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Abstract—A three-dimensional model of exchange among different R&D types, i.¢., basic articles, applied
articles, and patents on inventions, has been constructed and investigated within the lmcar concept of inno-
vations and equations of population dynamics. With lincar functions for growth coeflicients from phase vari-
ables, all eight critical points of the constructed third-order dynamic system were found.

The preconditions for the stability of the nontrivial critical point have been determined. Similar results are
obtained for nonlinear self-contained functions of the growth coeflicient without a decrease of know ledge.
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In this article, a three-dimensional model of the
interaction of results of different R&D types: basic
papers, applied papers, and patents for inventions, is
constructed and analyzed within a linear model of
innovations and equations of population dynamics.

The analogy between the considered linear innova-
tion process and the dynamics of populations is as fol-
lows. In population biology (ecology), a population is
understood as the totality of a certain species. Popula-
tions of different types that consist of species of differ-
ent varieties can interact with each other in different
ways. Interactions of competition, cooperation,
“predator—prey,” mutualism, parasitism, and other
types occur. But all of these, during the interaction of n-
populations and the constancy of model coefficients, are
described by the Lotka—Volterra [1] equations.
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E‘ = XI[QI-ZWX/}

J=1
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The type of interaction is determined by a combi-
nation of signs or zero values of constant coefficients
of amodel. Forexample, if a; > 0, ;> 0, then we come
to the classical n-dimensional model of competitive
interactions of populations. By analogy with the con-
cept of a biological population, the “populations” of
the innovation process are understood here as the
number of basic (x,) and applied (x,) papers, and pat-
ents (x3).

As isseen from the n-dimensional dynamic system (1),
the self-development at each stage of the innovation
process is described by standard logistic terms (ox, —

-(,x,z) or by the Verhulst equation i '{,,Jt.2 .

X —

33

Here, in the absence of paired interactions xux; (i # j),
the self-development process at each ith scientific-
research stage comes to a stable stationary level £, =

:—‘. In scientometrics (the dynamics of publications
]

and patents on inventions) and in the models of inno-
vative diffusion, the use of the Verhulst equation is
generally accepted [2, 3]. The paired interactions
(bilinear terms) in equations of population dynamics
(1) are interpreted by the probability of encounters
among the species of different varieties (the formula of
the product of probabilities). In a similar way, in our
case, for example, the term v,,x X, in dynamic system (1)
can be interpreted as the probability of encounters of
complementary (mutually appropriate) basic and
applied papers leading to new applied papers (basic
research enriches applied work with new knowledge,
which leads to new applied research).

The equations of population dynamics, like their
analogues in innovation and economic dynamics [2,
4], are a system of balance equations, in which the
rates of total increase of populations are composed of
the rates of their true increase (plus sign) and decrease
(minus sign). Desplte the “physicality” of these equa-
tions (balance equations), their right-hand parts are of
a phenomenological character because they are not
inferred from basic principles and laws (this is espe-
cially true of economic dynamics). The general recog-
nition of these equations in biology and ecology is
based on their experimental verification carried out by
the Russian biologist G. Gause [35], who experimen-
tally validated the mathematical model of competitive
interactions (the Lotka—Volterra equation). It should
be noted that a number of innovation diffusion models
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relating to the Verhulst equation also have been vali-
dated on the basis of empirical evidence (the works of
American researchers Mansfield, Sagal, and others [2]).

Now, we can construct a three-dimensional model
of interaction of the results of R& D of different variet-
ies. In terms of the population dynamics equations
and of'the linear concept of innovations, such a model
is suggested as:

%’,‘ = [)x—kx - B’;
D = oy -ky -’ @
dz _ a2
7 = fi(¥)z-k3z-Psz,

where x is the number of published basic articles, y is
the number of published applied articles, z is the num-
ber of issued patents on inventions, &, is the coefficient
of obsolescence of R&D of different types, J, is the
coefficient of intraspecific competition among the
results of R& D of different kinds, f; are variable growth
coefficients in terms that are responsible for the gener-
ation of results from R&D of different kinds.

The considered scientific-research system is
assumed to contain R&D works of a natural scientific
and technological character whose results are well
described by the consecutive series: basic papers,
applied papers, and patents on inventions.

The first growth coefficient f,(y) shows that the rate
of generation of basic articles depends on the number
of applied articles. In doing basic research and in writ-
ing the related articles, researchers make use of the
existing applied knowledge and make references to
applied articles in their articles. We take the example of
a researcher who comes across an applied article (or a
series of such articles) in the array of earlier basic
papers (written by himself and by other scientists),
prepares his basic research on the basis of all these
works and writes a series of new basic articles. Here
applied knowledge enriches basic knowledge. The
same thing takes place in the second equation of the
dyvnamic system, where, in contrast, basic knowledge
enriches applied knowledge. All this is seen in refer-
ences to applied works in basic papers and in refer-
ences to basic works in applied papers.

We also assume that the existence of patents on
inventions is unaffected by the increase of applied
papers. In fact, references to patents are rare in applied
papers. Ifin certain research domains this is not so, the
function f;(x, z) should be introduced.

In writing the third equation we assume that the
wording in descriptions of inventions is affected exclu-
sively by applied knowledge. In descriptions of inven-
tions we actually do not see references to basic papers.
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In the simplest case, as in the equations of popula-
tion dynamics, it is natural to assign a linear form to
the function f, then we come to the dynamic system.

‘% = (o, +by)x —kx - Px’;

7’: = (aa+bax)y - koy - Py’ 3)
% = (@r+bw)z-kiz-psd

The terms that are related to the generation of
results of different R&D types fit well into the concept
of mutual enrichment and complementarity of knowl-
edge in the preparation of R&D results for publica-
tion. For example, the term responsible for the gener-
ation of basic articles is divided into two parts: & x +
byyx where the former is responsible for self-genera-
tion of basic works (basic articles reproduce them-
selves according to the Malthusian law), and the latter
for mutual enrichment of basic and applied knowledge
(the probability of several complementary basic and
applied publications leading to new basic or applied
works is an analogue with the occurrence of predators
and prey in the Lotka—Volterra model).

If, as has been noted, it is necessary to introduce
the growth coefficient of applied papers in depen-
dence on both the number of basic papers and the
number of descriptions of patents on inventions, then
in linear approximation it will be: f3(x, 7) = a; + bx +
2.

In dynamic system (3), it is possible, by assembling
linear terms, to identify @, = a,— k, coefficients similar
to the coefficients of total growth in demography (the
difference between fertility and mortality rates). Now,
it is possible to start the mathematical analysis of
dynamic system (3).

All of its eight critical points are obtained as:

1L.x*=0, y*=0, z*=0;

2x*=0, y*=0, z#=2-K
Bs

3xt=0, yr=2-F a_g
(i)
4.x'="'[+"', y=0, z*=0:
1
TN =
B2
2= PAa—Kky) + b(ay -ky),
BaPs ’
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7.xt= Ba(a; —k,) + bl(al‘kl)’
BiP2—b,b,

Y= Bi(a;—ky) + by(a, - k,) =0

Bala,—k,) +b(a,-k;)
8.x* = :
* B.pa-bibs
® _ Bl(“z-"z)‘*bz(“:-k;) s
g BiP2—b:b; ’ ¢
byby(a, - k,) + B by(ay —ky) +(ay—Kk1)(B\By—b,b))
Ba(B1P2 - biba) ’

The Jacobian matrix of the linearized dynamic sys-

Bip2—bib2 ' tem (3) in the arbitrary critical point is:
a,—k,+by*-2p x* bx* 0
A= b,y* ay— ky+ byx* - 2B,y* 0 . 4)
0 byz* a3 —ky+by* - 2Byz*

For the eighth nontrivial critical point this is sim-
plified to:

—Bx* bx* 0
A= by* —By* 0 . 5
0 bzt Pyz*

The characteristic equation at this point after all
transformations are written is:

[A-210 = (Bsz* +2)
 [bybyx*y* —(Bx* +A)(By* +4)] = 0.
From this we will obtain the eigenvalues of the
Jacobian matrix:
a = BXT+ByY)
==

(6)

® 2
e [BEIBID_ (g, b by

_ =B +B")E J(Ba® —Bay*) +4b,byx*y*
2 *

Ay = Pzt

The analysis of the expressions of two first eigenval-
ueswith account fori; = —f§3z* < 0leads to the follow-
ing conditions:

(1) with B\, — b,b, > 0we have i, ,<0;

(2) with BB, — b,b, <Owe have i, <0,2,>0.

In the former case this is a stable node, in the latter
this is a saddle. Considering that in a normal process
the generation of the results of various R&D types is
a;— k;> 0, from the expressions for the nontrivial crit-
ical point 3,3, — b,b, = 0 (under the condition of the
positiveness of its coordinates) follows. This fits well
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into the former case of the stability of the nontrivial
critical point.

This analysis is of interest because it does not
require the substitution into A of explicit and cumber-
some expressions for the coordinates of the nontrivial
critical point. For the remaining seven critical points
we write at once the eigenvalues of the Jacobian matri-
ces (the numeration and expressions for the coordi-

nates are given above):
l.l|=a|—kl, Aq=a2—kz, 13=a1—k3;
2.l|=ﬂ|—kl, M=az—k2, A;=k1—a3;
2 b A.] - pl(al -kl) i bl(al-kl)' ;\'1= kZ— a,
i3}
Az Bala;—k3) + by(a, —ky)
3= .
B2
A) =k —a, M= Paoa, - k) "'bl(aZ‘kz),
P2
A3=a3—K;

5.0, = Ba(a, —k) + by(ay -kz)‘
2
o= BA@—k3) —by(ar— k).
3= :
Ba

6.2, =k —a, M= B

m=k—a,

(@ —ka) + ba(ay -kl),

B
A= k3 —ay;
7. A .
(as— k3 )PPy —b,by) + biP (a;,— ky) + byby(a, - b,)

BiPa—biby
Ay,2are analogous to expressions for the eighth critical
point.
In the normal course of the scientific research pro-
cess where the total coefficient of the growth of publi-
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Model parameters and calculated coordinates of the nontrivial critical point:
ay =02, a3 =02, a3 = 0.2, b; = 0.008, by — 0.001, by — 0.0006,
ky=0.1,ky= 0.1, k3= 0.1, ; = 0.0007, 2 = 0.002, p3 = 0.0005,
xy = 467, x3 = 283, x3 — 540
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Model parameters and calculated coordinates of the nontrivial critical point:
;=02 a,=02 a;~0.2, b, — 0.008, b, 0.001, b3~ 0.0006,
ky=0.1,ky= 0.1, k3= 0.1, B, = 0.0007, B, = 0.002, B3~ 0.0006,

x; =467, xy= 283 x, =450

Results of the numerical experiment by model (3).

cations and patents on inventions is positive (a, — &, >
0) we come to the following character of the stability of
critical points: point 1 is an unstable node, points 2—7
are saddles.

Thus, all seven critical points that have from one to
three nulls are unstable and the only stable point,
under certain conditions, can be the eighth nontrivial
point.

We consider the case of an exhausted domain of
research that is at the stage of dying (k, is large), or the
case of a deadlocked study (a; = 0): a; — k; < 0, then
point 1 is a stable node and points 2—7 are saddles.
Therefore, we obtain a reasonable result:

AUTOMATIC DOCUMENTATION AND MATHEMATICAL LINGUISTICS Vol 45

'limx(t) = llll'l'ly(l) — ‘lunz(l) =0.

From the expressions for the coordinates of the
nontrivial critical point that depend on the relation-
ships of the model parameters it is possible to obtain
various relationships for its coordinates. For example,
from B, > b, b, > B, it follows that x* > y* (in the sta-
tionary case the number of basic papers exceeds the
number of applied papers).

a;— "3)

Ps
from inequality b, > [3; we obtain at once z* > y*. It is

Taking into account that z* = [%Y’ + (
3
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clear that beginning with a certain critical value b,
dependent on (a3 — &3)/P; and fulfilling the inequality
b, < B4, the opposite inequality z* < y* will be fulfilled
(the number of the applied papers exceeds the number
of patents on inventions).

Here we give the results of several numerical exper-
iments with model (3) illustrating the foregoing rela-
tionships between the coordinates of the nontrivial
critical point (see the figure).

Ifk,= 0 and B, # 0, then we have the same condi-
tions for the stability of the nontrivial critical point.

Ifk;#0, p,= 0, then with a,— &, > 0 the zero critical
point is an unstable node (infinitely growing time-
dependent solutions), with a,— &; < 0 the zero critical
point isa stable node (tending to zero time-dependent
solutions), the critical pointx* = (k; — ap)/b;, y* = (K, —
a,)/b,, for the system of the first two equations (3) is a
saddle, that is, an unstable one.

If ;= 0, B; = 0, then with a; # 0 the zero critical
point is an unstable node (in the absence of direct and
indirect losses of relevance and significance of the
R&D results there are no barriers to their unlimited
increase) and with g, = 0 the analytical solution of the
system of the first two equations (3) with { — o leads
to the following limit solutions:

(1) with by, — b3xg >0 have lim x(1) =xp— byy/b, <0,
limy(7) = 0;

I

(2) with by — bxg < 0 have 'limx(l) = (), 'limy(l) =
Yo— (by/by)xg < 0, where x(f = 0) =xp, Wt =0) = n
starting conditions of equation system (3).

These last result show that in the absence of self-
reproduction of the results of basic (a; = 0) and
applied (a, = 0) studies such research cannot develop.

The suggested model can be calibrated and tested

using the data of empirical scientometric and patento-
metric studies, although the task of division of the

S biby—cie3B4Pa

entire flow of research studies (articles) into basic and
applied is rather complicated.

The variable growth coefficients in the equations of
population dynamics, as well as chemical and bio-
physical kinetics, are often assigned a function
describing the self-limited increase of these coeffi-
cients rather than a linear function. Usually this coef-

ficient is assigned by the function fix) = bx

, where
c+dx

b, ¢, d are positive constants, then

. _b
o Al
Assuming this standard form of the variables of the
growth coefficient also in our starting dynamic system,
we come to the following model

dx _ byx 2
—_ —tX — .
dt C|+d|y o le
dy _ by 2
— = __k - ;
di  cy+dy =Py D
dz _ byz ., o2
& ey TR

Unlike the previous dynamic system with linear
coefficients fj, the terms that are responsible for the
self-reproduction of articles and patents on inventions
are naturally absent here.

In the case of the influence on the growth coeffi-
cient of applied articles not only by basic articles but
by patents on inventions, it is possible to introduce the
function

_ _bxz
hHixz) = e ey
To calculate the critical points of dynamic system (7)
by the analytical method is difficult. In the assumption
of k, = 0, the coordinates of the nontrivial critical
point are obtained as

biby—cicfBa .

N By(byd, +¢,d3,)’

zt

" Bbdired ) 5

by(byby —c 1038 4B2)

= OB Palbydy + 0y, By) + daPy(byby — crei Ba)

For this point we have obtained a characteristic equation of the Jacobian matrix of linearized system (7) with

account for k,# 0

(- ﬁz*-l)[’"z+(ﬁ,X’+Bzy’)+ BiPx*y*—
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bibsrc™y” ]=o. ©)
(cy+ dyx®) (e, +dy*)’
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from which follows i, = —f;z* <0,

__(Bx*+Bu") ., KBx*+By?)
;"7.3 ST =T 2 id 4 -[plp

- bibacica ]xsy*
(e +dx*)(c, +d,y*)

b byc,cx*y*

_(Bx"+Py")
2

Of the two expressions for 2., ; with account for i, <

0 with Bf; — 2 'bg"cl .
(2 +dix*) (¢, +dy*)
stable node (A, < 0, A5 < 0) and with the opposite ine-
quality, the saddle (A, <0, ;> 0).

W note again that these calculations are made with
account for £; # 0 but the coordinates of the critical
nontrivial point are obtained with k;= 0 (8).

In addition to the nontrivial critical point, the
dynamic system (7) with &,= 0 has a zero critical point

x*=y*=z*=0)and the critical pointx* # 0, y* # 0,
z‘ 0, where x*, y* is found from expressions (8) The
zero critical point leads to the degenerate characteris-
tic equation: 4, = A, = A, = 0 and the second critical
point with a single zero coordinate leads to the charac-
teristic equation (9), where instead of the multiplier in

+*
d brackets (—Bz* — A B _,).
round brackets (—f;z* ), occurs (c,-l»d,y’ )
From this characteristic equation it follows that &, > 0,
and, therefore, the considered critical point is unstable.

> 0 we have a
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+ AJ[(B'IX’ ;p}v*)z P

(e2+dx*) (e, +dyy*)

Thus, in both considered cases, with linear and
nonlinear functions £, in the nontrivial critical point
the conditions for the appearance of a stable node and
an unstable saddle were obtained.
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