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Abstract—A theory of coherent X-ray radiation from a relativistic electron crossing a combined medium that
consists of amorphous and crystal plates is constructed within the dynamic diffraction theory. The field reflec-
tion asymmetry relative to the target surface determined by the angle between the atomic planes and the target
surface is taken into account in the theory. The expressions describing the spectral-angular densities of para-
metric X-ray and diffracted transition radiations in this medium are derived and investigated.
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1. INTRODUCTION

The coherent X-ray radiation of a relativistic elec-
tron has always been considered separately in a crystal
and an amorphous medium. In an amorphous
medium, when it is crossed by a uniformly moving rel-
ativistic electron, transition radiation [1, 2] is gener-
ated near the electron velocity direction. Despite the
fact that it was discovered long ago, the transition radi-
ation is still being investigated for various complex sur-
faces and under various external conditions [3—S8].
The great interest in the transition radiation of relativ-
istic electrons stems primarily from the possibility of
using it as an X-ray radiation source [9]. It should be
noted that although the transition radiation is intense
and narrowly beamed, it has a wide spectral range and
intense monochromatic radiation is often needed for
applications. When a charged particle crosses the sur-
face of a crystal plate, the transition radiation arising at
the boundary is diffracted by a system of parallel
atomic planes in the crystal to produce diffracted tran-
sition radiation (DTR) [10—13] whose photons move
in the Bragg scattering direction in a narrow spectral
range. When a fast charged particle crosses a single
crystal, its Coulomb field is scattered by a system of
parallel atomic planes in the crystal to generate para-
metric X-ray radiation (PXR) [14—16] whose photons
together with the DTR photons move in the Bragg
scattering direction. At present, there are two
approaches to describe the PXR process: kinematic
[17, 18] and dynamic [15, 16, 19]. It should be noted
that the diffracted transition radiation by itself is a
dynamic effect, namely the dynamic diffraction effect.
Note that the kinematic approach takes into account
the interactions of each atom only with the primary, or
refracted, wave in the crystal. In this approach, in con-
trast to the dynamic one, the interaction of an atom
with the wave field produced in the crystal by the com-

bined scattering by all other atoms is neglected, i.e.,
the multiwave scattering, in particular, the interaction
of elementary waves with the refracted one and the
reflections of waves between the atomic planes are dis-
regarded. The coherent X-ray radiation of relativistic
electrons in a crystal was developed within the
dynamic diffraction theory in [20—25]. It should be
noted that the coherent X-ray radiation is considered
in [20—22] in the special case of symmetric reflection
where the reflecting system of atomic planes in the
crystal is parallel and perpendicular to the target sur-
face for the Bragg and Laue scattering geometries,
respectively. The dynamic theory of coherent X-ray
radiation from relativistic electrons in a crystal was
developed in [23—25] in the general case of asymmet-
ric electron field reflection relative to the target surface
where the system of parallel reflecting target layers can
be oriented at an arbitrary angle to the target surface.

In this paper, the coherent radiation of a relativistic
electron crossing a combined medium that consists of
amorphous and crystal plates is considered for the first
time. We take into account the fact that PXR and DTR
in the crystal plate undergo dynamic diffraction under
conditions of asymmetric field reflection relative to
the target surface, i.e., the system of reflecting atomic
planes in the crystal plate is oriented at an arbitrary
angle, while considering the Laue scattering geometry.
The expressions describing the spectral-angular distri-
butions of PXR and DTR in the structure under con-
sideration are derived within the two-wave approxima-
tion of the dynamic diffraction theory. We consider the
possibility of increasing the intensity of DTR from a
relativistic electron without increasing the electron
energy by placing an amorphous plate in front of the
crystal plate. Under optimal conditions for PXR gen-
eration, one might expect an increase in the source’s
efficiency precisely through DTR whose intensity can
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Fig. 1. Radiation geometry and notation: 6 and 0" are the
radiation angles, Op is the Bragg angle (the angle between
the electron velocity V and the atomic planes), & is the
angle between the surface and the atomic planes of the
crystal under consideration, k and k, are the wave vectors
of the incident and diffracted photons, respectively.

be raised by increasing the number of boundaries at
which it is generated. The angular DTR density is
shown to increase with amorphous-plate density. This
result is interesting from the viewpoint of creating a
compact, intense quasi-monochromatic X-ray source.
We consider the possibility of using the expressions
derived here to interpret the experimental data where
the substrate on which a thin crystal plate is located is
amorphous.

2. THE RADIATION FIELD AMPLITUDE

Consider a relativistic electron passing with a
velocity V through a combined target that consists of
amorphous and crystal plates (see Fig. 1) with thick-
nesses a and b, respectively. Denote the dielectric sus-
ceptibilities of the amorphous medium by y, and the
crystal medium by y, and y,. When the relativistic
electron crosses the first (vacuum—amorphous
medium) and second (amorphous medium—crystal)
target boundaries, transition radiation arises and then
is diffracted in the crystal plate by a system of parallel
atomic planes in the Bragg scattering direction (in the
direction of the wave vector k, = k + g; see Fig. 1) to
generate the diffracted transition radiation emerging
through the third boundary (crystal—vacuum)
together with the parametric X-ray radiation produced
in the crystal plate. Constructive or destructive inter-
ference between the transition radiation waves excited
at the first two target boundaries and contributing to
the DTR vyield is possible, depending on the parame-
ters of the amorphous layer and the angle of incidence
of the electron on the target.
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We will consider the propagation of X-ray waves in
the crystal medium within the two-wave approxima-
tion of the dynamic diffraction theory. In Fig. 1, p =
k — ®V/V? is the virtual photon momentum compo-
nent perpendicular to the particle velocity V (n =
®0/V, where 6 <€ 1 is the angle between the vectors k
and V), 0y is the Bragg angle, ¢ is the azimuthal angle
of the radiation propagation measured from the plane
formed by the velocity vector V and the reciprocal lat-
tice vector g in the crystal. The length of the vector g
can be expressed in terms of the Bragg angle and Bragg
frequency wg as g = 2mgsinBy/V. We denote the angle
between the vector wV/F? and the wave vector of the
incident wave k by 0 and the angle between the vector
®V/V? + g and the wave vector of the diffracted wave k,
by 0'.

In [25], we constructed a theory of coherent X-ray
radiation in a direction of the vector k (see Fig. 1) close
to the velocity direction of the relativistic electron
crossing the crystal plate, while considering the total
radiation as the sum of forward PXR (FPXR) and
transition radiation (TR). However, in the two-wave
approximation of the dynamic diffraction theory [26],
a photon in the direction of k, corresponds to each
photon in the direction of k. In this paper, the radia-
tions and diffraction of X-ray waves in the crystal plate
in the direction of k, are described just as in [25, 27].
Using the notation and methods applied in [25, 27],
let us write the expressions for the electric fields in a
vacuum in the amorphous and crystal plates. In a vac-
uum in front of the target, the field consists of the
pseudo-photons of the relativistic-electron Coulomb
field:
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In the amorphous medium, the field consists of the
electron Coulomb field and the field of the emitted

free photons E%:
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In the crystal, the field of the incident and diffracted
waves consists of the relativistic-electron Coulomb
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field and the fields of two freely propagating X-ray
waves in the crystal:
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It should be noted that the incident and diffracted

fields in the crystal are related by the relation
E,gs)cr — ?’J—L%Eés)cr. (5)

® ng(s)

The emitted field in a vacuum behind the target in
the Bragg scattering direction will be

B = (0, 4 0k ©

g g

Notation similar to that in [25, 27] is used in
Egs. (1)—(4):
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where y, = cosv, Y, = cOsV,, , is the angle between

the wave vector of the incident wave k and the normal
vector n to the crystal-plate surface, v, is the angle

between the wave vector kg and the normal vector n
(see Fig. 1),
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Equations (1)—(6) with s = 1 and 2 describe the - and
n-polarized fields, respectively. The dynamic addends

XS’ ? entering into the length of the wave vector k, =

oL+, + ), are small and, hence, it can be shown

that © ~ 0 (see Fig. 1). Therefore, below we will desig-
nate the angle 0" as 0.

Since the inequality
2sin’ 0y / V| €Y > 1

holds in the X-ray frequency range, n(®) is a fast
function of frequency w. Therefore, for the subsequent
analysis of the PXR and DTR spectra, it is very conve-
nient to consider n®(w) as a spectral variable charac-
terizing the frequency o.

An important parameter in Eq. (7) is &, which can
be represented as

_ sin(d + 6y)
sin(8 —0p)

It determines the degree of field reflection asymmetry
in the crystal plate relative to the target surface. Here,
0y is the angle between the electron velocity and the
system of parallel atomic planes in the crystal, & is the
angle between the target surface and the reflecting
planes. Note that the angle of incidence of the electron
on the target surface, 6 — 0, increases with decreasing
parameter €. The wave vectors of the incident and dif-
fracted photons make equal and unequal angles with
the plate surface in the cases of symmetric and asym-
metric reflection, respectively; e = 1 and 6 = /2 in the
symmetric case and & # 1 and 6 # 1/2 in the asymmet-
ric one.

To determine the amplitude of the radiation field

E;S)Rad, we will use the boundary conditions at the



three boundaries of the combined target under consid-
eration:

J‘Evgs)vacl ., = J-Egs)sr i,
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In this paper, we restrict our analysis of the radia-
tion from a relativistic electron in the combined
medium to rectilinear electron motion. Therefore,
only two radiation mechanisms contribute to the total
radiation yield: PXR and DTR. We will represent the

amplitude of the coherent radiation field E(J)Rad as the
sum of two terms:
EXM = Eyxw+ Epms (10a)
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Equation (10b) represents the field amplitude of
PXR from a relativistic electron in the combined
medium produced when the electron crosses the crys-
tal plate located behind the amorphous one. The terms
in square brackets correspond to the two PXR waves
excited in the crystal medium in the Bragg scattering
direction. At least one of the following equalities
should hold for the PXR reflection to arise:

Re(Af -2y = 0, Re(Af-1{") = 0,
i.e., the real part of the denominator of at least one of
the terms in square brackets in Eq. (10b) should be
Zero.

Equation (10c) describes the amplitude of the dif-
fracted transition radiation in the combined structure

that includes the transition radiation arisen at the first
and second boundaries and then diffracted by a system
of parallel atomic planes in the crystal plate. The first
term in square brackets in Eq. (10c) refers to the tran-
sition radiation arising when a relativistic electron
crosses the vacuum—amorphous medium boundary
and the second term refers to the transition radiation
excited at the second boundary (between the amor-
phous medium and the crystal). Since the expressions
for the PXR and DTR field amplitudes were derived
from the total field amplitude of the coherent radia-
tion, they allow the influence of the interference
between PXR and DTR and the interference between
the transition radiations arisen at different boundaries
of the combined medium on the resultant radiation
from the target to be investigated.
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3. THE SPECTRAL-ANGULAR
RADIATION DENSITY

Substituting (10b) and (10c) into the well-known
[28] expression for the spectral-angular density of

X-ray radiation,

we will obtain the expressions describing the spectral-
angular PXR and DTR densities for a relativistic elec-
tron in the combined amorphous—crystal medium:
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It can be seen from Eq. (15) that patameter B® is
equal to half the electron path in the crystal plate
expressed in X-ray extinction lengths in the crystal

Ly = (| €9

The PXR yield is formed mainly only by one of the
branches corresponding to the second term in (10b).
As is easy to verify directly, only in this term does the
real part of the denominator become zero. The solu-
tion of the corresponding equation,

© _ [eo?
oW+ e NS *E_ g (16)
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defines the frequency o, near which the spectrum of

the PXR photons emitted at a fixed observation angle
is concentrated.

The functions RPXR and RS)TR in the derived equa-

tions (12) and (13) represent the PXR and DTR spec-
tra that describe the passage of free and coupled X-ray
photons, respectively, through the crystal plate within
the dynamic diffraction theory. It should be noted that
the two X-ray waves excited in the crystal with the lin-
ear absorption coefficients

s " 1 € K 1

l(l) (ongﬁ()_ p()ﬁ(),
¢ (1/)

s " 2 s 2

I(Z) (ongﬁ()_ & p()ﬁ(),

ext

contribute to the DTR spectrum, while only one wave

with the absorption coefficient u(f) contributes to the

PXR spectrum.

The function G(0) in Eq. (13b) describes the angu-
lar dependence of the diffracted transition radiation
and consists of three terms. The first term corresponds
to the transition radiation arising when a relativistic
electron crosses the first boundary, which subse-
quently passes through the amorphous medium and is
diffracted in the crystal plate in the Bragg direction.
The second term corresponds to the transition radia-
tion arising at the second boundary (between the
amorphous medium and the crystal) and also dif-
fracted in the crystal plate in the direction of Bragg
reflection. The third term describes the interference
between these two DTR waves.

Equations (12) and (13) derived within the
dynamic diffraction theory, which describe the spec-
tral-angular distributions of PXR and DTR from a rel-
ativistic electron in the combined medium, are the
main result of this paper. These expressions take into
account the field reflection asymmetry (parameter &)
in the crystal plate relative to the target surface.

4. A THIN NONABSORBING TARGET

Consider the radiation properties for the compara-
tively simple case of a thin target where the absorption
coefficients can be neglected, i.e., we can set p® = 0.
In this case, the spectral-angular distributions of the
PXR and DTR vyields following from (12) and (13)
transform into the expressions
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The quantity T{DTR in Eq. (19b) is represented as

the sum of the terms describing the diffracted radia-
tions from the first and second boundaries, respec-

7

prr and T2 prr and their interference term

tively, T,
.
‘When passing from Eqgs. (13) to Egs. (19), we used
the obvious relation
(X)a 2 *2 Al
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where the parameters of the first amorphous layer are

expressed in terms of the parameters of the crystal
layer and the ratios of the parameters of both layers:

a/band vy, /v, - Instead of the observation angle 0, it is
more convenient to use the observation angle normal-
ized to |y, i-e., the parameter 6/,/|y(| . Note that
the dielectric susceptibility in the X-ray frequency
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Fig. 2. PXR spectra for various crystal-plate thicknesses at

£=3, O/M =0.3, I/YM =0.3,and v(¥ =38,

range under consideration is described by the expres-
sion

Yo = XaT Was
where
2 2
R .78 »  4nZen,
Xa = Ty W, = s
0) m

Z,is the number of electrons in the atom, and #, is the
density of atoms. Hence it follows that

X_;l — Zana

%o Lo
i.e., the ratio of the real parts of the dielectric suscep-
tibilities for the amorphous and crystal parts of the tar-

get is proportional to the ratio of the densities of their
materials.

Consider the PXR spectrum of a relativistic elec-
tron crossing the combined medium that is described

by the function R(}f))(k (see (18c)). It can be seen that

the spectrum depends on the thickness of the crystal
component of the target and does not depend on the
thickness of the amorphous one. This spectrum can be
observed at a fixed observation angle 6. The curves
describing the PXR spectrum that were constructed
from Eq. (18c) are presented in Fig. 2. These curves
show the growth of the spectrum amplitude with
increasing thickness of the crystal target 4 entering
into the parameter B®. The curves presented in Fig. 2,
along with all those considered below, were con-

(s) (s)
Tpxr> Torr
T T
30

20

10

5 0 5 T
(o)

Fig. 3. PXR (dashed curve) and DTR (solid curves) spectra
for various amorphous media (various ratios /%, ) at

B9 =3,a/b=1,6=3,6/ [Jry| =0.5.1/7 JJxy| =0.2,and
V9 =038,

structed for the specific reflection asymmetry parame-
ter ¢ = 3 defining the angle 6 between the system of
parallel atomic planes in the crystal and the target sur-
face at a fixed angle O

Next, consider the influence of dielectric amor-
phous-target properties on the diffracted transition
radiation. Figure 3 presents the curves of the spectral-
angular PXR and DTR densities constructed from
Egs. (18b) and (19b) at fixed observation angle 0, elec-
tron Lorentz factor y, and crystal-plate parameters.
The thickness of the amorphous and crystal plates was
chosen to be the same, a/b = 1. It follows from the fig-

(

Totk
T T

30F -
20+ -
or Tt 1

-5 0 5 10

n(w)

Fig. 4. Contributions from the transition radiation waves
excited at the first and second boundaries and their inter-

ference term to the DTR spectrum at ¥, /x, = 2. The
parameters are the same as those in Fig. 3.
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Fig. 5. Same as Fig. 4 for 3, /%y =0.5.

ure that the DTR density increases significantly with
increasing ratio

X_;l — Zana

%o Zoo
i.e., with increasing density of the material of the
amorphous medium. At the same time, the spectral-
angular PXR density does not change. Thus, the spec-
tral-angular DTR density can be increased by chang-
ing the material of the amorphous medium without
increasing the electron energy, while the formulas
derived here allow the spectral-angular DTR and PXR

densities as a function of target parameters to be calcu-
lated.

The contributions from the transition radiations
produced at the first and second boundaries of the
combined medium and their interference term to the
spectral-angular DTR density are shown by the curves
constructed from Egs. (19b), (19¢), (19d), and (19¢)
and presented in Figs. 4—6. It can be seen from Fig. 4
that in the case where the amorphous medium is
denser than the crystal one, the wave excited at the first
boundary makes a major contribution to the DTR
yield. In this case, the interference term turns out to be
more significant than the term defining the contribu-
tion from the wave excited at the second boundary of
the combined medium. As the density of the amor-
phous medium decreases, the interference term can
make a destructive contribution to the spectral-angu-
lar DTR density (see Fig. 5). If, however, the density of
the amorphous medium is decreased significantly,
then the contribution from the transition radiation
wave excited at the second boundary to the total DTR
can become overwhelming. We can arrive at all these
conclusions directly by analytically analyzing
Egs. (19). Note that, as follows from (19), a change in
the thickness of the amorphous medium ¢ in the case
of a thin nonabsorbing target affects only the interfer-
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Fig. 6. Same as Fig. 5 for 3, /%o =0.1.

ence term and cannot affect significantly the spectral
density.

Consider the influence of the amorphous medium
on the angular DTR density via the parameter ¥, /0 -

For this purpose, let us integrate Egs. (18a) and (19a)
over the frequency function n¥():

ANy 2
PR = Fik(9), (21a)
dQ 8m sin Oy
Fex(0) = v [ Tixedn (o), (21b)

(s) (s)
Fp1r, FP)S(R
200 +

100 -

0 05 1.0 15 2.0

v

%l

Fig. 7. Angular PXR (dashed curve) and DTR (solid
curves) densities for various amorphous media at BY = 3,

a/b=1,£=3,1/y [xg| =02, and v¥¥ =0.8.
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E— FP;(R + FD('AFR
a/b=3 - = Fexr
20+ .
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/
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/
/
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Fig. 8. Influence of the transition radiation from the amor-
phous substrate on the angular PXR density for various

ratios a/bat x, /x = 0.5, BY =3,e=3, 177 fxg| =0.5.
and v¥ =0.8.

5) 2 ()’ ‘
Mo _ (o), C10)
' sin Qg
bre(0) = v [ Tiredn™ (o). 1)

The curves describing the angular DTR and PXR den-
sities are constructed in Fig. 7. It follows from these
curves that, just as for the spectral-angular density, an

increase in the ratio y, /%, at a fixed observational

angle (see Fig. 3) causes the angular DTR density to
increase significantly. This fact can be used in produc-
ing compact, intense alternative X-ray radiation
sources based on the interaction of relativistic elec-
trons with complex structured materials.

As the energy of the radiating electrons decreases,
the PXR contribution to the total angular density
becomes decisive, but DTR can lead to various defor-
mations or oscillations in the angular density of the
total coherent radiation (see Fig. 8) depending on the
ratio a/b defining the amorphous-plate thickness at a
fixed crystal-plate thickness 6. Thus, the formulas
describing the spectral-angular PXR and DTR densi-
ties derived here can be used in interpreting the data
from experiments in which an amorphous medium
acts as the substrate of a thin crystal plate.

5. CONCLUSIONS

We developed a theory of coherent X-ray radiation
from a relativistic electron crossing a combined
medium consisting of amorphous and crystal plates
within the dynamic diffraction theory. Based on the
two-wave approximation of the dynamic diffraction

theory, we derived the expressions describing the spec-
tral-angular densities of parametric X-ray and dif-
fracted transition radiations. Our calculations of the
spectral-angular distributions based on these expres-
sions allowed us to show that the DTR contribution to
the total radiation from the combined target increases
with increasing ratio of the density of the amorphous
medium to the density of the crystal one, while the
PXR contribution does not change. We investigated
the contribution from the transition radiation waves
generated at the first and second boundaries and their
interference term to the total DTR yield. We investi-
gated the influence of the transition radiation from the
amorphous substrate diffracted by a system of parallel
atomic planes in the crystal part of the target on the
spectral-angular characteristics of the coherent X-ray
radiation from the combined target.
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