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Abstract We study some discrete boundary value problems for discrete elliptic
pseudo-differential equations in a half-space. These statements are related with a
special periodic factorization of an elliptic symbol and a number of boundary condi-
tions depends on an index of periodic factorization. This approach was earlier used
by authors for studying special types of discrete convolution equations. Here we
consider more general equations and functional spaces.
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1 Introduction

‘We will consider a certain class of discrete operators and equations in some so-called
canonical domains from Euclidean space R". These operators are defined by a given
function on the m-dimensional cube T" = [—m, w|", such a function is called a
symbol of the discrete operator. Simple examples of such operators have the form

g (¥) — Y Aq(F = Pua(§), ¥ € Dy,

)?EDd

where D, =7 N D, D is a domain D C R™, Ay, u, are functions of a discrete
variable x € Z", and the given function A,(x) is called a kernel of the operator.
Such operators and related ones are called discrete convolutions and were studied
from different points of view in a lot of papers (see, for example, [1-9]).
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This paper is devoted to more general operators and equations related to the special
canonical domain D = RY = {x e R" : x = (x1, ..., Xu), X, > 0} although there
are some first results for other canonical domains, forexample D = C{ = {x € R" :
x = (x', xn), Xpm > alx’|,a > 0} [10-12].

2 Discrete Pseudo-differential Operators

2.1 Discrete Fourier Transform and Symbols

Let u,(x) be a function of a discrete variable x € hZ™, h > 0. The discrete Fourier
transform F,; of the function u, is called the following series

(Fuug)E) = @) = Y e ug®n", &, h=h",
xehzm

if the series converges.

Evidently the function (&) is defined on R™, ant it is a periodic function with
basic cube of periods AT ; such functions we call periodic functions.

The Fourier transform is an isomorphism between L, (hZ™) and L, (AT"), more-
over

(Flig) (%) = /eif‘fa(g)ds, X ehz".

AT™

Q)™

Example I Let

ug(Xi, oo Xk +hy oo Xn) —ug(Xe, ooy Xy ooy Xin)
h

(AP ug) (%) =

be the divided difference of first order on X, then for its Fourier transform we have

- —i& _

(A ug) ) =

_— eT".
A §

If we consider the divided difference of second order on Xx;
AP ug) @) = W2 (g Fry oo B+ 2,0 F) = 2ugFry o T+ 1 F)

ud(ilv‘~'aik""’x~m))a

then

—_~—

(AP ug)(E) = W27 — 1)2iq(8), & € BT,
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Thus, if we introduce so called discrete Laplacian for a function of a discrete

variable
m

(Aqua)(X) = <Z A,(f)ud) (¥, ¥ehz"

k=1

we obtain

(Aqua) &) = 12 Y (7™ — 12a4(5). & € hT".

k=1

2.2 Functional Spaces
Definition 1 Discrete Sobolev—Slobodetskii space H*(hZ™),s € R, consists of
functions for which the following norm

172

lualls = /(1 + 182" |i1q (8)|*dE

T/II
is finite,

52

h2 Z(efihfk _ 1)2
k=1

Definition 2 The discrete space H*(hD,) consists of functions from H*(hZ™) for
which their supports belong to #D,. A norm in the space H* (hD,) is induced by the
norm of H*(hZ™). The space Hy (hDgy) consists of functions of a discrete variable
defined in & D,; which admit continuation on the whole H*(hZ'™). The norm in such
a space is given by the formula

llually" = inf ||€ualls,

where infimum is taken over all continuations £.

We will denote by H*(hD,), H*(hZ™ \ hD,) images of the spaces H*(hDy),
H*(hZ" \ hD,) under discrete Fourier transform F.

Similar functional spaces were introduced and studied in the paper [13], there are
a lot of their useful properties.
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2.3 Periodic Symbols and Discrete Operators
Definition 3 The function A, (&) € C(AT™) is called a symbol of discrete pseudo-

differential operator A,, which is defined by the formula

1
(2m)m

(Aqua) (F) = > / DK (E)itg(§)dE, F € hZ"

yethhT,,,

The symbol A4 (€) is called an elliptic symbol if A4(§) # 0, VE € KT™.
We denoted by E, the class of periodic symbols satisfying the condition

(141822 < [A48)] < er(1 4 |E2])2 (1)

with constants ¢y, ¢, non-depending on /.

Remark 1 We use this definition taking into account in future limit transfer from
discrete structure to continue one, and

€3 ~ 5P b — 0.
Theorem 1 A discrete pseudo-differential operator with symbol Ay(§) € E, is a

linear bounded operator Ay - H* (hZ™) — H*~%(hZ™) with a norm non-depending
on h.

Each such operator corresponds to the equation
(Aqua)(x) =v4(x), X € Dy, (2)

and we will seek the solution u; € H*(hD,) for the given right-hand side v, €
H3 (hDy) and given operator Ay with symbol A4(§) € E,.
3 Discrete Equations in a Half-Space

In this section we study an auxiliary technique for studying solvability of the Eq. (2)
for the special case D = R.

3.1 Periodic Hilbert Transform

We will remind here the classical Hilbert transform and its connections with boundary
properties of analytic functions [14-16] and will describe same properties of its
periodic analogue.
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The classical Hilbert transform is defined by the following one-dimensional sin-
gular integral

+00
(Hu)(x):v.p./ ”x(y_)dyy, R.

This transform plays key role under studying solvability of model elliptic
pseudo-differential equations in a multidimensional half-space R} = {x e R" : x =
(X15 .-y Xpm), Xy, > 0}. Its periodic analogue is the following

b4

1 _
(H” u)(x) = —v.p. / cot Y
4

u(y)dy, x e€l[-m,m].
2

—JT

It was shown [6] that this periodic singular integral appears under studying discrete
equations in the discrete half-space Z7 = Z" N R, also such integrals appear under
summation of Fourier series [17].

3.2 Periodic Riemann Boundary Value Problem

Let us denote by P, P_ projection operators on h Dy, hZ™ \ hD, respectively. To
apply the discrete Fourier transform Fy to the Eq. (2) we need to know what are the
operators F,; P,, F;P_. It was done in papers [4, 6], and here we will briefly describe
these constructions.

One can define a discrete analogue of the Schwartz space S(hZ™) (see for example
[13]) and introduce for such functions the following operators which are generated
by periodic analogue of the Hilbert transform, & = (¢', &,,),

hr
er ~ 1 h( m m) ~ m—
(Hg’ ug)(§) = %V-Il / cot %_Tn”d(g/’ N)dn,, & € hT" !,
—hm

P =1/2(1 + HYY), QU =1/2( — HE™).

Lemma 1 We have the following relations

FyPy = PIF, FyP_ = Q{"F.
The Lemma 1 implies that a solvability of the Eq. (2) is closely related to a solvabil-
ity of one-dimensional singular integral equation with the periodic Hilbert transform
and a parameter £ € RT"~'. The last equation can be solved with a help of so called
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periodic Riemann problem [6] which is formulated as followings. Let us denote by
IT4 the upper and lower half-strips in a complex plane C,

I ={z€C:z=t+is,t €[—m, 7], £s5 >0}

The problem is the following. Finding two functions @*(¢), t € [—m, w] (from
appropriate functional spaces), which admit an analytical continuation into /7, and
satisfy the linear relation

ot (1) =GP~ (1) +g1), 3)

where G(t), g(¢) are given functions on [—7, 7], G(—m) = G(7), g(—m) = g(m).
If G(¢) = 1 then the problem (3) is called a jump problem.

Lemma 2 For |s| < 1/2, the operators P.", Q’;r are bounded projectors Pger :
H*(hZ") — H*(hDy), QU : H*(hZ™) — H*(hZ" \ hDy,), and a jump prob-
lgm has unique solution ®* € H (hDy), @~ € H (hZ™ \ hDy) for arbitrary g €
HS (hZﬂl)’

ot =Plg o =—0Ql'.

3.3 Periodic Factorization

To study the general Riemann boundary value problem (3) we will use the following
concept.

Definition 4 Periodic factorization of an elliptic symbol A4(§) € E, is called its
representation in the form

Aq(§) = A1 (5)Aa—(8),

where the factors A, +(§) admit an analytical continuation into half-strips A/15 on
the last variable &,, for all fixed £ € AT™~! and satisfy the estimates

IATL @) = a1+ 182D%2, JAFL@)] < o1+ 122D,

with constants ¢, ¢; non-depending on £,

m—1
22 = h2 (Z(e—ihék _ 1)2 + (e—ih(§m+i‘[) _ 1)2) , Em + it € hni
k=1

The number @ € R is called an index of periodic factorization.
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For some simple cases one can use the topological formula

hr
1
ee:z— / dargAy(-, &),
b4
—hm

where Ay(-, £,) means that £ € AT"~! is fixed, and the integral is the integral in
Stieltjes sense. It means that we need to calculate divided by 27 variation of the
argument of the symbol A, (¢) when &, varies from —hsw to Am under fixed &'.

Example 2 Let A (§) = k* + €2,k € R, such that the condition (1) is satisfied, in
other words A, is the discrete Laplacian plus k>/. The variation of an argument
mentioned above can be calculated immediately, and it equals to 1.

4 Solvability

As we will see the index of factorization very influences on the solvability picture of
the Eq. (3).

4.1 Existence and Uniqueness Theorem

Theorem 2 If the elliptic symbol Ay(€) € E, admits periodic factorization with
index & so that |® — s| < 1/2 then the Eq.(2) has unique solution in the space
H*(hD,) for arbitrary right-hand side vy € H*~%(hDg).

Proof Let £v; be an arbitrary continuation of v; on the whole hZ™ so that ¢v,; €
HS~*(hZ™). Let
wa(X) = (Evg)(X) — (Agug)(X)

and rewrite
(Aqug)(X) +wa(X) = (Lvg) (X).

Further applying the discrete Fourier transform F; and using the periodic factoriza-
tion we write

A+ ®)iig(€) + Ay E)Wa() = A7 (E)va(®).

According to Theorem 1 we have Ad,Jr(.f)de &) e He® (hZ'™), A;L Ewg () €
Hs—otoe—= (hZ'™) and analogously A;L (S)Ef;d &) € H® (hZ'™). Moreover, really
Ad,+(§)ﬁd(§) € H*®(hDy) in view of a holomorphy property, and accurate con-
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siderations with supports of A, (&) and wy(§) show that in fact A[zl_ Ewg () €
H==(hZ" \ hDy). ~

Thus we obtain a variant of a jump problem for the space H*~*(hZ™) which can
be solved by the Lemma2. According to this lemma we have

Aq+®)iig®) = PLT (A7 () va(8))

or finally _ _ _
g (&) = A LGP (AL (&) 0va(8)).

It finishes the proof. g

Remark 2 Itis easy to see that the solution does not depend on choice of continuation
Zvd.

4.2 A General Solution of the Discrete Equation

Here we consider more complicated case when the condition |® — s| < 1/2 does not
hold. There are two possibilities in this situation, and we consider one case which
leads to typical boundary value problems.

Theorem 3 Let ® —s =n+38,n € N, |8] < 1/2. Then a general solution of the
Eq.(2) in Fourier images has the following form

n—1
g (€) = Ay )X, PLT (X, EALL @) va @) + AL (6) D aEiy,

k=0

where X, (§) is an arbitrary polynomial of order n of variables Ek = h(e & —
1),k =1,...,m, satisfying the condition (1), ¢ (), j =0, 1,...,n — 1, are arbi-
trary functions from Hy, (T Y, st =s —e+k—1/2.

The Theorem3 implies that if we want to have a unique solution in the case
&—s=n+46neN,|5 <1/2,weneed some additional conditions to determine
uniquely unknown functions ¢ (§'),k =0, 1,...,n — 1. This case we will discuss
in the next section.

Corollary 1 Lete —s =n+46,€ N, |§| < 1/2, vg = 0. A general solution of the
equation (2) has the following form

n—1
g (&, %) = A7Y (6) ) c@)Eh.

k=0
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5 Boundary Value Problems

This section is a direct continuation of the previous one and gives a statement of
simple boundary value problem for the Eq. (2). We start from a formula for general
solution for the Eq. (2) including unknown functions ¢; (§"), k = 0, 1....,n — 1. For
simplicity we consider a homogeneous equation (2) although all results will be valid
for inhomogeneous case without additional special requirements.

Let us introduce the following boundary conditions

(Bjug)(¥,0) =b;(&), j=0,1.....n—1, (4)

where By, j be a discrete pseudo-differential operators of order o; € R with symbols
Bj(§) € C(RT™)

1

(Bg,jug)(x) = 2"

f 3 DB @it §)de.

pn YehZr
One can rewrite boundary conditions (4) in Fourier images

h'r
/ Bj (&, &)iia(E  &)dEy = bi(E), j=0,1.....,n—1, (5)

*hilj'[

so that according to properties of pseudo-differential operators (Theorem 1) and trace
properties [13] we need to require b; (&) € H*~%~V2(hZ"~1).

Let us denote
hm

Sjk(é;'/)z / A;L(E)EJ(EIaé‘m)E;ﬁd’gm

—hm
Now we can formulate the following result.

Theorem4 Ife —s=n+38,n € N, |5| < 1/2, then the boundary value problem
(2) and (4) has a unique solution in the space H®(hDy) for arbitrary
bj e H== V2", j=0,....,n—1,iff

det(sj(E)F g #0. VE eT" !, ©)

A priori estimate holds

n—1

llualls < €Y 1Bjls—ay-1/2,

j=0

where ¢ does not depend on h, and [-]; denotes H-norm in the space H*(hZ"~").
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Proof Substituting the general solution of the Eq.(2) into boundary conditions (5)
we have

hw

n—1
/ AN EB;E )Y aE)ikden =bjE), j=0.1.....n—1,
—hm k=0
and further
n—1 h
> () / A7V @B E &) dE, = biE), j=0.1....n—1,
k=0

—hm

Thus, we obtain the following system of linear algebraic equations

n—1
D siuENeE)=b;E), j=0.1....n—1,
k=0
with respect to unknown functions ¢, (§'),k = 0, 1....,n — 1. The condition (6) is

necessary and sufficient for a unique solvability of inhomogeneous system.
A priori estimates can be easily obtained using properties of pseudo-differential
operators and appropriate properties of discrete H*-spaces. (]

The condition (6) is a variant of Shapiro—Lopatinskii condition [18].
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