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INTRODUCTION

In the past, the radiation of relativistic particles in
a periodic layered medium was regarded as resonant
transition radiation (RTR) [1]. The first experimental
and theoretical studies of RTR in periodic layered
media were presented in [2–9]. The experimental
works [7–9], in which RTR spectra were measured
with great accuracy, agreed well with theoretical calcu�
lations. Beginning approximately in 1985, interest in
RTR grew because of the possibility of its use as a new
source of convertible coherent radiation in the range
of keV�photon frequencies. A group of physicists in
Japan made a large contribution to the study of RTR
[10–12]. In [11], periodic media with plate thick�
nesses of several hundred nanometers were used for
the first time, and the emitted photons at the first har�
monics have frequencies of 2–4 keV; in this case, the
authors stated that the attained intensity exceeded that
of the synchrotron radiation of existing accelerators.
Parametric radiation (PXR), together with RTR, was
considered in [13]. It is necessary to note that various
methods were used to describe the process of relativis�
tic electron radiation in a periodic layered structure
[14–20]; however, the authors of [21] were the first to
consider radiation from a multilayer periodic layered
structure in the dynamic approximation as the scatter�
ing of pseudophotons of the Coulomb field of relativ�
istic electrons at amorphous layers by analogy with the
process of coherent radiation produced by relativistic
electrons in a crystalline medium. Coherent X�ray
radiation in a periodic layered structure was regarded
as the resultant effect of two mechanisms of radiation,
namely, PXR and diffracted transition radiation
(DTR). The dynamic theory of relativistic electron
radiation in periodic layered media [21] well described
the experimental data in [22], where layers of a struc�
ture with a thickness of about 1 nm were used and pho�

tons with a frequency of 15 keV were generated. We
note that, in all cited papers [1–22], the process of
emission in a periodic layered medium was regarded
only in the Bragg scattering geometry in the case of
symmetric reflection, where the angle between the
surface and reflecting planes was zero and emitted
photons escaped through the front target boundary.
The authors of [23–25] developed the dynamic theory
of the coherent X�ray radiation of relativistic electrons
in periodic layered media in the general case of asym�
metric reflection of the electron field with respect to
the target surface, i.e., when reflecting target layers
were located at a certain angle to the target surface.

In this paper, we consider the possibility and condi�
tions for manifestation of the effects of dynamic diffrac�
tion in the coherent X�ray radiation of relativistic elec�
trons passing through a periodic layered medium. The
effects of dynamic diffraction are well�known in the
physics of the scattering of free X rays in crystals [26],
and their manifestation in the coherent radiation of rel�
ativistic electrons in crystals was studied in [27–31].

SPECTRAL AND ANGULAR DENSITIES 
OF THE COHERENT X�RAY RADIATION 

OF RELATIVISTIC ELECTRONS 
IN LAUE SCATTERING GEOMETRY

We consider the radiation of relativistic electrons
passing through a periodic layered medium with the
velocity V in Laue scattering geometry (Fig. 1); this
medium consists of periodically located amorphous
layers with thicknesses of a and b and with respective
permittivities of  and  The layered�structure

period was T = a + b. In Fig. 1,  is the
component of the virtual�photon momentum that is
perpendicular to the particle velocity V 
where θ � 1 is the angle between the vectors k and V),

aχ .bχ

2V= − ωk Vµ

( ,Vμ = ωθ
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 is the Bragg angle, and ϕ is the azimuthal emission
angle measured from the plane formed by the electron

Bθ

velocity vector V and the vector g that is perpendicular
to the reflecting layers. The length of the vector g can
be expressed in terms of the Bragg angle and the Bragg
frequency   The vector g is analo�
gous to the reciprocal�lattice vector in the crystal and
is perpendicular to the structure layers; its length is

  Because the relativistic�

particle field can be regarded as transverse, the inci�
dent  and the diffracted  electromag�
netic waves to which the respective wave vectors k and

 correspond are determined by two ampli�
tudes with different transverse polarizations:

where vectors  and  are perpendicular to vector k

and vectors  and  are perpendicular to vector 

The vectors  and  lie in the plane of vectors k and

 (π polarization), and the vectors  and  are per�
pendicular to it (σ polarization).

Within the framework of the two�wave approxima�
tion of dynamic diffraction theory, the authors of [23]
obtained expressions describing the spectral and angu�
lar characteristics of radiation in the direction of vec�
tor  in which the coherent X�ray radiation of a rela�
tivistic electron moving in the rectilinear direction was
represented as the sum of parametric X�ray radiation
and diffracted transition radiation.

We write the expressions for the spectral and angu�
lar densities in the form

 (1a)
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Fig. 1. Geometry of the emission process: θ and θ' are the
emission angles, θB is the Bragg angle (the angle between the
electron velocity V and the reflecting layers), δ is the angle
between the surface and the target layers, and k and  are
the wave vectors of the incident and diffracted photons.
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The following notation was introduced in expres�
sions (1) and (2):

 

 

 

 

 

Expression (1) and (2) for the parameter s = 1
describe σ�polarized fields, and for s = 2 – π�polarized

ones; in this case,  C(1) = 1, C(2) = cos2θB,

 P(1) = sinϕ, and P(2) = cosϕ.

(3)

where  and  are the dynamic effective absorp�
tion coefficients, Lf is the photon path in the target,

Le is the electron path in the target,  is the extinc�
tion length for X�rays in the periodic layered medium,

 is a spectral function rapidly varying with fre�
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quency, and ε is the parameter determining the degree
of asymmetry of the electron�field reflection with
respect to the target surface, and r is the parameter
determining the ratio of the layer thicknesses in the
target.

For clarity, in what follows, all numerical calcula�
tions are given for σ�polarized waves (s = 1) and the
first harmonic of excited X�ray wave reflection.

DYNAMIC COEFFICIENTS OF X�RAY WAVE 
ABSORPTION IN A LAYERED MEDIUM

We consider the dynamic coefficients  and 
of X�ray absorption in a periodic layered medium. We
note that both of them contain the parameter μ0,
which is the linear coefficient of X�ray absorption in a
layered medium in the kinematic approximation. The

difference between  and  and μ0 is determined
by the interference and the mutual transfer of incident
and diffracted waves, which in the dynamic approxi�
mation are regarded as equal. The difference between
the absorption coefficients of two waves excited in the
layered medium is determined by the second multi�
plier, which depends on the photon frequency and the
target parameters:

(4)

The parameter  contained in the formulae for

 and  determines the locations of antinodes of
standing waves formed upon superposition of the inci�
dent and diffracted waves inside the layered structure.

It can be seen that, as parameter  approaches 1, 

decreases and  increases. In the case when ,
the antinode maxima of one standing wave with the

absorption coefficient  are located in layers of the
compound with a smaller electron density. The
absorption of this wave is minimal, and the absorption

of another wave with the absorption coefficient  is
maximal. This effect is well known in the physics of
free X�ray scattering in crystals and is called the Bor�
rmann effect. It can be seen from expression (3) for the

parameter  that it depends on the ratio  of the

reflecting�layer thicknesses. As an example, we con�

sider the dependence of the parameter  on  for a
periodic layered medium consisting of a W layer with a
thickness of b and a C layer with a thickness of a in the
case of the emission of X�ray photons with a certain

Bragg frequency  The dependence  on b/a
shown in Fig. 2 is constructed for the first harmonics
(n = 1) of σ polarized waves (s = 1). It can be seen from
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coherent radiation of relativistic electrons, it is neces�
sary also to take into account the dynamic scattering

parameter  ranging from 0 to 1 and determining the
degree of field reflection from the periodic structure,
which is due to the character of the interference of
waves reflected from different planes, namely, construc�

tive  or destructive  The expressions for
the angular PXR and DTR densities following from (1)

and (2) are proportional to the parameter :

 (5)

(6)

In the case of the approximate equality of the real

parts of the permittivities  of the amorphous
media constituting the periodic structure, the param�

eter  is small; consequently, the radiation intensity
is also small. It is obvious that in the limiting case
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medium becomes homogeneous. In this case, there
are naturally no reflections, because there also is no

periodic structure 

The curve describing the dependence of the param�

eter  on the ratio b/a is also given in Fig. 2. It can be

seen that, for b/a corresponding to maximal  the

parameter  is small; i.e., the interference of the
waves reflected from different planes has a destructive
character. But in the case where b/a ≈ 0.25, wave

reflection is almost maximal, and parameter  is still
large so that it can provide a decrease in the absorption
of one of the waves and the corresponding manifesta�
tion of the dynamic effect of anomalous absorption
(the Borrmann effect) for PXR and DTR in the peri�
odic layered medium. Thus, from the consideration of
the effective coefficients of X�ray absorption, it can be
concluded that the anomalous absorption of one of the

excited fields  and the anomalous propaga�

tion of X rays of the second field  occur in
the case of the dynamic scattering of X rays in an
absorbing periodic medium (Fig. 3). As the parameter

 increases, because of an increase in the ratio of the
thicknesses of the reflecting layers up to , in
the neighborhood of the Bragg frequency, the absorp�
tion of one of the waves increases and that of the other
decreases (Fig. 4); i.e., the Borrmann effect increases.

MANIFESTATION OF THE EFFECTS 
OF DYNAMIC DIFFRACTION IN RADIATION

We consider the spectral and angular characteris�
tics of DTR, which is a consequence of diffraction (at
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Fig. 2. Dependence of the parameters of dynamic X�ray
scattering on the ratio of the thicknesses of layers of the
emitting layered structure.

8000

6000

4000

2000

84008200800078007600
0

b/a = 1

μ1

μ2

μ0

ω, eV

Fig. 3. Absorption coefficients for two X�ray waves in a lay�
ered structure. The curves are constructed under the con�
dition 1.b a ≈

μ0, μ1, μ2 (1/cv)κ, ν



JOURNAL OF SURFACE INVESTIGATION. X�RAY, SYNCHROTRON AND NEUTRON TECHNIQUES  Vol. 8  No. 6  2014

MANIFESTATION OF THE EFFECTS OF DYNAMIC DIFFRACTION 1355

target layers) of transition radiation produced when
relativistic electrons cross the front target boundary.
Figure 5 shows curves describing the spectral DTR
density of a relativistic electron with an energy of E =
200 MeV generated in the C–W target; these curves
were constructed using formula (2) for two different
values of the ratio b/a of the layer thicknesses and for
values of other parameters given in the figure. It can be
seen that the spectral amplitude under condition

  significantly exceeds that under

condition   (Fig. 2), which is related
to a stronger manifestation of the Borrmann effect in
the first case.

We consider the contribution of each of the two
excited DTR waves and their interference in the total
spectrum under the condition of Borrmann effect
manifestation. For this purpose, we represent expres�
sion (2) in the form

(7a)

(7b)

(7c)

(7d)

The curves in Fig. 6 constructed using formulae (7)
under the same conditions as in Fig. 5 (b/a ≈ 0.25)
show that the first DTR branch corresponding to an

0.25b a ≈

( )( 1)s
κ ≈

1b a ≈

( )( 0.3)s
κ ≈

DTR INT
( ) ( ) ( ) ( )

1 2 ,s s s sR R R R= + +

( )f

2
( ) ( )
1 12

exp ,
( )

s sR Lε
= − μ
ξ ω + ε

( )f

2
( ) ( )
2 22

exp ,
( )

s sR Lε
= − μ
ξ ω + ε

( )( )

ε= −
ξ ω + ε

⎛ ⎞+ ε× − μ ξ + ε⎜ ⎟
⎝ ⎠

INT

f
f

ext

2
( )

2

2
0 ( )

2
( )

1exp cos .
2

s

s

R

L
L

L

excited X�ray wave with the absorption coefficient 
contributes mainly to the spectral density. For this
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wave are in the layer with a small electron density;
therefore, the decrease in the decay of its amplitude
can be interpreted as the manifestation of the Bor�
rmann effect in the DTR of relativistic electrons in the
layered medium. The contribution of the second DTR
branch is negligibly small, because its dynamic
absorption coefficient is much higher than the kine�
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layers in which the electron density is maximum. It is
necessary to mention that, in spite of the negligibly
small contribution of the second branch to the total

spectral density, the interference  of the two DTR
branches leads to noticeable oscillations in the fre�
quency dependence of the total spectral radiation den�
sity (Fig. 6).

We consider the angular DTR densities for differ�
ent ratios b/a of layer thicknesses. Figure 7 shows
curves describing the angular DTR density con�
structed using formula (6). It can be seen that, as the
ratio b/a decreases, the angular density increases sig�

nificantly, because parameter  increases (Fig. 2),

and the dynamic absorption coefficient  decreases
together with it, which determines the significant Bor�
rmann effect in the angular DTR density.

We consider the influence of dynamic effects on the
PXR of relativistic electrons in a layered medium.
Analyzing expression (1), which describes the PXR
spectrum, we can see that, unlike DTR, PXR forms in
a layered medium by only one X�ray wave with the

absorption coefficient  We consider the spectrum
in the case where there is no absorption; in this case,
expression (1b) becomes
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Curves describing the spectral PXR density of the
relativistic electron for different values of the ratio b/a
constructed using formula (8) are given in Fig. 8. As in
the consideration of DTR, the electron energy E =
200 MeV. It can be seen that, under the condition
given in the figure, the spectrum with the maximum
amplitude corresponds to  This is due to the
fact that the denominator in (8) for this ratio has the
minimal value. The closeness of the denominator in
(8) to zero corresponds to the physical condition for
the appearance of the PXR reflection in the case of
which the real part of the wave vector of the
pseudophoton of the relativistic�electron Coulomb
field coincides with that of a free photon; i.e., in the
case where the bound photon becomes free. The
equality of the denominator in (8) to zero determines
the frequency  in the area of which the spectrum of
PXR photons emitted at a fixed observer angle is con�
centrated.

We consider the angular part of expression (1) for
σ�polarized waves  it has the form
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Fig. 7. Angular DTR density under the condition of clear
manifestation of the Borrmann effect  and in the

case 
0.25b a ≈

1.b a ≈
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Fig. 8. PXR spectra for different ratios b/a of the target
layer thicknesses.
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the largest amplitude of the angular density corre�
sponds to the parameter b/a ≈ 0.25 (Fig. 9). We consider
the spectral and angular PXR densities of the relativistic
electron by taking the radiation�photon absorption of
the layered medium into account. Figure 11 shows
curves constructed using formula (1) under the condi�
tions in Fig. 10, but taking photon absorption by the
medium into account. It follows from comparison
between Figs. 10 and 11 that, because of absorption,
the amplitude of the PXR spectrum for the medium
with the parameter b/a ≈ 1 decreases more signifi�
cantly than for the medium with the parameter b/a ≈
0.25. The small decrease in the amplitude in the case
where absorption is taken into account means that the
antinode maxima of the standing wave under the con�
dition b/a ≈ 0.25 are located in medium places where
the electron density is minimal as in the case of DTR.
Thus, the Borrmann effect is also manifested in the
PXR of the relativistic electron in a periodic layered
medium.

We consider the influence of the asymmetry of
reflection of the relativistic�electron field (the param�
eter ε) with respect to the target surface determined by
the angle δ between the reflecting layers and the target
surface on the PXR characteristics. For this purpose,
we consider expression (8) describing the PXR spec�
trum in the case where absorption is lacking. The
curves describing the spectra of relativistic�electron
PXR in a periodic layered medium for two different
values of the parameter of reflection asymmetry ε,
which are unambiguously related to the angle δ for the
fixed angle θB. It is necessary to note that both curves
are constructed for the same electron path Le = 49 μm
in the layered medium, but for different target thick�
nesses L. Figure 12 predicts the dynamic effect of the
change in the spectral width as the asymmetry of
the electron�field reflection changes with respect to
the target surface, i.e., as the angle δ varies. For the

fixed angleθB  between the electron velocity vector and
a system of parallel diffracting compound layers, the
decrease in the angle [delta], i.e., decrease in the angle

 of particle incidence on the layered�structure
surface, leads to a significant increase in the spectral
width. Because the dependence of the real part of the
difference between the lengths of the wave vectors of
the real and virtual photons on the frequency is deter�
mined by the reflection asymmetry, the PXR spectral
width also depends on the asymmetry.

It can be seen directly from formula (8) that spec�
tral broadening occurs with increasing ε as a result of
weakening of the dependence of the denominator in

the expression for  on  The increase in the
spectral width leads to a significant increase in the
angular PXR density, which is demonstrated by the
curves in Fig. 13 constructed using formulae (5) and

Bδ − θ

PXR
( )sR ( )( ) .s

ξ ω

1.0

0.5

20100

FPXR

b/a = 0.25

θ⊥, mrad

1

2

Fig. 9. Angular part of the spectral and angular PXR den�
sities for different values of the ratio b/a.
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Fig. 10. Spectral and angular PXR densities for different
ratios b/a. The parameters are the same as in Fig. 8.
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Fig. 11. Spectral and angular radiation densities for differ�
ent ratios b/a in the case of an absorbing target.
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(8). If absorption is taken into account (Fig. 14), this
effect is enhanced, because the length Lf of the maxi�
mum photon path in the layered medium increases
with decreasing asymmetry parameter ε for a fixed
length of the electron path in the target. The curves in
Fig. 14 are constructed using formulae (5) and (1b).

CONCLUSIONS

In this paper, we have developed a theory of the
effects of dynamic diffraction in he coherent X�ray
radiation of relativistic electrons in a periodic layered
medium. Based on the developed theory, we showed

the possibility of manifestation of the effect of anoma�
lously low photoabsorption (the Borrmann effect) in
the DTR and PXR of relativistic electrons in a peri�
odic layered medium. We showed that, if the ratio of
the reflecting�layer thicknesses of different com�
pounds is varied, then it is possible to obtain a condi�
tion for which the antinode maxima of the standing
wave formed by superposition of the incident and
reflected X�ray waves are located in layers with the
smallest electron density where photoabsorption is
minimal. Thus, there is the possibility of controlling
the Borrmann effect in an artificial layered periodic
medium.
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Fig. 12. Spectral PXR densities for two different values of the asymmetry parameter ε.
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Fig. 13. Angular PXR densities for two different values of
the asymmetry parameter ε.
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Fig. 14. Angular PXR densities for an absorbing target.
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Based on an expression obtained for the spectral
and angular densities, we predicted and theoretically
studied the dynamic effect of a variation in the spectral
width of the relativistic�electron PXR in a periodic
layered medium as the asymmetry of the particle�field
reflection varies with respect to the target surface (the
angle δ). We showed that, for a fixed angle between the
electron velocity and a system of parallel diffracting
atomic crystal planes (the Bragg angle , the
decrease in the angle δ (decrease in the angle of parti�
cle incidence on the crystal surface  leads to a
significant increase in the spectral width and to a sig�
nificant increase in the angular PXR density.
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