asymmetry around the target axis for the finite angle of incidence and the finite target thickness.
The results could be used for improving the kinetic theory of propagation of the radiation through
the system of parallel fibers [1].
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Figure 4. Plots of the function F (ϕ) (21) for ε = 1.2, ψ = 0.1, aω/c = 500 sinψ as the
3-dimensional direction diagram (left panel) and the polar plot (right panel; the polar axis
corresponds to ϕ = 0 that is the direction of the incident radiation).
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