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Abstract. We consider pseudo-differential operators in a bounded domain of Euclidean m-dimensional space. A boundary of the 
domain is a smooth surface excluding some points or smooth sub-surfaces which are singular points of the boundary. For such 
operators we introduce a certain operator symbol and study their Fredholm properties in Sobolev-Slobodetskii spaces.

INTRODUCTION

We study the pseudo differential equation
(Au)(x) = f  (x ), x  € D,

in the Sobolev-Slobodetskii spaces Hs(D), where A is elliptic pseudo differential operator, D с  Rm is m-dimensional 
domain with a boundary having singularity points. Singularity points of the domain D are called the points breaking 
the smoothness property for boundary dD. Using wave factorization concept for elliptic symbol permits to describe 
solvability conditions for the equation for singularities of ”cone” or ”wedge” type. Most of the author’s results on 
solvability were related to plane case. Here we will consider essential multi-dimensional situation.

Our main goal is to describe Fredholm properties for the pseudo-differential equation

(Au)(x) = f(x ), x € D,

where D is a bounded domain, A is pseudo-differential operator with the symbol A(x, £)

(Au)(x) = J '  J '  A(x,£)u(y)el(x-y)^d^dy, x € D. (1)
D R m

Everywhere below we will suppose that this symbol is an infinitely differentiable function in D x  Rm, and it is an 
elliptic symbol, i.e. A(x, £) Ф 0.V(x, £) € D x Rm.

Existence of a boundary for the domain D very influences on Fredholm properties of the operator A [1] even if
a boundary is a smooth surface; an ellipticity of a symbol is not sufficient, and one needs some additional conditions.
But there is no appropriate technique for a non-smooth boundary to describe results on Fredholmness. Here we will 
develop the local principle [2] in its operator form and apply it to studying solvability of model equations in canonical 
domains.

Such operators are defined locally by the formula

u(x) i—> J '  J '  A(x,^)u(y)el(x-y)^d^dy, x € Rm, (2)
R m R m

if D is a smooth compact manifold, because can use ’’freezing coefficients principle ”, or in other words ”local princi
ple”. For manifold with a smooth boundary we need new local formula for defining the operator A : more precisely in
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inner points of D we use the formula (2), but in boundary points we need another formula

u(x) i—> J '  J' A(x,£)u(y)el(x-y)^d%dy, x € Rm, (3)
R m R m

where Rm is a half-space {x € Rm : x = (x', xm), xm > 0}.
For invertibility of such operator with symbol A(-, £) non-depending on spatial variable x one can apply the theory 

of classical Riemann boundary problem for upper and lower complex half-planes with a parameter £'. This step was 
systematically studied in the book [1]. But if the boundary dD has at least one conical point, this approach is not 
effective.

The k-wedge point at the boundary is such a point, for which its neighborhood is diffeomorphic to the cone 
С Г к = Rk x C+k , where

u k  +

C++ = {x € Rm-k : x = (xk+1, ..., xm), xm > flk|x"|, x" = (xk+1, ..., xm-i), «k > 0},

hence the local definition for pseudo-differential operator near the conical point is the following

u(x) - ^  J  J  A(x,£)u(y)el(x-yHd^dy, x € C ^ . (4)
Cm -k  R m

OPERATORS AND EQUATIONS IN SOBOLEV-SLOBODETSKII SPACES

We consider the operator (1) in the Sobolev -  Slobodetskii space Hs(Rm) with norm

| u(£)|2(1 + l l̂)2sd^,
R m

where u denotes the Fourier transform of the function u

u(^) = J '  e“ '̂  u(x)dx,
R m

and introduce the following class S a of symbols non-depending on a spatial variable x: 3c1, c2 > 0,

C1 < |A(£)(1 + |£|)-a | < c2, V£ € Rm.

The number a  € R we call an order of pseudo-differential operator A.
It is well-known that pseudo-differential operator with symbol A(£) satisfying (4), is linear bounded operator 

acting from Hs(Rm) into Hs-a(Rm) [1].

OPERATOR SYMBOL 

Local Operators
A local operator in the point x0 € D we call the following operator

(Axo u)(x) = J '  J "  A(xo, £)u(y)e!(x d^dy, x € Dxo,

where Dxo is one of canonical domains Rm, Rm, C™ k in dependence on a placement of the point x0. 
Obviously, the symbol of a local operator belongs to the class S a.
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Local Sobolev-Slobodetskii Spaces
We are interested in studying invertibility operator (4) in corresponding Sobolev -  Slobodetskii spaces. By definition, 
Hs(Dx0) consists of distributions from H s(Rm) with support in Dx0. The norm in the space Hs(Dx0) is induced by the 
norm Hs(Rm). We associate such operator with corresponding equation

(Au)(x) = f(x), x € Dxo, (5)

where right-hand side f  is chosen from the space H0-a(Dxo); H0(Dx0) is the space of distributions S '(Dx0), which 
admit continuation into Hs(Rm). The norm in H0(Dxo) is defined by

||f||+ = inf ||lf  ||s,

where infimum is chosen for all possible continuations l.

Operator Families
Definition 1. Local operator Ax0 : Hs(Dx0) ^  Hs- a(Dx0) is called a local representative o f the operator A in the point 
xo. _

Lemma 1. Let p, f  be smooth functions defined in some neighborhood U П D o f the point x0 € D. Then the 
operator

Txo = p(A -  Axo) f

is a compact operator Axo : Hs(U П D) ^  Hs- a(U П D).
Taking into account all previous considerations [2, 3,4, 5, 6, 7, 8, 9] we introduce the following
Definition 2. An operator symbol o f the operator A is called a collection o f its local representatives.
Definition 3. Operator A is called an elliptic operator if  its operator symbol consists o f invertible operators in 

corresponding Sobolev-Slobodetskii spaces.
Lemma 2. An elliptic operator A : H s(D) ^  Hs- a(D) has a Fredholm property.
The assertion of Lemma 2 is very general. We need finding more convenient sufficient conditions for invertibility 

of operator symbol.

WAVE FACTORIZATION

Below we will consider the local symbols A(x0,f )  from the class S a. Since we consider fixed x0 we will write A(f) 
instead of A(x0, f) in this section. Let us denote f  € Rm by (f , f) where f  € Rk, f  € Rm-k.

Definition 4. k-wave factorization o f symbol A(f) is called its representation in the form

A(f) = A*(f)A=(f),

where the factors A#(f), A=(f) satisfy the following conditions:
1) A: (̂g), A=(f) are defined everywhere without may be the points {f € Rm : |f" |2 = a^f^};

2) Aф( f  ), A=(f) admit an analytical continuation with variable f  into radial tube domains T (C++), T (C-k ) respec
tively under almost all fixed f, which satisfy the estimates

|A ± 4 |,f  + It) |<  c1(1 + |f| + |T| )±Жк ,

|A=1( ^ , |  -  It)| < c2(1 + | f| + |t |)±(а-Жк ), Vt  €C+k  .

The number x k is called index o f k-wave factorization.

Here C+k  is conjugate cone to C++, and C-  = -  C+k  [10, 3].
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FREDHOLM PROPERTY

Let Dk, k = 1,..., m -  2 be closed smooth sub-surfaces on the boundary dD = Dm-1 such that Dk consists of k-wedge 
points. Let us note that D0 is a union of conical points.

Theorem. I f  the symbol A(x, £) admits k-wave factorization for all x € Dk with respect to the cone Cm-k  with 
indices x k(x), k = 0,1,■ ■ ■, m -  2 satisfying the conditions

|ж+(x) -  s| < 1/2, Vx € Dk, k = 0 , 1, --- ,m -  1, (6)

then the operator A : Hs(D) ^  H s-a(D) is a Fredholm operator.
Remark 1. x m-1 is index o f factorization in Eskin’s sense [1]for smoothness points.

Example

D

A C

B

For such domain D (Fig. 1) we have distinct types of local operators. Here m = 3. One kind of local operators is 
of type (2) for inner points of D, the second one is of type (3) and it serves the points of smoothness at the boundary 
dD, the third kind corresponds to the 1-wedge points placed on 6 wedges AB, BC, AC, AD, BD, CD, and the fourth 
kind corresponds to the 0-wedge points, i. e. conical points supported in vertices A , B, C, D . The latter two case are 
described by local operators of type (4). To obtain Fredholm property for the operator A in such domain D we need to 
have invertibility conditions for all above local operators.

ELLIPTIC BOUNDARY VALUE PROBLEMS

Let us suppose that there is a x0 € dD such that the condition (6) does not hold although the k-wave factorization 
exists. The corresponding local operator Ax0 is not invertible [1, 3] but if, for example, ж -  s = n + e, n € N, |e| < 1/2, 
then the operator Ax0 has non empty kernel. More exactly, for x0 € Mk the kernel of operator Ax0 consists of the 
following functions [11]

A~-1(Z)V-aF ^  cj(x')6(k r>(xm) 
^j=1

where cj(x') € Hsj(Rm-1) are arbitrary functions, sj = s -  ж + j  -  1/2, k = 1,2,..., n
Here the following notations were used: A*(£) is an element of the k-wave factorization, F  is the Fourier trans

form, 6 is the Dirac mass-function, and the operator Va is defined in the following way. We denote by Ea(£',£„) the
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(m -  1)-dimensional Fourier transform (y  ^  f  in distribution sense) of the function e“ |y,|fm and introduce the operator 
Va by the following formula

(Vau)(f) = (Ea *  u)(f),

where *  denotes a convolution with respect to first m -  1 variables and multiplier with respect to the last variable f m.
To determine uniquely these unknown functions cj, j  = 1,..., n, we need some additional conditions. As a rule 

these conditions they give as traces of pseudo-differential operators Bj,xo [1,3]. But such operators can not be arbitrary 
operators, these “boundary operators” should be correlated with initial operator Axo. These correlation conditions are 
called usually by Shapiro-Lopatinskii conditions [1].

Remark 2. It is possible to verify an invertibility o f local operators for certain simplest cones. Some results o f 
such kind are presented to publishing by the author. The two-dimensional case is considered earlier [3].
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